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PREFACE 


TO TIJE 


NEW EDITION. 


In preparing this new edition of the second volume of the 
Woohcich Cmrsc of Mathematics for the press, it has been 
my great object, while I was careful to introduce the prin¬ 
cipal improvements which the lapse of twenty-five years since 
its first publication has rendered necessary, to deviate as 
little as possible from the original plan of my valued friend, 
the Author. The only essential deviation, therefore, will be 
found in the department of Mechajtics, where, instead of in¬ 
termingling the propositions in Statics and Dynamics, I have 
classed thetn scparatelv; and have, as I went along, intro¬ 
duced a lew .Mjch new demonstrations as this more scientific 
arrangement naturally required. Under the liead of Statics, 
I have inserted a few propositions on the equilibration of 
arches ; and under that of Dynamics, a useful p»'oposition or 
two in reference to central forces. Throughout the mecha¬ 
nical portions of the volume I have given to the symbol^', 
tlie value, 35*feet, the natural and obvious measure of the 
force of gravity in our latitude; instead of 1C,', feet, the 
value assigned in former editions of the Course. This change 
is not a mere matter of' fancy; hut will he found considerably 
to facilitate the jierusal of all the modern hooks on Dyna¬ 
mical science, whether published in Great Britain or on the 
continent. 

The table of fluents is greatly enlarged, and the subject 
of the pressure of earth is introduced as an application of 
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the method of duxions, that I present an investigation 

founded u}>on the principles of Coulrwih and Pnmy. On 
Uie cohesive force of timber, iron, and other substances, use¬ 
ful tables and rules have been selected from the trealUes of 
ISIr. BarluTC and ]\Ir. Trcthold, And indeed throughout 
the volume I have interspersed such ne^^ observations, de¬ 
monstrations, and rules, as will, I trust, with the aid ol’ more 
than 100 additional (jucstions and examples for the exercise 
of the student, augment the advantages vvhleh may aeerue 
from the study of the volume to those vvlio peivisc it wiili a 
view to the practical ap])]lealions of malheinaries, wlieihei 
in the military profession, or among surveyors, architects, 
and civil engineers. 

OnXTiirs . 


Roi/al Military AradciUj, U'lmhvufi, 
November 1, If'JiJ. 


In this new edition, a few other improvements have hccu 
introduced, and the numerous examples have been examined 
with great care. 

o 


December JO, 1827- 
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M ATHEM A1 ICS, &c. 


PLANE TRIGONOMETRY, 


OCriMTIONs, 

1. Pi. \nt’ Trigonometry treats of' the relations and cal¬ 
culations ((ftlie sides and angles of plane triangles. 

Tlio circninierence of every circle fas before observed 
• . .A 

in Geoni. l)ef. o(i) is .'.iqijiosed to be divided into ;J6() equal 

parts, called Degrees; also each degree into fit) IVIinutcs, 
and each minute inlt) (10 Sccomls, and so on. Hence a se¬ 
micircle contains ISO degrees, and a quadrant 90 degrees. 

S. "J'he Mi-asiire of an angle (Def. ,57, Gconi.) is an arc 
of any circle contained between the two linos which form 
that angle, the angular point being the centre; and it is 
estimated by the number of degrees contained in that arc. 

Hence, a right angle, being measured by a quadrant, or 
quarter t)f the circle, is an angle of 90 degrees; and the 
bum of the three angles of every triangle, or two right an¬ 
gles, is ecpial to IHO degrees. Therefore, in a right-angled 
triangle, taking one ol' the acute angles from 90 degrees, 
leaves the other acute angle; and the sum of the two angles, 
in any triangle, taken f'rom ISO degrees, leaves the thinl 
angle; or one angle being taken from 180 degrees, leaves 
the sum of the other two angles. 

VOI.. II. 
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S;are marked at the top of the figure with a 
Hitettes witli seconds with ", and so on. Thus, 
filehote 57 degrees SO minutes and 12 seconds. 

‘ Complement of an arc, is 
it wants of a quadrant or 90". 

Thus, if AD be a quadrant, then an is 
the complement of the arc ab ; and, 
reciprocally, ab is the complement of 
BD. So that, if AB be an arc of 50", 
then its complement no will l>e ‘10". 

6. The Supplement of an arc, is 
what it wants of a semicircle, or 180". 

Th us, if ADE be a semicircle, then bde is the supplement ol’ 
the arc ab ; and, reciprocally, ab is the supplement of the 
arc BDE. that, if ab be an arc of SO*’, then its supple¬ 
ment BDE will be 130". 

7. The Sine, or Right Sine, of an arc, is the line drawn 
from one extremity of the arc, jx'rpendicular to the diameter 
which passes through the other extremity. Thus, nr is the 
sine of the arc ab, or of the supplemental arc tidf. Hence 
the sine (bf) is half the chord (bg) of the double arc 
(ba<;). 

8. The Versed Sine of an arc, is the part of the diameter 
intercepted betw’ecn the arc and its sine. So, af is the versed 
sine of the arc ab, and ef the versed sine of the arc edb. 

9. The 'i^angent of an arc, is a line touching tlie circle in 
one extremity of that arc, continued from thence to meet a 
line drawn from the centre through the other extremity ; 
which last line is called the Secant of the same arc. Thus, 
AH is the tangent, and ch the sccatit, of the arc ab. Also, 
El is the tangent, and ci the secant, of the supplemental arc 
BDE. And this latter tangent and secant are equal to the 
former, but are accounted negative, as being drawn in an 
opposite or contrary direction to the former. 

10. The Cosine, Cotangent, and Cosecant, of an arc, 
are the sine, tangent, and secant of the complement of that 
arc, the Co being only a contraction of the word comple¬ 
ment. Thus, the arcs ab, bd, being the complements of 
each other, the sine, tangent, or secant of the one of these, 
is the cosine, cotangent, or cosecant of the other. So, bf, 
die sine of ab, is the cosine of bd; and bk, the sine of 
BD, is the cosine of ab : in like manner, ah, the tangent 
of AB, is the cotangent of bd; and dl, the tangent of 
DB, is the cotangent of ab; also, ch, the secant of ab, 
is the cosecant of bd ; and cl, the secant of bd, is the co¬ 
secant of AB. 
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Coro/. Hence sever^il important properties 
from these de6nitions; i», 

1.?^, That an arc and its supplement have the 
tangent, and secant; but the two latter, the tangeii^ 
secant, are accounted negative when the arc is greater ' 
a quadrant or 90 degrees. 

2d, When the arc is 0, or nothing, the sine and tangent 
are nothing, but the secant is tlien the radius ca, the least it 
can 1m?. As the arc increases from 0, the sines, tangents, 
and secants, all proceed increasing, till the arc becomes a 
whole quadrant ad, and then the sine is the greatest it can 
be, being the radius ( d of the circle; and boui the tangent 
and secant are inlinite. 

Sd, Of any arc ab, the versed sine af, and cosine bk, 
or CF, together make up the radius ca of the circle,—The 
radius ca, the tangent aii, and the secant ch, form a right- 
angled triangle caii. So also do the radius, sine, and cosine, 
form another right-angled triangle cbf or cbk. As also the 
radius, cotangent, and cosecant, another right-angled tri¬ 
angle cDi.. Anti all these right-angled triangles are similar 
to each other. 


11. The sine, tangent, or 
.secant of an angle, is the sine, 
tangent, or secant tjf the arc 
hy which the angle is mea¬ 
sured, or of the degrees, &c. 
in the same arc or angle. 

12. The method of con¬ 
structing the scal<?s ofchord.s, 
sines, tangents, and .secants, 
usually engraven on instru¬ 
ments, for practice, is exlii- 
bited in the annexed figure. 

13. A Trigonometrical 
Canon, is a tabic showing 
the length of the sine, tan¬ 
gent, and secant, to every ^ 
degree and minute of the .g 
quadrant, with respect to the ^ 
radius, which is expressed by 
unity or 1, with any number 
of ciphers. The logarithms 
of these sines, tangents, and 
secants, are also ranged in the 
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PLANE TRIGONOMETHY. 


tables; and these are most commonly used, as they perform 
the calculations by only addition and subtraction, instead of 
the,multiplication and division by the natural sines, &c, ac¬ 
cording to the nature of logarithms. Such tables of log. 
sines and tangents, as well ns tlie logs of common nuinlK.'rs, 
greatly facilitate trigonometrical computations, and are iiovir 
very common. Among the most correct are those published 
by the author of this Course. 


PROBLEM r. 


To compute the Saturail Stnc ami Co.siue of a Given Are. 

This problem is resolved after v.arlous wavs. One of these 
is as follows, viz. by means of the ratu> Iwtween the diameter 
and circumference of a circle, together with the known series 
for the sine and cosine, hereal'ter demonstrated. Thus, the 
semicircuinference of the circle, whose radius is 1, being 
3*1415*)2650589T9^i ^ce, the proportion will therefore be, 
as the number of degrees or minutes in the semicircle, 
is to the degrees or minutes in the ]iro|K>sed arc, 
so is 3‘141592f»5 ice, to the length ol“ the saitl arc. 

This length of the arc being denoted by the letter a ; aiul 
its sine and cosine by ,v and c; then will these two lie ex¬ 
pressed by the two fullosing series, viz. 


5=0 — 




or 

IT 
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ir 
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a.ti. 1 r>.(>.7 




o’ O' 

W6 “ soto ■ 


f = 1 — 


a- 

IF 
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o'’ 


-t 


2.3.4 2.3.4.5.G 


-f &c. 


o’ a* o® 

~ “ ~ 720 

CxAM. 1. If it be required to find the sine and cosine of 
1 minute. Then, the number of minutes in 180” being 
10800, it will lie first, as 10800: 1 :: 3‘141.59265 &c. : 
*000290888208665 = the length of an arc of one minute. 
Therefore, in this case, 

a = *0002908882 
and 40’ = *000000000004 Sec, 
the diflT. is « = *0002908882 the sine of 1 minute, 
from 1* 

^ take 40* = 0 0000000423079 8ec, 

leaves c = *9999099577 the cosine of 1 minute. 



PROHLEMS. 


5 


Kxam. For tile sine und cosine of 5 degrees. 

Here as 180« ; 5° :: 8*141595265 &c, : *08726646 = a the 
length of 5 degrees. Hence a = *087266^ 

- _ _ .00011076 

+ «» = *00000004 

these collected give s = *08715574 the sine of 5°. 

And, for the cosine, 1=1* 

- ;a’ = - *00380771 
4 = *00000241 

these collected give c = *99619470 the cj|ine of 5*^. 

After the same manner, the sine anti cosine of any other 
arc may be computed. Ilut the greater the arc is, the slower 
the series will converge, in wlmh case a greater number of 
terms must be taken, to bring out the conclusion to the same 
ilegree of exactness. 

Or, ha\ing found the sine, llie cosine will be found from 
it, by the property of the right-angled triangle cur, viz. die 
cosine cF = x'^cb* — mor r = x''] — .y% 

There are also other inetliods of constructing the canon 
t)f sines and cosines, which, for hrevity’s sake, are here 
omitted : some of them, however, are explained under 
the analytical trigonometry in the th^ volume of this 
Course. 


rROBLLM II. 

7 ’o cotnputi' i/ic T’an^vuti and Secants. 

Thf sines and cosines being known, or ibund by the 
11 B'egoing problem ; the tangents and secants will be easily 
f'ound, from the princijile of similar triangles, in the follow¬ 
ing manner: 

In the first figure, where, of the arc ab, iif is the sine, 
CF or BK. the cosine, All the tangent, ch the secant, dl the 
cotangent, and ci- the cosecant, the radius being ca or cb or 
CD ; the three similar triangles cfb, cah, cdl, give the fol¬ 
lowing proportions: 

1.?^, CF : Fii :: ca : ah; whence the tangent is known, 
being a fourth proportional to the cosine, sine, and radius. 

2d, CF : CB :: CA : ch ; whence the secant is know'ii, 
lieing a third proportional to the cosine and radius: or, 
Iwing, indeed, the reciprocal of the cosine when the radius 
is unitv. 
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3d, BF : FC :: cd : dl ; whence the cotangent is known, 
being a fourth*pro|K)rtional to the sine, cosine, anil radius. 

, Or, AH : AC :: cn : dl ; whence it appears that the co> 
tan^nt is a third proportional to the tangent and radius; 
or the reciprocal of the tangent to radius 1. 

4th, BF : w: : : cd : cL ; whence the cosecant is known, 
being a third proportional to the sine and radius ; or the re¬ 
ciprocal of the sine to radius 1. 

As for the log. sines, tangents, and secants, in the tables, 
they are only the logarithms of the natural sines, tangents, 
and secants, calculated ns al>ove. 


II idea of the calculation and use of sines, 

tangents, and secants, we may now proceed to resolve the 
several cases (jf Trigi.nometry ; {previous to which, however, 
it may be projx-r to add a lew prcfiaratory notes and ob¬ 
servations, as below. 


Ao/c 1. There are three methods of resolving triangles, 
or the cases of trigtJiiometry ; namely, Geomelricul Con¬ 
struction, Arithmetical ('om))utation, and Instrumental 
Operation; of vihich the first two will here be treated. 

In the First Aleihotl, The triangle is constructed, by 
making the parts of the given magnitudes, namely, the sides 
from a scale of c(}ual f)aris, and the angles iVoin a scale of 
chords, or by some other instrument. Then measuring the 
unknown parts b^tlie same scales or in.^trumcnls, the solu¬ 
tion will be obtamed near the truth. 

In the Second Method, IIa\ing staled the terms oP the 
proportion according to the proper rule or theorem, n.solve 
it like any other proportion, in which a fourth term is to be 
found from tliree given terms, by multiplying the second 
and third together, and dividing the jjrotluct by the first, 
in working with the natural numbers; or, in working with 
the logarithms, add the logs, of the second and third terms 
together, and from the sum take the log. of the first term; 
then the natural number answering to the remainder is the 
fourth term sought. 

Note 2. Every triangle has six parts, viz. three sides and 
three angles. And in e^^ery triangle pro]Miscd, there must 
be given three of these parts, to finti the other three. Also, 
of the three parts that arc given, one of them at least must 
be a side; Ix^cause, with the same angles, the sides may be 
greater or less in any proportion. 

Note 3. All the cases in trigonometry, may be comprised 
in three varieties only; viz. 

\st. When a side and its opposite angle are given. 
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2dt When two Buies anil the contained angle are given. 
Sdf When the tiirec sides are given. • 

I’or there cannot possibly be more than these three varie¬ 
ties of coses; for each of which it will therefore be proper to 
give a separate theorem, ns follows : 


THEOREM 1. 






IVhcn a Side and ite Opposite A ng'le arc two (yf the Given 

Parts. 

Then the unknown ]>arts will be found by ||ii$ theorem ; 
viz. The sides of the triangle have the same pro|>ortiun to 
each other, as the sines of their ojijKJsitc angles have. 

That is, As any one side. 

Is to the sine of its o[)j)osifc angle; 

So is any other side, 

To the sine ot‘ its opposite angle. 

Dcmotistr. For, let abc be the pro- 
jKJsed triangle, having .\n the greatest 
side, and bc the least. Take ad = 
nc, considering it as a radius; and let 
loll the perpendiculars de, cf, which /5 
will evidently be the sines of the an¬ 
gles A and B, to the radius ad or bc. 

Now the triai^glcs ade, acf, are equiangular; they therefore 
have their like sides proj^ortioual, namely, Ac : CF :; ad 
or ue : de ; that is, the side ac is to the sine of its opposite 
angle b, as the side nc is to the sine of its opposite angle a. 

Note 1. In practice, to find an angle, begin the proportion 
with a side opposite to a given angle. And to find a side, 
begin witli an angle op|K)site to a given side. 

Note 2. .iVn angle found by this rule is ambiguous, or un¬ 
certain u'hether it be acute or obtuse, unless it be a right 
angle, or unless its magnitude bc such as to prevent the 
ambiguity; because the sine answers to two angles, which 
arc supplements to each other; and accordingly the geome¬ 
trical construction forms two triangles with the same parts 
that arc given, as in the example below ; and when there is 
no restriction or limitation included in the question, either 
of tliem may be taken. The number of degrees in the table, 
answering to the sine, measure the acute angle; but if the 
angle be obtuse, subtract those degrees from 180°, and the 
remainder will be the obtuse angle. When a given angle is 
obtuse, or a right one, there can bc no ambiguity ; lor then 
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neither of the other angles can be obtuse, and the geometri¬ 
cal construclioh will form only one triangle. 


EXAMPLE 1. 

In the plane triangle abc, 

1 AU 845 yards 
Given v bc 232 yards 
( z A 37^’‘2(y 
Required the other parts. 



^ I. Giometncull^. 

Draw an indefinite line ; on which set off ab = 34.5, 
from some convenient sc'ale of equal parts.—Make the angle 
A == 37"4. —With a radius of 232, taken from the same 
scale of ctjual parts, and centre n, cross ac in the two 
points, c, c. —l..astly, join liC, bc, and the figure is con¬ 
structed, which gives two triangles, and shows that the 
case is ambiguous. 

Then, the sides ac measured by the scale of etfual parts, 
and the angles « and c measured by the line of chords, or 
other instrument, will be found to be nearly as below; viz. 
AC 174 zii27^* z c 115%. 

or 374^ or 78 ? or G4 {. 


2. Arithmetically. 

First, to find the angles at c. 

As side bc 232 - - log. 2 3654880 

Tosin.op. za 37«20' - - 9*7827058 

So side AB 345 - - 2*5378191 

To sin. op. z c 115“ 36'or 64“ 24' 9-9551269 

add z. A 37 20 37 20 

the sum 152 56 or 101 44 
taken from 180 00 180 00 

leaves z h 27 04 or 78 16 


Then, to find the side ac. 

As sine z a 37“ 20' 

To op. side bc 232 

c • . « f 27“ 04' 

So sin. z B ^ jg 

To op. side AC 174 07 
or 374*56* 


log. 9*7827958 
2*3654880 
9*6580371 
9*9908291 
2*2407293 
2*5733218 



THEOREM II. 


9 


EXAMPLE 11. 


In the plane triangle abc. 


( AB 365 poles 

L zc 

98" 3' 

Given-< / a 57“ 12’ 

Ans. < AC 

154-33 

z B 24 45 

C *BC 

309*86 

Required the other parts. 




EXAMPLE HI. 

In the plane triangle abc, 

f AC lao feet 
Given < bc 112 feet 
I A A 57 " 27 

Required the other parts. 


f Z.b 64034'21' 
1 or 115 25 39 


1 


z c 57 58 39 
or 7 7 21 

ab 112*65 feet 
or 16-47 feet 


THEOREM II. 

41 

tV/icn fwu Sides and iJwir Contained Angle are given. 

First find the sum and the difference of the given sides. 
Next subtract the given angle from 180 *, and the remainder 
will be the sum of the two other angles; then divide that 
by 2, which will give the half sum of the said unknown an¬ 
gles. Then say, 

Ah the sum of the two given sides. 

Is to the difference of the same sides; 

So is the tang, of half the sum of their op. angles, 

To the tang, of half the diff. of the same angles. 

Add the half dirt'erence of the angles, so found, to their 
half sum, and it will give the greater angle, and subtracting 
the same will leave the less angle: because the half sum of 
any two quantities, increased by their half difference, gives 
the greater, and diminished by it gives the less. 

Ail the angles being thus known, the unknown side will 
bc found by the former theorem. 

Note. Instead of the tangent of the half sum of the un¬ 
known angles, in the third term of the proportion, may bc 
used the cotangent of half the given angle, which is the 
same thing. 

Demon, I^et abc be a plane triangle, of which ac, cb, 
and the included angle c arc given: c being ac%Ue in the 
first figure, obtuse in the second. 
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On AC, the longer side, set oft' cd = cb the sliorter; juiii 



BD, and bisect it in e ; also, bisect ad in a, and join or., cr, 
producing the latter to f. 

Now i(AC l- cb) = {(2gd -t Sdc) = ci; 
and 4(ac — cb) = = ag 

also 4 ^(a 4- b) = -*(CDB -j- CBI>) = CBU 
and 4(b — a) = abc — { sum = abd: 


also, because ce bisects the base of the iso.scoles triangle cun, 
it is perpendicular to it: 


Therefore ec = tangent of cbdI 
EF = tangent of abd J 
Lastly, because in the triangle acf, r, 
(Geotn. th. 82) we have 


to radius be. 

E is parallel to ai 


CG : GA : : CE : ef; that is, 

4(ac + cb) : t(AC — cb) : : tan. ^(b 4- a) : tan. j(b — a) ; 
or, since doubling both the antecedent and conse(]ucnt of* 
the first ratio does not cliangc the mutual relation of its 
terms, we have 

AC 4- CB : AC — CB :: tan. I(b 4- a) : tan. j(B — a). <i.L.D. 


EXAMPLE I. 


Given 


In the plane triangle abc, 

{ AB 345 yards 
AC 174-07 yards 
Z.A 37 " 20 ^ 

Required the other parts. 



J; 


1. Geometrically. 

Draw AB = 345 from a scale of equal parts. Make the 
angle a = 37'* 20^. Set off ac = 174 by the scale of equal 
|)arts. Join bc, and it is done. 

Then the other fiarts being measured, they arc found to 
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be nearly as follow; viz. the side bc ^89 ymrds, the angle 
B 27", and the angle c * 


2. ArithmeticMy. 


The side ab 345 
the side ac 174-07 
their sum 519*07 
their differ. 170*93 


From 180" OO' 
take Z.A 37 20 
sum of c and b 142 40 
half sum of do. 71 20 


As sum of sides ab, ac, - - 519*07 log. 2*7152269 
To diff. of sides AB, AC, - - 170*93 - 2-2328183 
So tang, half sum Z.BcandB 71" 20' - 10*4712979 

To tang, half dilf. ^ % c and b 44 16 - 9*9888903 

these added give Ac, 115 36 
and subtr. give z b 27 4 


Tlien, by the former theorem. 
As sin. A c 115" 36' or 64 ’ 24' 

To its cjp, side ab 345 - 
So sin. of z A 37" 20' - 
To its op. side nc 232 - 


log. 9*9551259 
2-5378191 
9-7827958 
2-3654890 


EXAMPLE II. 


In tiie plane triangle arc, 
f AB 365 poles 
Glvcn< AC 154*33 
I z A 57" 12' 
lletiuiretl the other parts. 


f BC 309*86 
Ans.-^ z II 24" 45' 
t z c 98 3 


EXAMPLE III. 

In the plane triangle ahc, 

r A.; 120 yards f ab 112*65 

Given< bc, 112 yards Ans.s z a 57® 27' 0" 

I ZLc 57" 58' 39" t z b 64 34 21 

Kcquired the other parts. 

THEOREM III. 

fVAen the Three Sides of 'a Triangle are given, 

Fiiwt, let fall a perjxjndicular from the greatest angle on 
the opposite side, or base, dividing it into two segments, and 
the whole triangle into two right-angled triangles: then the 
pmportion will be. 
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PLANS TBIOONOMETRY. 


As the base, or sum of the segments, 

Is to thd sum of the other two sides; 

• So is the difference of those sides, 

To the diff. of the segments of the base. 

Then take half this difference of tlic segments, and add 
it to the half sum, or the half base, for the greater segment, 
and subtract the same for the less segment. 

Hence, in each of the two right-angled triangles, there 
will be know'n two sides, and the right angle opposite to one 
of them ; consequently the other angles will be found by the 
first theorem. 

Demonstr. By theor. 35, Gcom. the rectangle of the sum 
and difference of the two sides, is equal to the rectangle of 
the sum and difference of the two segments. Therefore, 
by forming the sides of these rectangles into a proportion by 
theor. 76, Geometry, it will appear that the sums and dif¬ 
ferences are pro]:)ortlonal as in this theorem. 

'N. B. Before you ct)mmcnce a solution of an example to 
this case, ascertain whether the triangle ho right-angled or 
not, by determining wdicther the s{]uare of the longest side 
be equal or unequal to the sums of the squares of tlie other 
two. If equal, tlie example may be referred to the notes to 
theorem iv. 


EXAMPLE I. 


In the plane triangle auc, 
( AB 345 yards 

the .ides 


To find the angles. 



1. Geometrically. 

Draw the base ab = 345 by a scale of equal parts. AV'ith 
radius 23^, and centre a, de.scribc an arc; and with radius, 
174, and centre u, describe another arc, cutting the former 
in c. Join ac, bc, and it is done. 

Then, by measuring the angles, they will bc found to bc 
nearly as follows, viz. 

Z.A 27°, z.b37°1, and z.c 115°4. 


2. Arithmetically. 

Having let full the perpendicular cp, it will be, 
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As the base An : ac 4* bc : : ac — nc : ap — .np, 


that is, as 345 : 406*07 : 

: 57*93 : 68*18 

= ap 

— BP, 

its half is 

• 

34*09 



the half b.ase 

is 

172*50 



the sum of these is 206*59 = 

= AP 


and their di9*. is 

138*41 : 

= BP. 


Then, in the triangle apc, right-angled at p. 

As the side ac - 


232 - 

log. 

2*3654880 

To sin. op. z p 


90« - 

«• 

10 0000000 

So is the side ap - 


206-59 

• 

2*3151093 

To sin. op. Z Acp 


62" 56' 


9*9496213 

which taken from 

■ 

90 00 



leaves the 

Z- A 

27 04 





i»c, right- 

angled at i». 

As the sitio ac - 


174-07 

- log. 

, 2*2407239 

'Fo sin. op. Zp - 

- 

90" 


10 0000000 

So is,side ap 


138-41 


2-1411675 

Tt> sin. op. Z acp - 

- 

52‘40’ 

• • 

9-9004.436 

whicii taken from 

• 

90 00 



leave.s the 

Z. n 

37 20 



Also the ZAcr 

62'’ 

5()' 



added to z bcp 

52 

40 



gives the whole z acb 

115 36 




So that all the three angles arc as follow, viz. 
the Z A 27" 4'; the Z. n 37" 20'; the Z c 115" 36'. 


'Fhc angles a and a may also easily be found by the ex- 

Ae BC , -11 

prcssions sec. a =: ^ sec. a = —, or the equivalent logs. 

' Al' HI* 


EXAMPLE II. 


In the plane triangle abc. 


r AD OO.’J poles 

J"'?” 4 A<- 154 33 
the sk 1 cs\ 

To find the angles. 


r z A 57" 12 ' 
Ans. < z a 24 45 
I z c 98 3 


example hi. 


120 


the sides ( 3 ^ 112 

To find the angles. 


f An 1 
I AC 112 65 



z A 5T 27' 0" 
z a 57 58 39 
z c 64 34 21 
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PLANE TRIGONOMETRY. 


The three. fbre^ing tbeoreDis include all the cases oi' 
plane triangles, botii right-angled and oblique. But there 
are other theorems suited to some pitrticular forms of 
triangles (see vol. hi.), which arc sometimes more expeditious 
in their use than the general ones; one of which, as the 
case An* which it serves so frequently occurs, may be here 
explained. 


THEOREM IV. 


When a Trieingle is Right-angled; any of the unknoicn 
parts inay hejbund by the foUou'ing proportions: idz. 


As radius 

Is to either leg of the trian(;le ; 

So 18 tang, of its adjacent angle, 
To its opposite leg; 

And so IS secant of the same angle. 
To the hypothenusc. * 


T/ 


7 ' 

X li u 


Demonstr. ab being the given leg, in the 
right-angled triangle arc; with the centre 
A, and any assumed radius ad, describe an 
arc DE, and draw df perpendicular to Alt, 
or parallel to bc. Then it is evident, from 
the definitions, that df is the tangent, and 
AF the secant of the arc de, or of the 
angle A which is measured by that arc, to the radius ad. 
Then, because of the parallels itc, df, it will be, . - - - - 
as AD : AB ; ; df : bc and ; ; af : At , which is the same a.s 
the theorem is in words. 

^ote. The radius is et^ual, either to the sine of 9(>", or the 
tangent of 45®; and is expressed by 1, in a table of natural 
sines, or by 10 in the log. sines. 


F.XAMPI.E I. 


In the riglit-anglcd triangle ab<', 

g-y C the leg AB IGS ? rp ^ i i 

Given I lo find ac and bc. 


1. Geometrically. 

Make ab = 162 equal parts, and the angle a= 53° 7’ 48'^: 
tbeutaise the perpendicular bc, meeting ac in c. So shall 
AC measure 270, and bc 210. 
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9. Arithmetically 

As radius 

To leg AB - 162 - 

So tang. Ls. - 56® 

To leg Bc - 916 - 

Si) secant Lk - 53® T 48" 

To hyp. AC - 270 - 


log. 100000000 
2-2095150 
10-1249371 
2-3S44521 
10*2218477 
2*4313627 


EXAMPLE II. 


In the right-angled triangle abc, 

)c leg An 180 4 f AC 392-014(j 

1C A 62® 40^ i BC 348-2464 


Given ^ An 180 

the ^A 62® 40^ 

To find the other two sides. 


Note. 6'hcre is sometimes given another method for right- 
angled triangles, which is this: 

' ABC being such a triangle, make one 
leg AH radius; that is, with centre a, 
and distance ab, describe an arc bf. 

Then it is evident that the other leg bc 
represents the tangent, and the hypo- 
thenusc AC the secant, of the arc bf, or 
of the angle a. 

In like manner, if the leg bc be mode 
radius; then tl>c other leg ab will re¬ 
present the tangent, and the hypothenusc ac the secant, of 
the arc nr. or angle c. 

Hut if the hypothenusc bc made radius; then f;ac|i leg 
will represent the sine of its opposite angle; namely, the leg 
All the sine of* the arc ae or angle c, and the leg nc the sine 
of the arc CD or angle a. 

Then the general rule for all these cases is this, namely, 
that the sides of the triangle bear to each other the same 
proportion as the parts which they represent. 

And ^lis is called. Making every side radius. 

Note 2. When there are given two sides of a right-angled 
triangle, to find the third side; this is to be found by the 
property of the squares of the sides, in theorem 34, Geom. 
viz. that the square of the hypothenuse, or longest side, is 
equal tar both the squares of the two other sides together. 
Tuerefbre, to find the longest side, add the squares of the 
two shorter sides together, and extract the square root of 
that sum ; but to find one of the shorter sid^ subtract the 
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flake tkiookometry. 


one square from the other, and extract the root of the 
rraiainder. Or, when the hypothenuse, h, and either the 
base, B, or the perpendicular, P, are given: then half the 
sum oTlog. (h + p) and log. (h — p) = log. b ; and half 
the sum of log. (h + b) ana log. (h — b) = log. r. 

When B and p are given, the following logarithmic 
operation may sometimes be advantageously employed ; viz. 
Find N the number answering to the log.diff., 2 log, p—log. b; 
and make b + n = m : then, 4 (log. m + log. b) = log. h, 
the hypothenuse. 

The truth of this rule is evident: for, from the nature 
p- p* 

of logarithms, — = k; whence » + n = b + = 

B* 

-= M; and 4 (log* m f- log. b) = 4 log* m b = i log. 

B 

(B® + P-) = log. y^(B" + p') = log. II. 

Or, still more simply, find 10 + the difl*. (log. p — log. n) 
in the log. tangents. The corresponding log. secant addcil 
to log. b = log. II. 

Note^ also, as many right-angled triangles in integer 
numbers as we please may be found by making 
in'- + n® = hypothenuse 
— n- — perpendicular 
2//in = base 

m and n being taken at pleasure, m greater than w. 

Before we proceetl to ine subject of Hciglits and Distances 
we shall give, 


A CONCISE INVESTIGATION OF SOME OF THE MOST I'SEFCL 
TRIGONOMETRICAL FORMFL.*. 

Let AB, AC, AD, be three arches, such that dc = cn, and 
o the centre. Join ao, oc, bd. Draw di.q and 01 per¬ 
pendicular, and BiM jj to OA. Join mq and bi.sect it by the 
radius on; and draw ah || to bd. 
is AH = »n. AC 
OH = cos. AC ; 
also DB = £Q := sin. AD 
EK = 01 = sin. AB 

QK =- sin. AD -f sin. ab \ 

DK = sin. AD — sin. ab 
B 1 = IM =: C 08 . AB 
OE =K KI = COS. AD 
MK = COS. AB -f- COS. AD 
BK = cos. AB — COS. AD 
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Because the angles at k are ri^t angleis; 

arc BD + arc mo = ISO**, and arc dc + arc mk = 90« 
Mr = Po = OG = cos. DC = cos. oc; 
also, because ac = 4(ab 4- ad) = I^bao = angle aoc (at 
centre) = bdq (at circumf.) (on same arc) 

triangles aoh, bdk, qmk, are equiangular. 

Hence-— 

I. OA : au :: mq : qk ; 

that is, rad. : sin. Ac :: 2 cos. bc : sin. ad + sin. ab 

II. AO : OH :: JBD : DK 

or, rad. : cos. ac :: 2 sin. oc ; sin. ad — sin. ab 
III. AO : OH :: qm : mk ; 
or, rad. : cos. ac :: 2 cos. bc : cos. ab + cos* ad 
IV. AO : ah :: DB : bk ; 
or, rad. : sin. ac ;: 2 sin. bc : cos. ab — cos. ad ; 

also, 

V. BK . KM = DK . Ka, that is (cos. AB — COS. ad) 

(cos. AB + cos. ad) = (sin ad — sin. ab) (^n. ad + sin. ab). 

By reducing the above four proportions into equations, 
making rad. = I, we obtain two distinct classes of formulae, 
thus:— 

Fb'st Class. AC = a, cb = 6; then ad = o + ab=« — 

1. sin. (0 4-6) + sin. (o — 5) = 2 sin. o cos. b 

2. sin. {a + b) — sin. (a — b) = 2 cos. a sin. b 

3. cos. (a — 6) + cos. (a + 6) = 2 cos. a cos. b 

4. cos. (a — b) — cos. (« + 6) = 2 sin. a sin. b 

Second Class, ad = a, ab = b; then ac = 4(0. + b), 

bc = — 6). 

6. sin; a + sin. 6 = 2 sin. ^(a 4 6) cos. \{a — 6) 

6. sin. a — sin. 6 = 2 cos. 4(0 + 6) sin. 4(« “ 

7. cos. 6 4 cos. 0 = 2 cos. 4 6) cos. 4(« “ 6) 

8. Cos. 6 — cos. 0=2 sin. 4 6) sin. 4(0 — 6) 

The first class is useful in transforming the products of 
sines into simple sines, and the contrary. 

The second facilitates the substitution of sums or differ¬ 
ences of sines for. the products, and the contrary. 

Taking the sum and the difference of equations 1 and 2, 
also of 3 and 4, remembering that sin. = cos. tan. we obtain 
the following: 

VOL. 11 . 
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Third Class, 

9. sin. (a + 6) =3 sin. a cos. h + sin. b cos. a 

=s cos. a cos. 6 (tan. a -f tan. b) 

10 . sin. (a — b) = sin. a cos. h — sin. b cos. a 

= cos. a cos. 6 (tan, a—tan. b) 

11. cos. (a + h) = cos. a cos. 6—sin. a sin. b. 

= cos. a cos, & (1 — tan. a tan. b) 

12. cos. (a — &) = cc». a cos. /i -f sin. a sin. b 

= cog. a a>s. b (I +tan. a tan. b). 

From these, making a b, we readily obtain the cx- 
pres^ons for sines and cosines of double arcs; also dividing 
equation 9 by 11, and equation 10 by 12, we obtain ex¬ 
pressions for the tangents of o + 6 and a — b. Thus we 
nave:— 


Fourth Class. 


13. sin. 2a = 2 sin. tt cos. a — 2 cos. - a tan. a 

14. cos. 9a — ixis.® a — sin.*a = cos.**a (I — tan.-a) 


15. 

16. 


sin. 

cos. 

sin. 

cos. 


(a -f- ft) = tan. (a -f* ft) = 
(a — ft) = tan. {a ft) = 


tan.a ■{- tan. ft 
1 — tan. a tan. ft 
tan. a — tan. ft 
I tan. o tan. ft 


17. tan. 2a = 

18. cot. 2a = 


2 tan. a 
1 — tan.- a 
1 — tan.** a 
2 tan. a 


Subsdtuting in tlie second class, 
for sin. (a + ft), cos. {(a + ft) tan. i(a -f ft), 
and for sin. 4(0 — 5), cos. -{{a — ft) tan. 4(a — ft), wc have:— 


Fjfih Class. 


19 . cos. ft-hcos.a = 2 cos. 4(a+ ft)cos. 4(«—ft)*—See equa. 7. 

20. cos. ft — cos. a = tan. -l(a + ft) tan. 4(0 — ft) 2 cos. [-(a + ft) 
cos. 4 (a — ft) = tan. 4(«+ft) tan. 4(0 ~ ft) (cos. ft 4- cos. a) 

21 . sin. a + sin. ft = tan. \jia-\-b) 2cos. 4(0 + ft) cos. 4 (« — ft) 

= tan. 4(a + ft) (cos. a + cos. ft) 

22 . sin. a — sin. ft = tan. 4(®”"^)2cos. 4(«+^)cos. \{a—b) 

= tan.4(a—ft) (cos, a+cos. ft) 


sin. a -f sin.ft __ tan. 4(^d-ft) 

* sin. a — sin.ft ~ tan. |(a—ft) * 


from 21 and 22. 
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san. a+ 8111- h 

x4r. -;- T 

cos. a+cos. 0 

sin. a —sin. ^ 

2S, --- 

cos. a +■ cos. o 


— tan. -J (a + i); from 21. 
= tan. i(o — ii): from 22. 


Examples Jbr Exercise, 


1 . Demonstrate that in any ri^ht-angled plane triangle 
the following properties obtain : viz. 

base 


pern. 

(I.) = tan. ang. at base. (2.) =tan. ang. at vertex. 

. perp. , ^ base 

(3.) |“^^=sin. ang. at base. (4.) — — =sin. ang. at vertex. 

hyp. hyp. 

(5.j i-= sec. ang. at base, (o.) —=sec. ang. at vertex. 

' base ® ' perp. ® 

2. Demonstrate that tan. a 4- sec. a = tan. (45** 4- T^)* 

3. Demonstrate that sec. 2a = r—and that 

1—tan.* A 


cosec. 2a = 


I + tan.* A sec.* A 

2 tan. A ~ 2 tan. a’ 


4. Given Axp = By* + djt* ; to find x andy the sine and 
cosine of an arc. 

5- Demonstrate that of any arc, tan.* — sin.* = tan.® sin.*. 
6. Demonstrate that if the tan. of an arc be =e the 


sine of the same arc is = -=- 

» +1 


OF HEIGHTS AND DISTANCES, &c. 

By the mensuration and protraction of lines and angles, 
are determined the lengths, heights, depths, and distances of 
bodies or objects. 

Accessible lines are measured by applying to them some 
certain measure a number of times, as an imm, or a foot, or 

c 2 
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yard. But inaccessible lines must be measured by taking 
angles, or by such-like method, drawn from the principles 
of geometry. 

* When instruments are used for taking the ma^iludc of 
the angles in d^rees, the lines are then calculatecf by trigo¬ 
nometry : in the other methods, the lines are calculate from 
the principle of similar triangles, or some other geometrical 
property, w'ithout regartl to tlie measure of the angles. 

Angles of elevation, or of depression, are usually taken 
cither with a thctxlolite, or with a quadrant, dividcil into de¬ 
grees and minutes, and furnished with a plummet suspended 
from the centre, and two open sights fixed on one of the 
radii, or else with telescopic sights. 


7*0 take an Angle of Alt itude and De/m'xsion tcith the 

Quoilrani. 



Let A be any object, as the sun, 
moon, or a star, or the top of a 
tower, or hill, or other eminenre: 
and let it be required to find the 
measure of the angle a bo, which a 
line drawn from the object ma|j;cs 
above the horizontal line bc. 

Place the centre of the quadrant 
in the angular point, and move it 
round there as a centre, till with one eye at d, the other 
beii^ shut, you perceive the object a through the sights ; 
then will the arc cm of the quadrant, cut off by the plumli- 
Une BH, be the measure of the angle abc as required. 

The angle abc of depression of 
any object a, below the horizontal 
line BC, is taken in the same manner; 
except that here the eye is applied to 
the centre, and the measure of the 
angle is the arc on, on the other side 
of the plumb-line. 

The following cxai^les arc to lie constructed and calcu¬ 
lated by the rules of Trigonometry. 



EXAMPLE 

Having measured a distance of SOO feet, in a direct hori¬ 
zontal line, from the bottom of a steeple, the angle of eleva¬ 
tion of its top, taken at that distance, was found to be 47*’ 3(V; 
hence it is required to find the height of the steeple. 
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Construction. 

Dmw an inde^nltc line; on which set ufi* ac = 2Q0 equal 
|)arts, for tlic measured distance. Erect the indefinite per -, 
f)cndicu]ar ab ; and draw cn so as to make the angle c = 
IT’ do', the angle of elevation ; and it is done, l^en ab, 
measured on the scale of equal parts, is nearly 218^. 


Calculation. 


As radius 
To AC 200 
So tang, z c 47" 30' 
To AB 218-26 retjuired 


10 0000000 
2-3010300 
100379475 
2-3389775 



Or, by tlio nat. tangents, we liave a«’ x tan. bca = 
200 X 1*091308 218-2616 = ab. 


EXAMPLE 11. 

What was the perix*ndicular height of a cloud, or of a 
balloon, when its an^es of elevation were 35" and 64", as 
taken by two observers, at the same time, both on the same 
side of it, and in the same vertical plane; the distance be¬ 
tween them being half a mile or 880 yards ? And what was 
its distance from the said two observers.^ 

Coiistructiott. 

Draw an indefinite ground line, on which set off the 
given distance aii — 880; then a and b are the places of 
the ob.server.s. Make the angle a = 35", and tnc angle 
u 64"; then the intersection of the lines at c will be the 
place of the bftll<x>n : whence the }x?r|X‘ndicular cd, l>eiog let 
i'all, will be its ])erpcndicular height. Theti by measure¬ 
ment arc found the dist.-mce8 and heiglit nearly as follow, 
viz. AC 1631, Bc 1041, DC 936. 

Calculation. 

First, from z b 64" 
take z A 35 
leaves ^ acb 29 

K 
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Then in the triangle abc, 
As «n. Z AGB 29® 



9.6855712 

To op. side ab 

880 

- 

•r 

2*9444827 

So Z a 

35® 

- 


9-768S91S 

Td op. side bc 

104M25 

- 


8*0175028 

As sin. Z ACB 

29® 



9*6855712 

To op. side ab 

880 

- 


2*9444827 

So sin. Z B 116® 

or 64®" 

* 


9*9536602 

To op. side ac 

1631*442 

- 

- 

3*2125717 

And in the triangle BCD, 
As sin. Z D 90® 



104)000000 

To op. side bc 

104M25 

* 

m 

3*0175028 

So sin. Z B 

64® 


- 

9*9536602 

To op. side cd 

935*757 

- 

- 

21)711630 


EXAMPLE 111. 

Havins to find the hciglit of an obelisk standing on the 
t<^ of a aedivity, I first measured from its bottom a distance 
0140 feet, and there found the angle, formed the oblique 
plane and a line imagined to go to tlic toj) of the olielisk, 
41®; but after measuring on m the same direction 60 feet 
farther, the like angle waa only 23® 4 j 5'. What then was 
the height of the obelisk ? 


Constntetion. 

Draw an indefinite line for the sloping plane or declivity, 
in which assume any pmnt a for thfe bottom of the obelisk, 
from which set off the distance ac = 40, and again cn = 60 
equal parts. Then make the angle c = 41®, and the angle 
D = 23® 45 ^ ; and the point ii where the two lines meet will 
be the top of the obelisk. Therefore ab, joined, will be its 
height.—-Draw also the horizontal line de perp. to ab. 

CctUyuJation. 

From the Z. c 41® 00* 

'itake the Z D 23 45 
leaves the Z dbc 17 15 



ANi> DIATANCES. 

Then in the triangle 

As sin. Zone 17“ 15' 

9 4720856 

To op. cade DC 60 

- 

1-7781513, 

So sin. Z. D 23 45 

- 

90050320 

To op. side cii 81-488 

- 

1-9110977 

And in the triangle 
As mm of sides cm, ca 

ABC, 

121-488 

2-0845333 

To diflf. of sides cb, ca 

41-488 

1-6179225 

So tang. 4 (a -H b) 

69“ 30' 

10-4272623 

To tang. -4( A — b) 

42 244 

9-9606516 


the diff. of these is t cba 27 54 

the sum is I exit III 544 


Lastly, as sin. L cba 27" 5'4 
To op. side ca 40 

So sin. /Lc - dl” 0' 
To op. side AM ,57‘623 


96582842 

1-6020600 

9-8169429 

1-7607187 


Also the L ADE = MAC — 90® = 21® 54'4. 


EXAMPLE IV. 

Wonting to know the distance between two inaccessible 
trees, or other objects, irom the top of a tower 120 feet 
high, which lay in the same right line with the two objects, 
I took the angles formed by the perpeiKliciilar wall and lines 
conceived to be drawn from ibe top of the tower to the 
bottom of each tree, and fouml them to be 33® and 64^4* 
Wliat is the distance between the two objects.'* 


Constructiati. 


Draw the indefinite ground line 
uu, and perpendicular to it ba = 
120 equal parts. Then draw the 
two lines Ae, au, making the two 
angles bac, bad, equal to the 
gbren measures 33® and 64®!-. So 
idiall c end o be the places of the 
two objects. 
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Caicuiatiofh 

FireC, in Uk right-angled triangle abc. 

As radius - ' . - - . 10*0000000 

To AB - 1420 - - - »*079181^ 

So tang. z. bag SS® - - . 9*8125174 

Tobc - 77*929 - - - 1*8910980 

Then in tlie right-angled triangle abd. 

As radius . - . _ - 10*0000000 

To AB - - 120 - - 2*0791812 

SoUng. Z.BAD- 640 30 - 10*3215030 

Tobd - 251*585 - - 2*4006851 

Frcnn which take bc 77*929 
leav^ the dist. co 173*656, as required. 

Or thus, by the natural tangents, 

From nat. tan. dab - - C4®30 = a-OOOSlSO 

Take nat. tan. cab - - 33 0 = 0-6494076 

Diflerence - 1 -4471360 

If drawn into a a 120 


The result gives cd = 173*65632 


EXAMPLE V. 

Being on the side of a river, and wanting to know the 
distance to a house which was seen pn the other side, I iTiea> 
sured 200 yards in a straight line by tlic side of the river ; 
and then, at each end of this line of distance, took the hori- 
Bontal angle formed between the house and tlie other end of' 
the line; which aisles were, the one of them 68® 2^, and 
the other 73® 15'. What were the distances from eadi end 
to the house ? 


Construction. 

DrBW the line ab = 200 equal j>aits. 

'l^ien draw ac so as to make the angle 
68® 2', and bc to make the angle 
"W SS 73® 15'. So shall the point c be the 
plane of the bouse required. 

The calculation, which is left for the student's exercise, 
. gives AC 306*19, bc = 296*54. 




AKI> PISTAMGEi. 


26 


ExAitf. VI. From the edge of a ditch, of 36 feet wide, 
surrounding a fort, having taken the angle of elevation of 
the top of me wall, it was found to be 62^ 4(f: required the 
height of the wail, and the length of a ladder to reach fixim 
my station to the top of it ? C height of wall ^*64, 

^ ladder, 78*4t feet. 

Exam. vii. Required the length of a shoar, which being 
to strut 11 feet from the upright of a building, will support 
a jamb 23 feet 10 inches from the ground ? 

Ans. 26 feet 8 inches. 

Exam. viii. A ladder, 40 feet long, can be so placed, that 
it shall reach a window 33 feet from the ground, on one ade 
of the street; and by turning it over, without moving the 
foot out of its place, it will do the same by a window 21 feet 
high, on the other side : required the breadth of the street ? 

Ans. 56*649 feet. 

Exam. ix. A maypole, whose top was broken off by a 
blast of wind, struiikc the ground at 15 feet distance from the 
ftx>t of the pole: what was the height of the whole maypole, 
supjMJsing the broken piece to measure 39 feet in length ? 

Ans. 75 feet. 

Exam. x. At ITO feet distance from the liottom of a tower, 
the angle of its elevation was found to be 52® Sff: required 
the altitude of the tower ? Ans. 221-55 feet. 

Exam. xi. From the top of a tower, by the sea-side, of 
143 feet high, it was observed that the angle of depression 
of a ship’s bottom, then at anchor, measured 35®; wnat was 
the ship's dist:;nce from the bottom of the wall? 

Ans. 204*22 feet. 

Exam, xii* What is the perpendicular height of a hill; 
its angle of elevation, taken at tne bottom of it, being 46^, 
and 200 yards farther off, on a level with the bottom, the 
angle was 31® ? Ans. 286*28 yards. 

Exam. xiii. Wanting to know the height of an inoroes- 
sible tower; at the least distance from it, on the same hori¬ 
zontal plane, I took its angle of elevation equal to 58®; then 
going 300 f<^t directly from it, found the angle there to be 
only 32®; required its height, and my distance from it at the 
first statum ? a f height 307'53 

* ( distance 192*15 

Exam. xtv. Being on a horizontal plane, and wanting to 
know the height of a tower placed on the top of an inacces¬ 
sible hill; I took the angle of elevation of the top of the hill 
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40^, and of the top of the tower 5l<^; then ntcasuriiw in a 
line direfctly from it to the distance of 200 feet further, I 
found the angle to the top of the tower to be 33^ 45'. What 
is the heij^t of the tower ? Am. 93*33146 feet. 

£xah. XV. From a window near the bottom of a house, 
which seemed to be on a level with the bottom of a sHeplc, 
I took the angle of elevation of the top of tlie steeple equal 
40*’; then from another window, 18 feet directly above the 
fewmer, the like angle was 37** SCf: required the height and 
distance of the steeple. . f height 210*41' 

1 distance 250*79 


£xam. xvf. WanUng to know the height of, and my 
distance from, an object on the other side of a river, which 
appeared to be on a level with tlie place where 1 stood, 
close by the side of the river; and not having room to 
measure backward, in the same line, because of the im¬ 
mediate rise of the bank, 1 placed a mark where I stood, 
and measured in a direction from the object, up the ascend¬ 
ing ground, to the distance of 264 feet, where it was evi¬ 
dent that I was above the level of the top of the object; 
there the angles of depression were found to be, viz. of tlic 
mark left at the river’s side 42®, of the bottom of the object 
27®, and of its top 19®. Required the height of the object, 
and the distance of the mark from its bottom ? 

. f height 57*26 
( distance 150*50 


Fxam. XVII. If the height of the mountain called the 
Peak of Teneriffe be miles, as it is very nearly, and the 
angle taken at the top of it, as formed between a plumbdine 
mm a fine conceived to touch the earth in the horizon, or 
faitbest visible point, be 88® 2'; it is required from these 
measures to determine Uie magnitude of the whole earth, 
and the utmost distance that can be seen on its surface from 
the^p of the mountain, siip{X).sing the form of the earth to 
be perfectly globular? 

. ldi^t. 135-943 > 

TD18 5”'‘“- 


_ * 

£xam. xviii. Two ships of war, intending to cannonade 
a fort, are, by the shallowness of the water, kept so far from 
it, that they suspect their guns cannot reach it with effect. 
In ,ord^ therefore to measure the distance, they separate 
fro^ other a quarter of a mile, or440 yarda; :tlK^A each 
sbtpudbietwes and measures the angle which the other abip 
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and the fort subtends, whidi anf^cs are 4£^ and 8d<^ 15'* 
What is the distance between each ship and the fort ? 

A f 2292-^ yards. 

^“*•( 2298-05 

Exaat. XIX. Wanting to know the breadth of a river, I 
measured a base of 500 yards in a straight line close by one 
side of it; and at each end 6f this line 1 found the angles 
subtended by the other end and a tree, close to the bank on 
the other side of the river, to be 53® and 79" 12'. What 
was the perpendicular breadth of the river ? ' * 

Ans. 529*48 yards. 

Exam. xx. Wanting to know the extent of a piece of 
water, or distance between two headlands; 1 measured from 
each of them to a certain point inland, and found the two 
distances to be 735 yards and 840 yards; also the horizontal 
angle subtended between these two lines was 55° 40'. What 
was the distance required ? Ans. 741*2 yards. 

Exam. xxi. A point of land was observed, by a riiip at 
sea, to bear cast-by-south; and after sailing north-east 12 
miles, it was found to bear south-east-by-east. It is required 
to determine the place of that headland, and the ship^^s di¬ 
stance from it at tlie last observation ? Ans. 26*0728 miles. 

Exam. xxii. Wanting to know the distance between a 
house and a mill, which were seen at a distance on the other 
side of a river, 1 measured a base line along the side where 
I wxis, of 600 yards, and at each end of it took the angles 
subtended by the other end and the house and mill, which 
were as follow, viz. at one end the angles were 58® 20' and 
95® 20', and at the other end the like angles were SO' 
and 98® 45'. 'What then was the distance between the house 
and mill ? Ans. 959*5866 yards. 


Exam, xxiii. Wanting to know my distance from an in¬ 
accessible object o, on the other side of a river; and having 
no instrument for taking angles, but only a chiun or cord for 
measuring distance from each of two stations, a and b, 
which were taken at 500 yards asunder, 1 measured in a 
direct like from the object o 100 yards, viz. ac and bd each 
equal to 100 yards; also the dia^nal ad measured 550 
yards, and the diagonal bc 560. 'What was the distance of 
the object o from each station a and b ? 

Ans f AO 536*81 

Exajc. XXIV. In a garrison besi^d are three renoarkable 
objects, A, B, c, the distances of which from each other arc 
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discovered by means of a map of the place, and are as Ibl- 
low, viz. AB 20G|-, AC 5tW, Bc 327^ yards. Now, having to 
erect a batterer against it, at a certain spot without the place, 
and being desirous to know whether my distances from the 
three objects be such, as that they may from thence be bat¬ 
tered with effect, I took, with an instrument, the honzontal 
angles subtended by these objects from the station s, and 
found them to be as follow, viz. the angle asd 13° 90f, and 
the angle BSC 29° 50'. Kcc^uircd the three distanc^ 8 A, 
SB, sc; the object b being situated nearest to me, and l>c- 
iwcen the two others a and c. ( sa 757*11' 

Ans.*? SB 537*10 
f sc 655*30 

Exam. xxv. Required the same as in the lost example, 
when the object B is the farthest from my station, but still 
seen between tlic two otliei*s as to angular |x>sition, and those 
angles being Uius, the angle asb 33® 45', and use 30', 
also the three distances, ad 600, ac 800, bc 400 yards ? 

1 SA 710*3 
Ans.^sD 1041*85 
(sc 934*14' 

Exam. xxvi. If db in the figure at pa. 2 represent a 

{ x>rtion of the earth's surface, and d the (xiint where the 
evelUng instrument is placed, then lb will bc the difference 
between the true and the apjxirent level; and you arc rc- 
Yfuired to demonstrate that, for distances not exceeding 5 or 
6 miles measured on the earth's surface, bl, cstimatc*d in 
feet, is equal to | of the square of bi>, taken in miles. 


MENSURATION OF PLANES. 

The Area of any plane figure, is the measure of the 
i^pace contained within its extremes or bounds; without any 
regard to thickness. « 

Tlidb area, or the content of tlic plane figure, is estimated 
by th« number of little squares that may be contiuned in it; 
the aide of those little measuring squares being an inch, or a 
foot, or a yard, or any other fixed quantity. And hence the 
area mr ount^t is said to be so many square inches, or square 
fcca, or square yards, &c. 
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Thus, if the figure to be measured t>e 
the rectangle abi^u, and the httle square 
E, whose idde is one inch, be the mear 
suriiig unit proposed: then as often as 
the said little square is contained in the 
rectangle, so many square inches the 
rectangle is said to contain, which in the 

present cose is 12. 

>•> 

. PROBLEM I. 

To Ji^id the Area of any Paralleh^ram ; whether it he a 
Square, a Rectangle, a Rhombus, or a Rhomboid. 

Multiply the length by the perpendicular breadth, or 
height, and the product will be the area *. 

EXAMPLES. 

Ex. 1. To find ilicareaof a parallelogram, the length being 
12-25, and breadth or height 8*5. 

12-25 length 
8-5 breadth 

6125 

9800 

104*125 area. 


* The truth of this rule is proved in the Geom. theor. 81, 
cor. 2. 

The same is otherwise proved thus : Let the foregoing rect> 
angle be the figure proposed; and let the length and breadth be 
divided into several parts, each equal to the linear measuring 
unit, bein^ here 4 for the length, and 3 for the breadth ; and let 
the opposite points of division be connected by right lines.— 
Then it is evident that these lines divide the rectangle into 
a^number of little squares, each equal to the square measuring 
unit E ; and further, that the number of these little squares, or 
the area of the figure, is equal to the number of linear mea¬ 
suring units in the length, repeated as often as there are linear 
measuring units in the breadth, or height; that Ih, equal to the 
length drawn into the height; which here is 4 K 3 or 12. 

And it is proved (Geom. theor. 25, cor. 2), that any oblique 
parallelogram is equal to a rectangle, of equal length, and per¬ 
pendicular breadth. Therefore the rule is general ror all paral¬ 
lelograms whatever. 
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£)c. 8. To find tbc arc* of a square, whose side is 35^ 
chains. ^ Ans. 184 acre% 1 rood, 1 

Ex. .H. To find the area- of a rectangular board, wmse 
length is 18^ feet, and breadth 9 inches. Ans. 9| ||et. 

£x. A To find the content of a piece of land, in ^rm of 
a rhombus, its length being 6*20 efuuns, and perpendicular 
breadth 5*45. Ans. 3 acres, 1 rood, 80 ^>6101)08. 

Ex. 5. To find the number of sc^uare yards of pamting in 
a rhomboid, whose length is 37 feet, and height 5 feet 3 
inches. Ans, 81-,^ square yards. 

PROBLEM II. 

To Jind the Area of a Triangle. 

Rule i. Multiply the base by the perpendicular height, 
and take half the product for the area *. Or, multiply the 
one of these dimensions by half the other. 


I^XAMPLES. 

Ex. 1. To find the area of a triangle, whose base is 625, 
and perpendicular height 520 links } 

Here 625 x 260 = 162500 square links, 

or equal 1 acre, 8 roods, 80 perches, the answer. 

Ex. 2. How many square yards contains the triangle, 
whose base is 40, and perpendicular 30 feet } 

Ans. 66r square yards. 

Ex. 3. To find the number of square yards in a triangle, 
whose base is 49 feet, and height 35^^ feet. 

Ans. 68|4, or 68*7361. 

Ex. 4. To find the area of a triangle, whose base is IB 
feet 4 inch^, and height 11 feet 10 indies f 

Ans. 108 feet, 5f inches. 

Rule ii. When two sides and their contained angle are 

S >en: Multiply the two given sides together, and take half 
dr product: Then say, as radius is to the sine of the mven 
angle, so is that half product, to the area of the ' 


* The truth of this rule is evident, because any triangle is. 
the half of a paraflelogram of equal base and mtitude, by 
Geom. theor. 26. 
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^Or, that half pri^luct by the natural sine of the 

mid an^e, for the area*. 


Cx 1. What is the area of a triangle, whose two sides are 
30 and 40, and their contained angle 57' ? 

Natural Numbers, By Logarithms, 

17ira» * v 4/1 v 'tO — ftOD 

then,’f: 600 :: *484046 sin. 28o 57 log. 9*684887 

600 2 778151 


Answer 290-4276 the area answ. to 2*463038 

Ex. 2. How many s(]uarc yards contains the triangle of 
which one angle is 45*^, and its containing sides 25 and 21-^ 
feet? Ans. 20*86947. 

lluLE in. When the three sides are given: Add all the 
three sides togetlier,-and lake half that sum. Next, subtract 
each side severally from the said half sum, obtaining three 
remainders. Then multiply the said half sum and those 
three remainders all together, and extract the square root of 
the last product, for the area of the trianglef. 


* For, let AH, AC, be the two given sides, 
including the given angle a. Now |;ab x 
CP is the area, by the first rule, cf being 
the perpendiculaii. But by trigonometry,, 
as sin. /_ p, or radius : ac ;: sin. Z. a : cp, 
which is therefore = ac x sin. Z a, taking 
radius = 1 , Therefore the area x cifc 
is = jAB x AC X sin. Z a, to radius 1; or, 
as radius : sin. Z a :: |ab x AC : the area. 



t For, let b denote the base ab of the triangle abc (see the 
lost hg.)» also a the side ac, and c the ^ide bc. Then, by theor. 3, 


aa- 


Trigon. as & :rt + c;:a — c;,— 

the segments; 

aa — ee + aa — cc 


AP — PB the diff. of 


theref. lb -f- 


26 


26 


= the segment ap ; 


hence ^/ac* — ap* = the perp. cp, tliat is, 
,66+aa —cc®, ^ 

V -{-2?-^ ^ " 

a*+262cs^6*+SoSc®—-c* 
y/ ----- cp. 


But fAB X cp is the area, that is, 
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If tlic sides ^ the triangle ba Iai^» then add the i(^. of 
the half sum, and of the three remainders together, and half 
their sum will be the log. of the area. 

Ex. 1. ^To find the area of the triangle whose three sides 
arc 20, 80, 40. 

20 45 45 45 

30 20 30 40 

40 — — — 

- 25 1st rem. . 15 2d rem. 5 3d rem. 

2)90 — — — 

45 half sum 

Then 45 x 25 x 15 x 5 = 84375, 

The root of which is 290*4737, the area. 

Ex. 2. How many square yards of plastering arc in a 
triangle, whose sides are 30, 40, 50 feet Ans. (Kif. 

Ex. 3. How many acres, &c. contains the triangle, whose 
sides are 2569, 4900, 5025 links ? 

Ans. 61 acres, 1 rood, 89 ixjrchcs. 


PROBLEM iti. 

To Jind the Area of a Trapezoid. 

Add together the two parallel sides; then multiply their 
sum by the perpendicular breadth, or the distance between 
them; and take half the product for the area. By Gcom. 
theor. 29. 


X CP = >/ 


2a-b^-~a* - 4 - 44 ^ 

16 


. W—ce-l-26c —«o-4-W+cc+26c^ 

= %/(- z -X---) (A) 


,a-^b-^c — a—b + c a + ft— 

= >/(—5—X-j- X—2—X——) 

= v {« X (* — fl) X (« -- A) X (# — c) |, which is the rule, 
where s denotes half the sum of the three sides. 

The expression marked (A), if we put s = 5 q- e, and d for 
& — c, is equivalent to 1 (a^— d^)(s^ — d®) |; which, in most 
cases, furnishes a more commodious rule for practice than rule 
iii«^ here given; especially if the computer have a table of 
squares at hand. 
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Cx. 1. In a trapezoid, tiie parallel sides are 750 and 12525, 
and the perpendicular distance between them.l540dinks: to 
find the area. 

1225 

750 


1975 X 770 =. 152075 square links = 15 acr. 33 perc. 

Ex. 2. How many square feet are contained in the plank, 
whose length is 12 feet 0 inches, the breadth at the greater 
end 15 inches, and at the less end 11 inches ? 

Ans, 1341: 

Ex. 3. In fnensiiring along one side ab of a quadrangular 
field, that side, and the two perpendiculars let fall on it from 
the two op)X)site corners, measured as follow: recpiired the 
content. 

Ai* = 110 links 

AQ — 745 
AB = 1110 
Cl* = 352 
DQ = 595 

Ans. 4 acres, 1 ro<Kl, 5*792 perchi^s. 

PltOBl.EM IV. 

'To find the Area any 'Frapezium, 

Divide tlie trapezium into two triangles by a diagonal; 
then find the areas of these triangles, and add them to¬ 
gether. 

Or thus, let fall two perpendiculars on the diagonal from 
the iither two opposite angles; then add these tw'O perpen¬ 
diculars together, and mtdtiply that sum by the diagonal, 
taking half the product for the area, of the trapezium. 

Ex. 1. To fin^ the area of the trapezium, whose diagonal 
is 42, and the two per[iendiculars on it 16 and 18. 

Here 16 4- 18 = 34, its half is 17- 
Then 42 x 17 = 714 the area. 

Ex. 2. How many square yards of paving are in the tra¬ 
pezium, whose diagonal is 65 feet, and the two perpen¬ 
diculars let fail on it 28 and 33^ feet ? Ans. 222-^^ yards. 

Ex. 3. In the quadrangular field abco, on account of ob¬ 
structions there could only be taken the following measures, 
viz. the two ndes bc 265 and ad 220 yanis, the diagonal 
AC 378, and two distances of the perpendiculars from the 

VOL. II. D 
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ends of the diagonal, namely, ae 100, and cf 70 yards. 
Require the construction of the figure, and the area in 
acres, when 4840 square yards make an acre f 

Ans. 17 acres, 2 roods, 21 perches. 


I'KOBLKM V. 


To JituI (he Area of an Irregular JPol^ffon. 


Draw diagonal.s dividing the proposed polygon into tra¬ 
peziums and triangles. Then find the areas of all these 
separately, and add them together for the content of the 
whole polygon. 

Example. To find the conterit of the irregular figure 
ABCDEFGA, ill which are given the Jollowing diagonals and 
perpendiculars: namely. 


AC 55 
FD 5‘2 

(;( 14 

Gwi Mi 
ii« 18 

(.o Ml 

i.p 8 

Dry 23 

Ans. 1878;. 


B 



IMIOHLEM VI. 

To find the Area of a Rc^uhir Pulijf^on. 

Rule i. Multiply the perimeter of the polygon, or sum 
of its sides, by the jierjiendicular drawn from its centre on 
one of its sides, and take half the product for the area *. 

Ex. 1. To find the area of a regular pentagon, each side 
lieing 25 feet, anrl the per}>endlcular from the centre on each 
side lt-2047737. 

Here 25 x 5 — 125 is the jicrinielcr. 

And 17*2047737 x 125 = 2150*5907125. 

Its half 1075*298356 is the area sought. 


* This is only in effect resolving the polygon into as many 
equal triangles as it has sides, by drawing lines from the centre 
to all the angles ; then finding their areas, and adding them nil 
together. 
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Rule ir. Square the side of the polygon ; then multiply 
that square by the tabular area, or multiplier set against its 
name in the following table, and the product will be the 
area*. 


No. of 
Sides. 

Names. 

Areas, or 
Multipliers. 

Radius of cir- 
cum. circle. 

3 

Trigon or triangle 

t)'4;{.30127 

O’.x/TS.'jOS 

t 

Tetragon or square 

1 -onnoooo 

0-7071008 

.*1 

Pentagon 

1-7201771 

0-8;j0G50S 

0 

He.xagon 

• 2 -.»yso;(i 2 

1 *0000000 

0m 

/ 

Heptagon 


1-15238*21 

H 

Octagon 

•1 s- 2 <s IJ7I 

1-300.3028 


Noiiagoii 

fi-lSJH2l2 

1-1010022 

10 

Deciigou 

.“-(iO 120,SS 

I-0180340 

1 1 

I'lidccagon | 


1-77 17321 

IJ 

Dodcc.igon 

1 l-ilhibVJI 

1-0;{18.317 


K\am. 'I'akiiig here tlie same example as before, namely, 
a jKMjtagon, whose side is I’eel. 

Then 25' being = ()25, 

And the tabular area 1'72()f77J-; 

'J’heref. 1 7201771- x ()2.7 == 1()T5*298:)75, as before. 

F.x. 2. 'I'o fiml the area of llte trigon or ecjuilateral tri¬ 
angle, w hose side is 20. Ans. 173-20508. 

K.\. 3. To find the area of the hexagon whose si^le is 20. 

Ans. 1039-23048. 


Ex. 1*. To find the area of an octagon wdjose side is 20. 

Ans. 1931*37084. 

Ex. 5. To find the area oi' a decagon whose side is 20. 

Ans. 3077-68352. 

Note If All = 1 , .and ■// the nninber of sides of the poly¬ 
gon, then are.a oi polygon = n times area of the triangle 
ABC- = a AD . Df Ai> tan. c.vd (to rad. ad) = ^7?, tan. cad 


* This rule is founded on the property, that like polygons, 
being similar figures, are to one another as the squares of their 
like sides; which is proved in the Geom. theor. Now, the 
multipliers in the table, are the areas of the respective polygons 
to the side 1. Whence the rule is manifest. 

D 2 
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= i?t cot. ACD = \n cot. The iti- 

n 

dius of the circumscribing circle, to side 1, 
is evidently equal to j sec. cad. Multi- 
plying, therefore, the radius of the table by 
the numeral value of any pro|)oscd side, the 
product is the radius of a circle in which 
that polygon may lx? inscnl>ed ; and from 
readily tc constructed. 



which it may 


PROBLEM VII. 

Tofimd tiK Dianietcr and Circitir^erence nf an^ Circle^ tiie 

one from the other. 

This may be done nearly by cither of the four following 
proportions, 

VIZ. As 7 is to 22, so is the diameter to the circumference. 
Or, As 1 is to 3-1416, so is the diam. to the ciremnf. 

Or, As 113 fo 355, so is the diam. to the circumf.* 

And, as 1 : ‘318309 :: the circumf. : the diameter. 


* Tor let ABCD be any circle,'whose centre 
is E, and let ah, itc be any two equal arcs. 

Draw the several chords as in the figure, and 
join be; also draw the diameter da, which 
produce to f, till bf be equal to the chord bd. 

Then the two isosceles triangles deb, i>bf, 
are equiangular, because they have the angle 
at D common; consequent)}' dk : db :: db : df. 

But the two triangles afb, dcb arc identical, 
or equal in all respects, because they have the 
angle r = the angle bdc, being each equal to 
the angle adb, these being subtended by the 
equal arcs ab, bc ; also the exterior angle fab of the quadrangle 
ABCD, is equal to tlic opposite interior angle at c ; and the two 
triangles have also the side up =s tlic side bd ; tlicrcfore the 
side AF is also equal to the side dc. Hence the proportion 
above, viz. de : db :: db : df = da 4 - a.I'y becomes de : db :: 
DB : 2de + DC. Then, by taking the rectangles of the extremes 
and means, it is db* = 2de* + be . dc. 

Now, if the radius de bc taken = 1, this expression becomes 
DB* = 2 4- DC, and hence the root db = <y/2 4- oc. That is, 
if the measure of the supplemental chord of any arc be increased 
by the number 2, the square root of the sum will be the supple¬ 
mental chord of half that arc. 

Now, to apply this to the calculation of the circumference of 
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Ex. 1. To find the citeumference of the circle wh<Me dia¬ 
meter is SO. 

By the hrst rule, as 7 : S SO : 62f, the answer. 

Ex, 2. If the circumference of the earth be 24877*4 miles, 
what is its diameter ? 


the circle, let the arc ac be taken equal to ^ of the circum¬ 
ference, and be successively bisected by the above theorem: 
thus the chord ac of ^ of the circumference, is the side of the 
inscribed regular hexagon, and is therefore equal to the radius 
AS or 1 : hence, in the right-angled triangle aco, it will be uc 
= >/ad« — Ac« = 1* = = 1*7320508076, the sup¬ 

plemental chord of I of the periphery. 

Then, by the foregoing theorem, by always bisecting the 
arcs, and adding 2 to the last square root, there will be mund 
the supplemental chords of the 12th, the 24th, the 48tb, the 
yOlii, &c., parts of the periphery; thus, 


-V/3-732050&076 = 1*9318516525 "1 


V3 03185 16525 = 1*9828897227 
^3'9828897227 = 1*9957178465 
V3*99571781-65 = I*9989!^I743 
^'3*9989291743 = 1*9997322757 
v'3-9997322757 = 1*9999330678 
V'3 9999330678 = 1*9999832669 
-v/3*9999832669 =. 
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Since then it is found that 3*9999832669 is the square of tlie 
supplemental chord of the 1536th part of the peripher}', let this 
number be taken from 4, which is the square of the diamdter, 
and the remainder 0*0000167331 will be the square of the chord 
of the said 153Gth part of the periphery, and consequently the 
root v/0*000016733l=0*004090{>l 12 is the length of that chord; 
this number then being multiplied by 1536 gives 6*2831788 for 
the perimeter of a regular polygon of 1536 sides inscribed in the 
circle ; which, as the sides of the polygon nearly coincide with 
the circumference of the circle, must also express ttlc length of 
the circumference itself, very nearly. 

But now, to show l^ow near this determination 
is to the truth, let aqp = 0*0040906112 represent 
one side of such a regular pob gon of 1536 sides, 
and SRT a side of another similar polygon de¬ 
scribed about the circle; and from the centre £ 
let the perpendicular eqr be drawn, bisecting af 
and ST in q and a. Then since aq^s = ^ ap = 
0*0020453056, and ba* = I , therefore kq* = ea* 

— A<i® = *9999958167, and consequently its root 
gives BQ = 9999979084; then because of the 
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By the 3d rule, as 31416 : 1 :: 34877-4 : 7918-7 nearly 
the diameter. 

By the 3d rule, as 355 : 113 :: 24877*4 : 7918*7 nearly. 
By the 4Ui rule, as 1 : -318309 :: 24877 4 ; 7918-7 nearly. 


PROBLEM VIII. 

To Jind the Length of any Arc of a Circle, 

Multiply the decimal -017453 by the decrees in the 
given arc, and that product by the radius of the circle, for 
the length of tlie arc *. 

Ex. 1. To find the length of an arc of SO degrees, the 
radius being 9 feet. A ns. 4-712.31. 

Ex. 2. To find the length of an arc ()f 12" 10', or 12"', 
the radius being 10 feet. Ans. 2-1234. 


parallels ai*, st, it is eq : er : : ap : st : : as the whole inscribed 
perimeter : to the circumscriliedibnc, that is, as -9999971^084 : 1 
: : C-2831788 : G*28.'5192() the perimeter of the circumscribed 
polygon. Now, the circumference, of the circle being greater 
than the perimeter of the inner polygon, but less than that of the 
outer, it must consequently be greater than 6-2831788, 

but less than 6 2831920, 
and must therefore be nearly equal to j their sum, or G'2831854, 
M-hich in fact is true to the last figure, whicli should be a 3, in> 
stead of the 4. 

Hence the circumference being 6-2831 S.'i4 when the diameter 
is 2, it will be the half of that, or 3-1415927, when the diameter 
is 1, to which the ratio in the rule, viz. 1 to 3-141 6, is very near. 
Also the first ratio in the rule, 7 to 22 or 1 to 34 = 3‘1428 &c. 
is another near approximation. But the third ratio, 113 to 
355, = 1 to 3-1415929, is the nearest. 

• It having been found, in the demonstration of the foregoing 
problem, that when the radius of a circle is 1, the length of the 
whole circumference is 6-2831854, which consists of360 degrees; 
therefore as 360® : 6-2831854 :: 1® : *017453, &c. the length of 
the arc of 1 degree. Hence the decimal *017453 multiplied by 
any number of degrees, will give the length of the arc of those 
degrees. And because tlie circumferences and arcs are in pro¬ 
portion as the diameters, or as the radii of the circles, therefore 
os the radius 1 is to any other radius r, so is the length of the 
arc- above mentiuned, to *017453 X degrees in the arc x r, 
which is the length of that arc, ns in the rule. 
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PROBLEM IX. 

To find the Area efi a Circle*, 

Rule i. Multiply half the circumference by half the 
diameter. Or multiply the whole circumference by the 
whole diameter, and taKc I of the product. 

Rule ii. Square the diameter, and multiply that square 
by the decima]yjr854, for the area. 

fe Rule hi. Square the circumference, and multiply that 
square by the decimal *07958. 

Ex. 1. To find the area of a circle whose diameter is 10, 
and its circumference 31*416. 


By Rule 1. 
31*416 

10 

By Rule 2. 
•7854 

10^ = 100 

By Rule 3. 
31 416 
31*416 

4)314*16 

78*54 

r8-54 

986*965 

•07958 



do 


So that the area is 78-54 by ail the three rules. 

Ex. 2. To find the area of a circle, whose diameter is 7, 
and c ire inn fere nee 22. Ans. 38^. 

Ex. 3. How many square yards are in a circle, whose 
diameter is 3^- feet.^ Ans. 1*069. 


Ex. 4. To find the area of a circle, 
is 12 feet. 


whose circumference 
Ans. 11*4595. 


* The first rule w proved in the Geoin. thcor. 94. 

And the 2d and 3rd rules are deduced from the first rule, in 
this manner.—By that rule, dr -f- 4 is the area, when d denotes 
the diameter, and c the circumference. But, by prob. 7, cis = 
3' 141 6(1 j therefore the said area dc -f- 4, becomes d x 3* 141 fid 
4 = ‘78r)4#, which gives the 2d rul%—Also, by the same 
|yob- 7, d is = c-f- 3*1416; therefore again the same first area 
dr -f- 4, becomes (c-t-3‘1416) x(c-f-4) = c2H-I2*5fifi4, which is 
= c® X •079.’)8, by taking the reciprocal of 12*5664, or changing 
that divisor into the multiplier *07958 j which gives the 3d rule. 

Corot. Hence the areas of different circles are in proportion to 
one another, as the square of their diameters or as the square of 
their circumferences; as before proved in the Geoin. theor. 93. 
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PROBLEM X. 

To jviul the Area of a Circular Rinff, or of the Space in- 

clttded between me Circmfifcrences two Circles ; the one 

being contained within the other. 

Take the difference between the areas of the two circles, 
as found by the last problem, for the area of the ring.—Or, 
which is tlie same thing, subtract the squa^of tlie less dia¬ 
meter from the square of the greater, and dRltipIy their dif¬ 
ference by *7854.—Or, lastly, multiply the sum of the dia-* 
meters by the difference of the same, and that protluct by 
*7854; which is still thqsame thing, because the {>ruduct of 
the sura and difference of any two quantities, is equal to the 
difference of their squares. 

Ex. 1. The diameters of two concentric circles being 10 
and 6, required the area of the ring contained between their 
circumferences. 

Here 10 + 6 = 16 the sum, and 10—6 = 4 the diff. 

Therefore *7854 x 16 x 4 = *7854 x 64 = 5012656, 
the area. 

Ex. 2. What is the area of the ring, the diameters of 
whose bounding circles are 10 and 20? Ans. 235‘62. 

PROBLEM XI. 

To find the Area of the Sector of a Circle. 

Rule i. Multiply the radius, or half the diameter, by 
half the arc of the sector, for the area. Or, multiply the 
whole diameter by J||ie whole arc of the sector, and take J; 
of the product. The reason of which is the same as for the 
first rule to problem 9, for the Whole circle. 

Rule ii. Compute the area of the whole circle: then say, 
as 860 is to the degrees in the arc of the sector, so is the 
area of the whole circle, to the area of the sector. 

This is evident, because the sector is proportional to tlie 
length of the arc, or to the degrees contained' in it 

Ex. 1. To^find the area of a circular sector, whose arc 
contains 18 degiees; the diameter being 3 feet 

1. By the first Rule. 

First, 3*1416 x 3 = 9*4248, the carciimfcrcnce. 

And 360 :18 :: 9*4248 : *47124, the length of the arc. 
Then *47124 x 3 - 4 = 1*41371^-5-4 = *36341, the area. 
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S. By the 3d Rule. 

First, *7854 x S'* = 7*0686, the area of the whole circle. 
Then, as 860 : 18 :: 7-06^ : *35343, the area of the 
sector. Hi 

£x. 2. To find the airea of a sector, whose radius is 10, 
and arc 30. Ans. 100. 

Ex. 3. Required the area of a sector, whose radius is 25, 
and its arc cont^ning 147” Ans. 804*3986. 


PROBLEM XXI. 


To Jind the Area of a Segment of a Circle, 

Rule i. Find the area of the sector having the same arc 
with the segment, by the last problem. 

Find also the area of the triangle, formed by the chord of 
the segment and the two radii of the sector. 

Then add tiicse two together for the answer, when the 
segment is greater than a semicircle: or subtract them when 
it is less than a semicircle.—As is evident by inspection. 

Ex. 1. To 6nd the aiea of the segment acbda, its chord 
AB being 13, and the radius ae or c£ 10. 

First, As ae : sin. z d 90® :: ad : sin. 

36® 52 -^ = 36*87 di^rees, the degrees in the 
z aec or arc AC. Their double, 73*74, are M.-*' t 

the degrees in the whole arc acb. 

Now *7854 X 400 = 314-16, the area of 
the whole circle. 

Therefore 360® : 73*74 :: 314*16 : 64 3504, area of the 
sector ACRE. 






Again, v'ae’* — ad"* = 100 — 36 = v/64 = 8 = de. 

Theref. ad x de = 6 x 8 == 48, the area of the triangle 

AEB. 

Hence sector acbe — triangle aeb =■ 16*3504, area of 
Seg. ACBDA. 

Rule ir. Multiply the square of the radius of the circle 
by either half the difference of the arc acb and its sine (both 
to the radius 1), or half the sum of the arc and its sine, ac¬ 
cording as the segment is less or greater than a semicircle; 
th^roduct will be the area. 

The reason of this rule, also, is evident from an inspection 
of the diagram. 

Exam, the same as before, in which ab = 13, ae = 10; 
and from the former computation arc acb = 73® 44/^. 
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Then, by Hutton''s Mathematical Tables, pp. B40, &c. 
arc 7B« 44^1, to radius 1 = 1 2870059 
sin. 78" 44'^, to radius 1 *9600010 

15 *3270069 


•1635034 

whence, *1635034 x 10'* = 16*35034, the area of the seg¬ 
ment ; very nearly as before. ^ 

Ex. 2. What is the area of the segment, whose height is 
18, and diameter of the circle 50 'f Ans. 636*375. 

Ex. 3. Required the area of the segment whose chord is 
16, tJie diameter being 20 ? Ans. 44*728, or 269* 132. 

PROBLEM XITI. 

To measure long Irregular Figures. 

Take or measure the breadth at both ends, and at several 
places, at equal distances. Then add together all these in¬ 
termediate breadths and half the two extremes, which sum 
multiply by the length, and divide by the number of parts, 
for the area*. 


ie^^veral breadths 
by the corie- 


-IL JL 

nr 


y. 




* This rule is made out as follows: 

—Let abcd be the iirei'ular piece; 
having the several breadths ai>, kf, 

OH, IK, BC, at tlie eq^l distances ae, 

EG, Gi, JB. Let the^ 
in order be denoted 
sponding letters a, b, c, d, e, and the whole length ah by /; then 
compute the areas of the parts into which the figure is divided 
by the perpendiculars, as so many tra[)ezoids, by prob. 3, and 
add them all together. Tims, the sum of the parts is. 


n-|-A &-I-C* c-t-d 

X AE + —^ X KO -h X Cl 


d + c 

+ — X II» 


a + b b-\-c ,,.c4-d ,, .d+f ,, 

+ -;7- X \l + X + -rr- X U 


2 


2 


2 


= («i® b y c d + li,’) X = (»« -f- A + c -f- </) 1/, 
which is the whole area, agreeing with the rule being the 
arithmetical mean between the extremes, or half the sum of 
them both, and 4 the number of the parts. And the same for 
any other number of parts whatever. 
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Note. If the perpendiculars or breadths be not at equal 
distances, compute ail the parts separately, as so many trape¬ 
zoids, and odd them all t(^cther for the whole area. 

Or else, add all the pj^rpendicular breadths together, and 
divide their sum by the number of them for the mean 
breadth, to multiply by the length; which will give the 
whole area, not for from the truth. 

Ex. 1. The breadths of an irregular figure, at five equi> 
distant places, bcin" 8*2, 7*4, 9‘2, 10*2, 8*6; and the whole 
length 39; required the area. 

8-2 35’2 sum. 

8-6 39 

2) 1G*8 sum of the extremes. 3168 


8'4 mean of the extremes. 1056 
7*4 4) 1372-8 


ff2 313-2 Ans. 

102 

35-2 sum. 

Ex. 2. The length of an irregular figure being 84, and the 
breadths at six ecpiidistant places 17"4, 20*6,14-2, 16-5, 20-1, 
24*4; what is the area Ans. 1550"6-i. 

PROBLEM XIV. 

7b Jind the Area of an EUipsi^or Oval. 

MuL-riPLY the longest diameter, or axis, by the shortest; 
then multiply the product by the decimal *7854, for the 
area. As appears from cor. 2, theor. 3, of the Ellipse, in 
the Conic Sections. 

♦ 

Ex. 1. Required the area of an ellipse whose two axes 
arc 70 and 50. Ans. 2748-9. 

Ex. 2. To find the area of the oval whose two axes arc 
24 and 18. Ans. 339*2928. 


PROBLEM XV. 

To find the Area of an Elliptic Segment. 

Find the area of a corresponding circular st'ginent, having 
the same height and the same vertical axis or dianteter. Then 
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say, as the uiid vertical axis is to the other axis, parallel to 
the segmenrs base, so is the area of the circular segment 
before found, to the area of the elliptic segment sought. 
This rule also comes from cor. 2, theor. 3, of the Ellipse. 

Ex. 1. To find the area of the elliptic segment, whose 
hmght is 20, the vertical axis being 70, ana the parallel 
axis 50. . Ans. u48’13. 

Ex. 2. Required the area of an elliptic segment, cut off 
parallel to the Sorter axis; the height being 10, and the 
two axes 25 and 35. Ans. 162*03. 

Ex. 3. To find the area of the elliptic segment, cut off’ 
{larallel to the longer axis; the height being 5, and the axes 
25 and 35. Ans. 97*8425. 


PROBLEM XVI. 

To Jind the Area of a Parabola, or its Segment, 

Multiply the base by the perpendicular height; then 
take two-thirds of the product for the area. As is proved 
in theorem 17 of the Parabola, in the Conic Sections. 

Ex. 1. To find the area of a parabola; the height being 2, 
and the l>ase 12. 

Here 2 x 12 = 24. Then ^ of 24 = 16, is the area. 

Ex. 2. Required the area of the parabola, whose height is 
10, and its base 1C. Ans. 106]. 


MENSURATION OF SOLIDS. 

Bt the Mensuration of Solids arc determined the spaces 
included by contiguous surfaces; and' the sum of the mea¬ 
sures of these including surfaces is the whole surface or 
superficies of the body. 

The measure of a solid, is called its solidity, capacity, or 
content. 

Solids are measured by cubes, whose sides are inches, or 
feet, or yards, &c. And hence the solidity of a body is said 
to be so many cubic inches, feet, yards, &c. as wifi fill its 
capacity or space, or another of an equal magnitude. 

The least solid measure is the cubic in A, other cubes 
being taken from it according to the profxjrtion in the fol- 
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lowing table, which is formed by cubing the linear pro¬ 
portions. 


Table ^ Cubic or Solid Measures. 


17^ cubic inches make 
27 cubic feet 
166^ cubic yards 
64000 cubic pol es 
512 cubic furlongs 


1 cubic foot 
1 cubic yard 
1 cubic pole 
1 cubic furlong 
1 cubic mile. 


PROBLEM r. 

To find the Superficies of a Prism or Cylinder, 

Multiply the perimeter of one end of the prism by the 
length or height of the solid, and the product will be the 
surface of all its sides. To which add also the area of the 
two ends of the prism, when required 

Or, compute tiie areas of all the sides and ends separately, 
and add them all together. 

Ex. 1, To find the surface of a cube, the length of each 
side being 20 feet. Ans. 2400 feet. 

Ex. 2. To find the whole surface of a triangular prism, 
w'hose length is 20 feet, and each side of its end or base 18 
inches. Ans. 91’948 feet. 

Ex. 3. To find the convex surface of a round prism, or 
cylinder, whose length is 20 feet, and the diameter of its 
base is 2 feet. Ans. 125*664. 

Ex. 4. What must be paid for lining a rectangular cistern 
with lead, at 6d. a pound weight, the thickness of the lead 
being such as to weigh 71b. for each square foot of surface; 
the inside dimensions of the cistern being as follow, viz. the 
length 3 feet 2 inches, the breadth 2 feet 8 inches, and depth 
2 feet 6 inches i Ans. SI, 5s, Bid. 


* The truth of this will easily appear, by considering that the 
sides of any prism are parallelograms, whose common length is 
the same as the length of the smid, and their breadths taken all 
together make up the perimeter of the ends of the same. 

And the rule is evidently the same for the surface of a 
cylinder. 
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PROBLEM If. 

To Jind the Surjhcc of a Pyramid or Coni'. 

Multiply the perimeter of the base by the slant height, 
or length of the side, and- half’ the product will evidently be 
the surface of the sides, or the sum of the areas of all the 
triangles which form it. To wliich add the area of the end 
or base, if requisite. 

Ex. 1. What is the upright suri'ace of a triangular pyra¬ 
mid, t!»e slant height being JiO feet, and each side of l!»e 
base 3 feet? A ns. 90 feel. 

Ex. 2. Rei|uircd the convex surface of a cone, or circular 
pyramid, the slant height being 50 feet, and the diameter ol’ 
its base St feet. Ans. 0(>7‘59. 


PROBLEM III. 

To Jind tlic Surface of the Fnistum of a Pyramid or ('om\ 
bcinff the loiccr part., u'hcn the top /.y cut off by a jduui 
parallel to the base. 

Add together the perimeters of the two ends, and multi¬ 
ply their sum by the slant height, taking haUThe ptotiuci 
for the answer.—As is evident, because the sides of the M»li<l 
are trapezoids, having the opj)o.site .side.s'parallel. 

Ex. 1. How many stpiare feet are in the surface <»f tin' 
frustum of a s(|uare jiyramid, wlnrse slant heiglu is 10 feet ; 
also each side of the base or greater end iKnug 3 feet 4 inches, 
and each side of the less end 2 feel "A inches: Aus. 110 feet. 

Ex. 2. To find the convex surface of the frustum of .a 
cone, tlic slant height of the frustum being feet, and 
the circumferences of the two eiuls 6 and 8 4 feet. 

A ns. 90 feet. 


PROBLEM IV. 

To find the Solid Conteni of any Prism or Cylinder. 

Find the area of the base, or end, whatever tlie figure 
of it may be; and midtiply it by the length of the prism or 
cylinder, for the solid content*. 


* This rule appears from the Gconi. theor. 110,' cor. 2. 3’he 
game is more particularly shown as follows: Let the annexed 
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Note, For a cube, takje the cube of its side by multiplying 
this twice by itself; ana for a parallelopipcdon, multiply the 
length, breadth, and depth all together, for the content. 

Ex. I. To find the solid content of a cube, whose side is 
24 inches. Ans. 13824. 

Ex. 2. How many cubic feet are in a block of marble, its 
length being 3 feet 2 inches, breadth 2 feet 8 inches, and 
thickness 2 feet 6 inches ? Ans. . 

Ex. 3. How many gallons of water will the cistern con¬ 
tain, whose dimensions are tlic same as in the last example, 
when 277^ cubic inches are contained in one gallon ? 

Ans. 131*53. 

ExL 4. Required the solidity of a triangular prism, whose 
length is 10 feet, and the three sides of its triangular end or 
base'are 3, 4, 5 feet. Ans. GO. 

Ex. 5. Ret^uired the content of a round pillar, or cylinder, 
whose length is 20 feet, and circumference 5 feet 6 inches. 

Ans. 48*1459 feet. 


rectangular parallelopipcdon be the 
solid to be measured, and die cube 
1 * the solid measuring unit, its side 
being 1 inch, or 1 foot, &'C. ; also, let 
the length and breadth of the base 
ABcn, and also the height ah, be 
each divided into spaces equal to the 
Icngdi of the base of the cube r, 
namely, here 3 in the length and 2 
in the breadth, making 3 times 2 or 
G sciuarc.s in the base ac, each equal 
to the base of the cube p. Hence it 
is manifest that the parallelopipcdon will contain the cube p, as 
many times as the base ac contains the base of the cube, re¬ 
peated as often as the height ah contains the height of the 
cube. That is, the content of any parallelopipcdon is found, by 
multiplying the area of the base by the altitude of that solid. 

And because all prisms and cylinders arc equal to parullclo- 
pipedons of equal bases and altitudes, by Gcom. theor. 108, it 
follows that the rule is general for all such solids, M fiate\ er the 
figure of the base may be. 
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PROBLEM V. 

To find the ConteiU of any Pyramid or Cone* 

Find the area of the base, and multiply that area by the 
perpendicular height; then take-f- of the product for the 
content 

Ex. 1. Required the solidity of a square pyramid, each 
side of its base being 30, and its perpendicular height 25. 

Ans. 7500. 

Ex. 2 , To find the content of a triangular pyramid, whose 
perpendicular height is 30, and each side of tiie base 3. 

Ans. 38-971 Hch 

Ex. 3. To find the content of a triangular pyramid, its 
height being 14 feet C inches, and tl»e three sides of its base 
5, 6,7 feet. Ans. 71 0352. 

Ex. 4. What is the content of a j>cntagonal pyramid, its 
beiglit being 12 feet, and each side of its base 2 feet ^ 

Ans. 27*5276. 

Ex. 6 . What is the content of the hexagonal j>yramid, 
whose height is 6'4 feet, and each side of its base 6 inches P 

Ans. 1‘38564 feet. 

J^x. 6 . Requiretl the content of a cone, its height l>eing 
IO 5 feet, and the circumference ofits base 9 feet. 

Ans. 22-56093. 


PROBLEM VI. 

To find the Solidity of a Friistum of a Cone or Pyramid. 

Add into one sum, the areas of fhe tw<i ends, and the 
mean proportional between them; and take y of that sum 
for a mean area; which being multiplied by the {)erpen- 


• This rule follows from that of the prism, because any py¬ 
ramid is I' of a prism of equal base and altitude; by Geoni. 
thcor. 115, cor. 1 and 2. 
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dicular height, or length of the frustum, will give its 
content *. 

Note. This general rule may he otherwise expressed, as 
follows, when the ends of the frustum arc circles or regular 
polygons. In this latter case, scpiarc one side of each poly-' 
gon, and also multiply the one side by the other; add all 
the.se three products together; then multiply their sura hy 
the tabular area proper to the polygon, ana take one-third of 
the product for the mean area, to he multiplied by the length, 
to give tlie solid content. And in the case of the frustum 
of a cone, the ends iK'ing circles, scjuare the diameter or the 
circumference of each end, tmd also multiply the same two 
dimensions together; then take the sum of the three pro¬ 
ducts, and multiply it by the proper tabular number, viz. by 
•7So4 when the tiiameters are used, or by *07958 in using 
the elrcumfcrences; then taking one-third of the product, 
to multiply by the length, lor the content. 



• Let ABCD he any ])>ran)id, of whicli bcdofe 
is a frustuiit. And jiut for the area of the 
base ncD, the area of the top, Ei-o, // the 
height nr of the fru.'stum, and c the height ai of 
the ti>p part above it. Then e -f- A = aii is the 
height of the whole pyramid. 

Hence, by the last proh. + A) is the 

content of the whole pyramid abcd, and 
the content of the top part aefg ; therefore * 

the difference + A) — is the content of the frustum 

BCDOFE. But the quantity c being no dimension of the frus¬ 
tum, it must be expelled from this formula, by substituting its 
value, found in the following manner. By Geom. thcor. 112, 
a*; :: (c -p A)* : t®, or a : & :: c + /e : c, hence (Geom. th. 

(jO) fl — A ; 6 :: A : e, and a—A;fl::A:c-|-Aj hence there¬ 
fore c = and c + A = ——;; then these values of c and 

a —0 a —o 

c -p A being substituted for them in the expression for the 
content of the frustum gives that content 

= Jfl® X — W* X = iA X ^^ = iA X (a®-l-flApi5*); 

« —A a —o a—o 

which is the rule above given; ab being the mean beirveen 

a® and A®. 

Note. If D, dy be the corresponding linear dimensions of the 
ends. 8 their difference, ni the appropriate multiplier, A the 
height of the frustum, then is the content = i7nh (3j>f/ + J); 
which is a convenient practical expression. 

VOL. II. E 
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MENSrRATlOS 


Ex. 1. To fimi the nuniher of solid feet in a piece of 
timber, whose bases arc s(|uares, each side of the greater 
end being 15 inches, and each side of the less end b inches; 
also, the length or the perpendieular altitude 524 feet. 

Ans. 191. 

Ex. 2, Required the content of a pentagonal frustum, 
whose height is 5 feet, each side of the base 18 inches; and 
each side of the top or less end 6 inches. Ans. 9*31925 feet. 

Ex. 3, To find the content of a c'onic frustum, the alti¬ 
tude being 18, the greatest diameter 8, ami the least dia¬ 
meter 4. Ans. 527-7888. 

Ex. 4. What is the .solidity of the frustiiiii of a cone, the 
altitude being 25, also the circumference at the greater end 
being 20, and at the less ciul 10? Ans. 4{j4*21(>. 

Ex. 5. If a cask, which is two ecjiial conic fnistiinis joint'd 
together at the bases, have its bung diameter 28 inches, the 
head dumieter 20 inches, and length 40 inches; how many 
gallons of wine will it hold ? Ans. 79'00l3. 

PROBLEM V II. 

To find the Su7-face a Sphere^ or anp Segment. 

Rule i. AIui.tH’LY the circumference of the sphere 
by its diameter, and the protluct will he the whole surface 
of it*. 


* These rules come from the foliiiwing theorems for the sur¬ 
face of a sphere, viz. That the said surface is equal to the curve 
surface of its circumscribing cylinder; or that it is equal to 4 
great circles of the same sphere, or of the same diameter; which 
are thus proved. 

Let .\Bcn be a cylinder, circumscribing 
the sphere efgh ; the former generated 
by the rotation of the rectangle pbch 
about the axis or diameter i ii; and the 
latter by the rotation of the semicircle 
fgh about tbc same diameter fii. Draw 
two lines kl, mn, perpendicular to the 
axis, intercepting the parts ln, op, of the 
cylinder and sphere; then will the ring 
or cylindric suiVace generated by the rota¬ 
tion of LN, be equal to the ring or spherical surface generated 
by the arc op. For, first, suppose the parallels kl and mn to 
be indefinitely near together; drawing lo, and also OQ parallel 
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Rule rr. Square the diameter and multiply that square 
by 3*1416, for tlje surface. 

Rule hi. Square the circumference; then either mul¬ 
tiply that square by the decimal *3183, or divide it by 3*1416, • 
for the surface. 

Noie. For the surface of a segment or frustum, multiply 
the whole circumference of the sphere by the height of the 
part required. 

Ex. 1. Required the convex superficies of a sphere, whose 
diameter is 7, and circumference 22. Ans. 154. 

Ex. 2. Required the superficies of a globe, whose diameter 
is 24 inches. Ans. 1809*5616. 

Ex. 3. Required the area of the whole surface of the 
earth, its diameter being 7957]- miles, and its circumference 
25000 miles. Ans. 198943750 sq. miles. 

Ex. 4. The axis of a sphere being 42 inches, what is the 
convex superficies of the segment whose height is 9 inches.^ 

Ans. 1187*5248 inches. 

Ex. 5. Required the convex surface of a spherical zone, 
whose breadth or height is 2 feet, and cut from a sphere of 
12i feet diameter. Ans. 78'54 feet. 


to LN. Then the two triangles iko, oqp,* being equiangular, it 
is, as op ; OQ or LN :: lo or KL : Ko :: circumference described 
by KL : circuraf. described by ko •, therefore the rectangle opx 
circumf. of ko is equal to the rectangle ln x circumf. of kl ; 
that is, the ring described by op on the sphere, is equal to the 
ring described by ln on the cylinder. 

And as this is every where the case, therefore the sums of any 
corresponding number of these arc also equal; that is, the whole 
surface of the sphere, described by the whole semicircle fgh, is 
equal to the whole curve surface of the cylinder, described by 
the height bc ; as well as the surface of any segment described 
by Fo, equal to the surface of the corresponding segment de¬ 
scribed by BL. 

Corot. 1. Hence the surface of the sphere is equal, to 4 of its 
great circles, or equal to the circummreuce efgii, or of oc, 
multiplied by the height bc, or by the diameter fh. 

Carol. 2. Hence also, the surface of any such part, os a seg¬ 
ment or frustum, or zone, is equal to the same circumference of 
the sphere, multiplied by the height of the said part. And 
consequently such spherical curve surfaces are to one another 
in the same proportion as their altitudes. 

E 2 
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4 PROBLEM VIII. 

To find the Solidity of a Sphere or Globe. 

Rule i. Multiply the surface by the diameter, and take 
4 of the produet for the content *. Or, which is the same 
thing, multiply the square of the diameter by the circum¬ 
ference, and take 4 of the product. 

Rule 11 . Take the cube of the diameter, and multiply it 
by the decimal *5^36, for the content. 

Rule hi. Cube the circumference, and multiply by 
•01688. 

Ex. 1 . To find the solid content of the globe of the earth, 
supposing its circumference to be 25000 miles. 

Ans. 263750000000 miles. 

Ex. 2. Supposing that a cubic inch of cast iron weighs 
•^9 of a lb. avoird. what is the weight of an iron ball of 
5*04 inches diameter f 


PROBLEM IX. 

To fivA the Solid Content of a Spherical Segment. 
t Rule i. From 3 times the diameter of the sphere 


* For, put d = the diameter, c = the circumference, and s — 
the surface of the sphere, or of its circumscribing cylinder; also, 
a = the number 3*1415. 

Then, 4 ^ is = the base of the cylinder, or one great circle of 
the sphere; and d is the height of the cylinder; therefore 4 ^.? is 
the content of the cylinder. But 4 of the cylinder is the .sphere, 
by th. 117 , Geom. that is, 4 of \ds, or ^d» is the sphere; which 
is the first rule. 

Again, because the surface s is = ad*‘, therefore ^ds = 

= *5236d’, is the content, as in the 2d rule. Also, d being 
=z e ^ a, therefore ^ad^ = = *01688, the 3d rule for 

the content. 

f By corol. 3, of theor. 117, Geom. it 
appears that the spheric segment ppn, is 
equal to the dificrence between the cylin¬ 
der ABLO, and the conic frustum abmq. 

But, putting </ = AB or fh the diameter 
ofthe sphere or cylinder, A = FK the height 
of the segment, r = pk the radius of its 
base, and a=3‘ 1416; then the content of 
the cone abi is = 4 ®*^ X 4“^* = 
and by the similar cones abi, qmi, as 
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take double the height of the segment; then multiply the 
remainder by the sauarc of the height, and the proauct by 
the decimal *5^6, tor the content. 

Rule ii. To 3 times the square of the radius of the 
segment’s base, add the square of its height; then multiply 
the sum by the height, and the product by *5^6, for the 
content. 

Ex. 1. To find the content of a spherical segment, of 2 
feet in height, cut from a sphere of 8 feet diameter. 

Ans. 41*888. 

Ex. 2, What is the solidity of the segment of a sphere, 
its height being 9, and the diameter of its base 20 ? 

Ans. 1795*4244. 


yotc. The general rules for measuring the most useful 
figures having been now delivered, we may proceed to apply 
them to the several practical uses in life, as follows. 


FI 


Kl* 






X ( 


h 

\d 


)* = the cone qmi ; 


therefore the cone abi — the cone qmi = X 

( _ jLad^h--^aaUi^ + 18=3 the conic frustum abmq. 

^d 

And ^d^h is = the cylinder ablo. 

Then the difference of these two is x 

(3d -- 2A), for the spheric segment pfn ; which is the first rule. 
Again, because pk« = fk x kh (cor. to theor. 87, Geom.) 

or r* =s A(d — A), therefore d s= + A, and 3d — 2A = 


3»® , 3r® 4" u- u u • 

-j- -f- A = -r- ; which being 

A A 

* 3/® 4* A® 

rule, it becomes |aA® x -- 


substituted in the former 
= ^aA X (3 j® 4- A®), which 


is the 2d rule. 

Note» By subtracting a segment from a half sphere, or from 
another segment, the content of any frustum or zone may be 
found. 



[ 54 ] 

LAND SURVEYING. 


SECTION I. 

DESCRIPTION AND USE OF THE INSTRUMENTS. 

1. OF THE CHAIN. 

Land is measured with a chain, called Gunter's Chain, 
from its inventor, the length of which is 4 poles, or 22 yards, 
or 66 feet. It consists of 100 equal links; and the length 
of each link is therefore -yW of a yard* or of a foot, or 
7*92 inches. 

Land is estimated in acres, roods, and perches. Ah acre 
is equal to 10 souare chains, or as much as 10 chains in length 
and 1 chain in breadth. Or, in yards, it is 220 x 22 = 4840 
square vards. Or, in |K>ics, it is ^lO x 4 = 160 square poles. 
Or, in links, it is 1000 x 100 = 100000 square links: these 
being all the same quantity. 

Also, an acre is divided into 4 parts called roods, and a 
rood into 40 parts called perches, which arc square })oles, or 
the square of a pole of 5^^ards long, or the square of of a 
chain, or df 25 links, which is 625 square links. So that the 
divisions of land measure will be thus: 

625 sq. links = 1 pole or perch 
40 perchft = 1 rootl 
4 rofxls = 1 acre. 

The lengths of lines measured with a chain, are best set 
down in links as integers, every chain in length being 100 
links; and not in chains and decimals. Therefore, afttn* the 
content is found, it will be in square links; then cut off'Hve 
of the figures on the right hand for decimals, and the rest 
will be acres. These decimals arc then multiplied by 4 for 
roods, and the decimals of these again by 40 for perencs. 

Exam. Suppose the length of a rectangular piece of ground 
be 792 links, and its brei^th 385; to find the area in acres, 


roods, and perches. 


792 

3 04920 

385 

4 

3960 

*19680 

6336 

40 

2376 

7*87200 


3*04920 - 

A ns. 3 acres, 0 roods, 7 perches. 
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2. OF THIS PLAIN TABLE. 

This instrument consists of a plain rectangular board, of 
any convenient size: the centre of which, when used, is fixed 
by means of screws to a three-legged stand, having a ball 
and socket, or other joint, at the top, by means of which, 
when the legs are fixed on the ground, the table is inclined 
in any direction. 

To tile table belong various parts, as follow. 

1. A frame of wood, made to fit round its edges, and to 
be taken off’, for the convenience of jmtting a sheet of paper 
on the table. One side of this frame is usually divided into 
equal parts, for drawing lines across the tabic, parallel or 
j)erj)endicular to the sides; and the other side of the frame 
IS divided into 360 degrees, to a centre in the middle of the 
table; by means of wnich the table may be used as a theo¬ 
dolite, &c. 

2. A magnetic needle and compass, either screwed into the 
side of the table, or fixed beneath its centre, to point out the 
directions, and to be a check on the sights. 

3. An index, which is a brass two-foot scale, with either 
a small telescope, or ojien sights set pcr[>endicular)y on the 
ends. These sights and one edge of the index are in the same 
plane, and that is called the fitlucial edge of the itidex. 

To use tliis instrument, take a sheet of paper which will 
co\er it, and wet it to make it expand; then spread it flat on 
the table, pressing down tlie frame tin the edges, to stretch 
it and keep it fixed lliere; and when the paper is become 
dry, it will, by contracting again, stretch itself smooth and 
flat from any cramps and unevenness. On this paper is to 
!>e drawn the plan or form of the thing measured. 

Thus, begin at any proper part of the ground, and make 
a |ioint on a convenient part of the paper or table, to repre¬ 
sent that place on tlie ground; then fix in that point one 
leg of the compasses, or a fine steel pin, and apjily to it the 
fiaucial edge of the index, moving it round till through the 
sights you perceive, some remarkable object, as the corner of 
a field, &c.; and from the station-point draw a line with the 
point of the compasses along the fiducial edge of the index, 
which is called setting or taking the object: then set another 
object or corner, and draw its line; do the same by another; 
and so on, till as many objects are taken as may be thought 
fit. Then measure from the station towards as many of tlie 
objects as may be necessary, but not more, taking the requi¬ 
site offsets to corners or crooks in the hedges, laying the 
measures down on their respective lines on the table. Tlicn • 
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4 t any convenient place measured to, lix the table in the 
same position, and set the objects which appear from that 
place; and so on, as before. And thus continue till the 
work is Hnished, measuring such lines only as are necessary, 
and determining as many as may be by intersecting linas of 
direction drawn from different stations. 

Gf shifting the Paper on the Pktin Table. 

When one paper is full, and there is occasion for more, 
draw a line in any manner through, the farthest point of the 
last station line, to which the work can be conveniently laid 
down; then take the sheet off the table, and fix another 
on, drawing a line over it, in a part the most convenient for 
the rest of the work ; then fold or cut the old sheet by the 
line drawn on it, applying the edge to the line on the new- 
sheet, and, as they he in tbat position, continue the last sta¬ 
tion line on the new paper, placing on it the rest of the 
measure, beginning at where the tild sheet left oft’. And so 
on from sheet to sheet. 

When the work is done, and you would fasten all the 
4 »hecls together into one piece, or rough plan, tlie aftiresaid 
lines are to be aeciiratclv joined together, in the same man¬ 
ner as when the lines were translerretl from the old sheets 
to the new ones. Hut it is to In.* noted, that if the said join¬ 
ing lines, on the old and new sheets, have not the same in¬ 
clination to the side of the table, the needle will not point to 
the original degree when the table is rectified; and if the 
needle be required to respect still tlie same ilegrec of the 
compas.s, the easiest way of drawing the hue in the same 
;x)sition, is to draw- them both parallel to the same sides of 
the table, by means of the jL'tjual divisions marked on the 
other two sides, 

3. OF Tilt THEODOLITE. 

The ihcociolite is a brazen circular ring, divided into 360 
degrees, &c. and having an index with sights, or a telescope, 
placed on the centre, about which the index is moveable; 
also a conipass fixed to the centre, to point out cour.ses and 
check the sights; the whole being fixed by the centre on a 
stand of a convenient height for u.so. 

In using this iirslrument, an exact account, or field-book, 
of all measures and things necessary to be remarked in the 
plan, must be kept, from w'hich to make out the })lan on re¬ 
turning home from the ground. 

Begin at such part of the ground, and measure in such 
directions as are judged most convenient; taking angles or 
directions to objects, and measuring such distances as appear 
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necessary, uncicr the same restrictions as in the use of* the 
plain table. And it is safest to hx the theodolite in the 
original position at every station, by means of fore and bock 
objects, and the compass, exactly as in using the plain table; 
rogMteeriiig the number of degrees cut oft* by the index when 
directed to each object; and, at any station, placing the 
index at the same degree as when the direction towards that 
station was taken from the last preceding one, to fix the 
theodolite there in the original }X)sition. 

The best method of laying down the aforesaid lines of 
direction, is to describe a pretty large circle; then quarter it, 
and lay on it the several numbers of degrees cut off by the 
index in each direction, and drawing lines from the centre to 
all these marked points in tlie circle. Then, by means of a 
parallel ruler, draw from station to station, lines parallel to 
the aforesaid lines drawn from the centre to the respective 
points in the circumference. 

4. OF THE CROSS. 

The cross consists of two pair of sights set at right angles 
to each other, on a staff having a sharp point at the bottom 
to fix in the ground. 

The cross is very useful to measure small and crooked 
pieces of groutul. The method is, to measure a base or chief 
line, usually in the longest direction of the piece, from corner 
to corner; ar.<l while measuring it, finding the places where 
perpendiculars would fall on tins line, from the several cor¬ 
ners and bends in the boundary of the piece, with the cross, 
by fixing it, by trials, on such parts of the line, as that 
through one pair of the sights both ends of the line may 
appear, and through the other pair the corresponding bends 
or corners; and then measuring the lengths of the said per¬ 
pendiculars. 

REMARKS. 

Besides the fore-mentioned instruments, which are most 
commonly used, there are some others; as, 

The perambulator, used for measuring roads, and other 
great distances, level ground, and by the sides of rivers. It 
has a wheel of 8i feet, or half a pole, in circumference, by 
the turning of which the machine goes forward ; and the 
distance measured is pointed out by an index, which is moved 
round by clock-work. 

Levels, with telescopic or other sights, are used to find 
the level between place and place, or how much one place 
is higher or lower than another. And in measuring any 
sloping or oblique line, cither ascending or descending, a small 
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, pocket level is ut^eful for itlMwing how many links fur each 
chain arc to be deducted, to rtiduoe the line to the hori¬ 
zontal length. 

An offset^taff is a very useful instrument, for measuring 
the offsets and other short distances. It is 10 links in ld%th, 
being divided and marked at each of the 10 links. 

Ten small arrows, or rods of iron or wood, arc used to 
mark the end of every chain length, in measuiing lines. 
And sometimes pickets, or staves with flags, are set up as 
marks or objects of direction. 

Various scales are also used in protracting and measuring 
on the plan or paper; such as plane scales, line of chords, 
protractor, compasses, reducing scale, fiarailel and perpen¬ 
dicular rules, &CC. Of plane scales, there should l>e several 
sizes, as a chain in 1 inch, a chain in | of an inch, a ciiaiu 
in ^ an inch, &c. And of these, the best for use are thosi* 
that arc laid on the very edges of the ivory scale, to murk uH' 
distances, without compasses. 

SECTION II, 

THE niAClTCE OF Sl IlVEYlNd. 

This part contains the several works projx r to he done in 
the held, or the ways of measuring by all the instriinients, 
and in all situations. 


raoiiLEM I. 

To measure a Line or Distance. 

To measure a line on the ground with the chain : Having 
provided a chain, with 10 sinall arrows, or reals, to fix one 
into the ground, as a mark, at the end of every chain ; two 
persons take hold of the chain, one at each end of it; and 
all the 10 arrows are taken by one of them, who giK's fore¬ 
most, and is called the leader; the other being called the 
follower, for distinction's sake. 

A picket, or station-staff, being set up in the direction of 
ihe line to be measured, if there do not appear some marks 
naturally in that direction, they measure straigiit towards it, 
the leader fixing down an arrow at the end of every chain, 
which the follower always takes up, as he comes at it, till 
all the ten ^ows are used. They are then all return^ to 
the leader, to use over again. And thus the arrows are 
changed from the one to the other at every 10 chains length, 
till the whole line is finished; then tlie number of changes 
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of the arrows shows the number of tens, to which the fol> 
lower adds the arrows bo holds in his hand, and the number 
of links of another chain over to the mark or end of the 
line. So, if there have been 3 changes of the arrows, and 
the follower hold 6 arrows, and the end of the line cut off 
45 links more, the whole length of the line is set down in 
links thus, 3645. 

When the ground is not level, but either ascending or de¬ 
scending; at every chain length, lay the offset-staff, or link- 
staff, down in the slope of the chain, on which lay the small 
pocket level, to show how many links or parts the slope line 
IS longer than the true level one; then draw the chain for¬ 
ward so many links or parts, which reduces the line to tlie 
horizontal direction. 


PROBLEM IT. 

To take Angles and Bearings. 

Let n and c Ik* two objects, or two 
pickets set up perpendicular; and let it 
oe required to take their bearings, or 
the angles formed between them at any 
station A. 



1. With the Plain Table. 

The table being covered with a paper, and fixed on its 
stand; plant it at the station a, and fix a fine pin, or a foot 
of the compasses, in a proper point of tlie paper, to repre¬ 
sent the place a : Close liy the side of this pin lay the fiducial 
edge of the index, and turn it about, still touching the pin, 
till one object b can be seen through the sights: then by the 
fiducial edge of the index draw a line. In the same manner 
draw another line in the direction of the other object c. 
And it is done. 


With the Theodolite, ^c. 

Direct the fixed sights along one of the lines, as ab, by 
turning the instrument about till the mark b is seen through 
these sights; and there screw the instrument fast. Then 
turn the moveable index round, till through its sights the 
other mark c is seen. Then the degrees cut by the index, 
on tlie graduated limb or ring of the instrument, show the 
quantity of the angle. 
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3. With the Magnetic Needie and Compass, 

Turn the instrument or conijiass so, that the north end 
of the ne^lc point to the flower-de-luce. Then direct the 
sights to one mark os b, and note the degrees cut by the 
needle. Next direct the sights to the other mark c, and 
note again the degrees cut the needle. Then their sum 
or difference, as the case may be, will give the quantity of 
the angle bac. 

4. By Measurement with the Chatftj ^'C. 

Measure one chain length, or any other length, along 
both directions, as to b ana c. Then tiicitsure the distance 
be, and it is done.—This is easily transferred to paper, by 
making a triangle Abe with these three lengths, and then 
measuring the angle a. 


PROBLEM 111. 

To survey a 'Triang'tdar field auc. 
1. By the Chain. 

AP 794 
ab1321 

PC 826 


Having set up marks at tlic corners, which is to be done 
in all cases where there arc not marks naturally; measure 
with the chain from a to p, where a perpendicular would 
fall from the angle c, and set up a mark at r, noting down 
the distance ap. Then complete the distance ab, by mea¬ 
suring from p to B. Having set down this measure, return 
to P, and measure the perpendicular pc. And thu^ having 
the base and perpendicular, the area from them is easily 
found. Or having the place p of the perpendicular, the 
triangle is easily constructed. 

Or, measure all the three sides with the chain, and note 
them down. From which the content is easily found, or the 
flgure is constructed. 

2. By taking some e^the Angles. 

Measure two sides ab, ac, and the angle a between them. 
Or measure one side ab, and the two acyacent angles a and 
B. From either of these ways the figure is easily planned; 
then by measuring the perpendicular cp on the plan, and 
multiplying it by half ab, tne content is found. 
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FBOBLEM IV. 

To measure a Four-sided Field. 


1 . By the Chain, 

AE 214 210 DE 

AK ^^62 .‘>06 BF 

AC 592 



Measure along one of the diagonals, as ac; and either 
the two perpendiculars 1>E, bf, as in tiie last problem; or 
else the sides ab, bc, ci>, da. From cither of which the 
figure may be planned and computed as before directed. 


OthcricisCt by the Chain. 





J) 

AP 110 
All 745 

352 i’( 

595 uD 

/ 

> 

\ 

ABlllO 


i , 

: \ 



/ 

\ 


Measure, on the longest side, the distances ap, aq, ab; 
and t!ie j>ei'pendiculars pr, uu. 


o 


llij taking mmc of the Angles. 

Measure the diagonal ai' (see the last fig. hut one), and 
the angles cab, cad, acb, acd. —Or measure the four sides, 
and any one of the angles, as bad. 

Thus. ' Or thus, 

• AC 591 AB 486 

cab 57® 20' BC 394 

CAD 41 15 CD 410 

acb 72 25 DA 462 

ACD 54 40 BAD 78® 35'. 


PEOBLEM V. 

To survey any Field by the Chain only. 

Having set up marks at the corners, where necessary, of 
the proposed field abcdefg, walk over the ground, and con¬ 
sider how it can best be divided into triangles and trapeziums; 
and measure them separately, as in the last two problems. 
Thus, the following figure is divided into the two trapeziums 
ABCC, GDEF, and the triangle gcd. Then, in the first tra¬ 
pezium, beginning at a, measure the diagonal ac, aAd the 
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tieo per|)enciicular8 cm. Bn. Then the base cc, and the 
perpendicular Dq. Lastly, the diagonal df, and the two 
per|)endicularsjpB, og. All which measures write against 
the corresponding parts of a rough figure drawn to resemVile 
the figure surveyed, or set them down in any other form 
you <moose. 


Thus. 


Am 

185 

130 

me 

An 

410 

180 

no 

AC 

650 



CG 

152 

440 

230 

qo 

ro 

28T 

120 

OG 

vp 

Fl> 

288 

520 

80 

pv. 



Or thus. 

Measure all the sides An, bc, cd, de, ef, fo, ga; and 
the diagonals ac, cg, on, uf. 


Ot?tcrretsc. 

Many pieces of land may Ik? very well surveyed, by mea¬ 
suring any base line, either within or without them, with 
the perpendiculars let fall on it from every corner. For 
they arc by those means divided into several triangles and 
trapezoids, all whose parallel sides are (>erpcndicular to the 
base line; and the sum of these triangles and tra[)eziums will 
be eaual to the figure proposed if the l)ase line fall within 
it; if not, the sum of the part** which arc without being 
taken from the sum of the whole which are bm:h within and 
without, will leave the area of the figure proposed. 

In pieces that are not very large, it will be sufficiently 
exact to find the points, in the base line, where the several 
perpendiculars will fall, by means of the cross, or even by 
judging by the eye only, and from thence measuring to the 
comers for the lengths of the perpendiculars.—And it will 
be most convenient toidraw the line so as Uiat all the per¬ 
pendiculars may fall within the fimire. 

Thus, hi the following figure, beginning at a, and mea¬ 
suring along the line ag, the distances and perpendiculars on 
the right and left are as below. 
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Ab 315 1 350 i.11 
AC 440 70 rc 

Ad 585 320 rfD 

AC 610 50 CK 

Af 990 470/f 

AO 1020 0 



PnOBLEM VI. 


'Fq measure the Offsets. 

Ahildnin bejng a crooked liedgc, or brook, &c. From 
A ineasiire in a straight direction along the side of it to ii. 
And in measuring along this line ab, observe when you arc 
<lirectly opposite any bends or corners of the boundary, as at 
r, </, r, &c.; and from these measure the perpendicular 
(jft'sets cliy dif See. with the offset-staff, if they are not very 
large, otherwise with the chain itself; and the work is done. 
The register, or field-b<x)k, maj' be as follows; 


Offs. left. 

Base line ab 

0 

O A 

eh C2 

45 AC 

di 84 

220 Ad 

el 70 

340 AC 

fl 98 

510 a/ 

gjn 57 

634 Ag- 

vn 91 

785 AB 



PROBLEM VII. 


Tb survey any Field with the Plain Table. 

1 . From o7ie Station. 

Playit the table at any angle as 
c, from which all the other angles, 
or marks set up, can be seen; turn 
the table about till the needle point 
to the flower-^e-luce; and there 
screw it fast. Make a point for c 
on the paper on the table, and lay 
the edge of the index to c, turning 
it about c till through tlie sights 
you see the mark d : and by the edge of the index draw a 
dry or obscure line': then measure the distance cd, and lay 
that distance down on the line cjd. Then turn the index 
about the point c, till the mark e be seen through the sights. 
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by which draw a line, and measure the distance to e, laying 
it on the line from c to e. In like manner determine the 
positions of CA and cb, by turning the sights successive to 
A and b; and lay the lengths of those lines down, llicn 
connect the points, by drawing the black linc^ cd, dk, ea, 
AB, BC, for the boundaries of the field. 

2. From a Station icithin the Field. 

When all the other parts cannot 
be seen from one angle, choose some 
place O within, or oven witlioiit, if 
more convenient, from which the 
other parts can be seen. Plant the 
table at O, then fix it with tiic needle 
north, and mark the ]X)int O on it. 

Apply the index successively to O, 
turning it round w'ith the sights to 
each angle, a, b, c, d, e, drawing dry lines to them by the 
edge of the index ; then measuring the di>tanccs o.v, on, S:c. 
and laying them down on those lines. Lazily, vlraw the 
boundaries ad, bc, cd, de, i:a. 

3. By round the Figure, 

When the figure is a wood, or water, or when from some 
other obstruction you cannot measure lines across it; begin 
at any point a, and measure around it, either wiihin or 
without the figure, and draw the direcliuns of all the sitles, 
thus: Plant the table at a ; turn it with the needle to the 
north or flowcr-de-Iuce ; fix it, and mark the point a. Apply 
the index to a, turning it till you can sec the point i , and 
there draw a line; tl»en the point b, and there draw a line; 
then measure these lines, anti lay tliem tlown from a to e and 
B. Next move the table to b, lay the index along the line 
AB, and turn the table about till you can sec the mark a, and 
Bcrew fast the table; in which position also the needle will 
again point to the flower-de-luce, as it will do indeed at every 
station when the table is in the right position. Here turn 
the index about a till through the sights you seek tlie mark c; 
there draw a line, measure bc, ana lay the distance on that 
line after you have set down the table at c. Turn it then 
again into its proper position, and in like manner find ilie 
next line cd. And so on quite around by e, to a again. 
Then the proof erf* the work will be the joining at a : ^ if 
the work be all right, the last direction ea on the ground, 
will pass exactly through the point a on the paper; and the 
mcasui^ dist^ce will also reach exactly to a. If these do 
n(|L ooilMnde, or nearly so, some error has been comnijtted, 
idte work must bc‘ examined over again. 


JO 
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PROBLEM VIll. 

To survey a Field with the Theodolite, ^c. 

1. From One Point or Station. 

When all the angles can be seen from one point, as the 
angle c (first fig. to last prob.), place the instrument at c, and 
turn it about, till throiigb the fixed sights you see the mark 
B, and there fix it. Then turn the ipoveable index about 
till the mark a be j^ecn through the siglits, and note the de¬ 
grees cut on the instrument. Next turn the index «uc- 
cesaivclv to e and d, noting the degrees cut off at each; which 
gives all the angles mca, bce, bcd. Lastly, measure the 
lines cii, CA, f;i:, cd ; and enter the measures in a field-book, 
or rather, against the corresponding papts of a rough figure 
drawn by guess to resemble the field. 

2. From a Pohii -within or -without. 

Plant the Instrument at o (last fig.), and turn it about till 
tliQ^ fixed sights point to any object, as a ; and there screw it 
fast. Then turn the moveable index round till the sights 
}x>int successively to the other points e, d, c, b, noting the 
degrees cut off at each of them ; which gives all the angles 
round the point o. Lastly measure tiie distances oa, ob, oc, 
on, or, noting them down as before, and the work is done. 

fi. /i/y round the Field. 

By measuring round, either 
within or without the field, prev 
cced thus. Having set up marks 
at B, c, &c. near the corners as 
usual, plant the instrument at 
any point a, and turn it till the 
fixctl index be in the direction 
ab, and tborc screw it fast: then 
turn the moveable index to the 
direction ac ; and the degrees cut off will be the angle a. 
Measure the line ab, and plant the instrument at BHand 
there in the same manner observe the angle a. Then mea¬ 
sure* Bc, and observe the angle c. Then measure the di¬ 
stance CD, and lake the angle d. Tlien measure de, ami 
take the angle e. Then measure ef, and take the angle f. 
And lastly, measure the distance fa. 

To prove the work; add all the inward angles, a, b, c, 
&c. together; for when the work is right, their sum will be 
equal to twice as many right angles as the figure has sides, 
wanting 4 right angles. But when there is an angle, ns P, 
that bends inwards, ami you measure the external angle, 
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which is less than two right angles, subtract it from 4 right 
angles, or JK50 degrees, to give the internal angle greater than 
a semicircle or degrees. 

OthcrzcUc. 

Instead of observing the internal angles, we may take the 
external angles, formed without the figure by producing the 
sides fartlicr out. And in this case, when the work is right, 
tlieir sum altogether will be etjnal to 360 degrees. But when 
one of them, as f, runs inwards, subtract it from the sum of 
the rest, to leave 360 degrees. 

PROBLEM IX. 

To survey a Field tciih crooked Hedges, ^'c. 

With any of the instruments, measure the lengths and 
imsilions of imaginary lines running as near the sides of the 
field as you can; and, in going along them, measure the 
offsets in tlie manner before taught ; then you will have the 
plan on the pa}H‘r in using the plain table, drawing tlie 
CHKikcd hctlges through the enils of the oflsets; hut in sur- 
veying with the theodolite, or other instrument, set down 
the measures properly in a field-lxiok, or memorandum- 
hook, and plan them after returning from the field, by lay¬ 
ing down all the lines and angles. 



in surveying the piece abode, set up marks, a, 6, r, d, 
dividing it so as to have as few' sides as may he. Then begin 
at any station, a, and measure the lines ab, be, cd, da, taking 
their positions, or the angles, a, b, c, d; and, in going along 
the lines, measure all the offsets, as at m, n, o, p, &c. along 
every gtation-line. 

And this is done either within the field, or without, as 
may be most convenient. When there are obstructions 
within, os wood, water, hills, &c. then measure without, as 
in the n?xt following figure. 
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PROBLEM X. 

To survey a Field, or any other Thing, by two Stations. 

This is performed by choosin|jf two stations from which 
all the marks and objects can be seen; then measuring the 
distance between the stations, and at each station taking 
the angles formed by every object from the station line or 
distance. 

The two stations may be taken either within the bounds, 
or in one of the sides, or in the direction of two of the ob¬ 
jects, or quite at a distance and without the bounds of the 
objects or part to l)c surveyed. 

In this manner, not only grounds may be sur\'cycd, with¬ 
out even entering them, but a map may be taken of tlie 
principal parts ol’ a county, or the chief })laces of a town, 
or any part of a river or co^ist surveyed, or any other inac¬ 
cessible objects; by taking two stations, on two tow’crs, or 
two hills, or such-like. 


r> 



PROBLEM XI. 

To survey a large Estate. 

Ip the estate lie vei*y large, and contain a great r.tthiber of 
fidds, it cannot well l>e done by surveying all the fields 
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pulling Uiein togctJier; nor can it be done 
by taking all die angles and boundaries that enclose it. For 
in these-cases, any small errors will be so much increased, as 
to render it very much distorted. But proceed as below. 

I, Walk over the estate two or three times, in order to 
get a perlect idea of it, or till you can keep the 6gurc of it 
pretty well in mind. And to help your memory, draw an 
eye-araught of it on paper, at least of the principal parts 
of it, to guide you; setting tlie names within the fields in 
that draught. 

!?. ChtKise two or more eminent jilaccs in tlie estate, for 
stations, from wliich all the principal parts of it can be seen : 
selecting these stations as far distant from one another as 
convenient. 

3. Take such angles, between the stations, as you think 
necessary, and measure the distances fnari station station, 
always* in a right line: these things nuiat be ilone, till you 
get as many angles and lines as are MiHieient for determining 
all the points of station. And in mea'-uring any of these 
station-distances, mark accurately where those lines meet 
with any hedges, ditches, roads, lanes, paths, rivulets, iee.; 
and wliere any remarkable object is placed, by measuring 
its distance from the .station-line; and where a perpendicular 
from it cuts that line. And thus as you go along any main 
station-line, take cjffsets to the ends of all hetlges, and to any 
pond, house, mill, bridge, ike. noting every thing dow'n that 
lb remarkable. 

4. As to the inner parts of the estate, they must be deter¬ 
mined, in like uiaiiner, by new station-lines- for, after.the 
main stations are determined, and every thing adjoining to 
them, then the estate must be subdivided into two or three 
parts by new station-lines; taking inner stations at proper 
places, where you can have the best view. Measure these 
station-lines as you did the first, and all their intersections 
with hedges, and ofisets to such objects as appear. Then 
proceed to survey the atijoining fields, by faking the angles 
that the sides make with the station-line, at the intcrs€x;tions, 
and measuring the distances to each corner, from the inter¬ 
sections. For the station-lines will be- the bases to all the 
future operations; the situation of all parts being entirely 
dependent on them; and therefore they should be taken of 
as great length as possible; and it is best for them to run 
along some of the hedges or boundaries of one or more fields, 
or to pass through some of their angles. All things l^ing 
detertHined for these stations, you must take more inner 
stations, and continue to divide and subdivide till at last you 
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come to sii^ie fields: rcpcatiog the same work for the inner 
stations as ror the outer ones, till all is done; and close the 
vrork as often as you can, and in as few lines as possible. 

5. An estate may be so situated that the whole cannot be 
surveyed together; because one part of the estate cannot be 
seen from another. In this case, you may divide it into 
three or four parts, and survey the parts separately, as if 
they were lands belonging to different persons; and at last 
join them together. 

6. As It is necessary to protract or lay down the work as 
you proceed in it, you must have a scale of a due length to 
do it by. To get such a scale, measure the whole length of 
the estate in chains; then consider how many inches long 
the map is to be; and from these will be known how many 
chains you must have in an inch ; then make the scale ac¬ 
cordingly, or choose one already made. 


% 


raoBLEM Yii. 


To S7irvey a Coxmty^ or large Tract of Land. 

1. Choose two, three, or four eminent pl.aces, for stations; 
such as the tops of high hills or mountains, towers, or church 
steeples, which may be seen from one another; from which 
most of the towns and other places of tiotc may also l>c seen ; 
and so as to be as far distajit from one another as possible. On 
these places raise beacons, or long poles, w'ith dags uf dif¬ 
ferent colours flying at them, so as to be visible from all the 
other stations. 

ii. At all the places which you would set down in the map, 
plant long poles, witli flags at tlieni of several colours, to 
distinguish the places from one another; fixing them on the 
lops of church steejfles, or the lops of houses; or in the 
centres of smaller towns and villages. 

These marks then being set up at a convenient number of 
places, and such as may be seen from both stations; go to 
one of these stations, and, with an instrument to take angles, 
standing at tliat station, take all the angles between the other 
station and each of these marks. Then go to the other 
station, and take all the angles between the flrst station and 
each of the former marks, setting them down with the 
others, each against its fellow with the same colour. You 
may, if convenient, also take the angles at some third station, 
which may serve to prove the work, if the three lines inter¬ 
sect in that point where any mark stands. The marks must 
stand till the observations are finished at both statiens; and 
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Uien they may ba taken down, and up at new f^aoee. 
The same operatioiis must be performed at both stations, for 
these new places; and the like for others. The instrument 
for taking angles must be an exceeding good one, made on 
purpose with telescopic sights, and of a good length of 
radius. 

3. And though it be not absolutely neccssaiy to measure 
any distance, berause, a stationary line being laid down from 
any scale, all the other lines will Ih? proportional to it; yet 
it IS better to measure some of the lines, to ascertain the 
distances of places in miles, and to know how many geome* 
trical miles tnere are in any length; as also from thence to 
make a scale to measure any distance in miles. In measuring 
any distance, it will not be exact enough to go along the 
high roads; which, by reason of their turnings and windings, 
hardly ever lie in a right line between the stations; which 
must cause endless reductions, and ret|uire great ^rouble to 
make it a right line; for which reason it can never be exact. 
But a better way is to measure in a straight line with a chain, 
lietwecn station and station, over hills and dales, or level 
fields and all obstacles. Only in case of water, woods, 
towns, rocks, banks, &c. where we cannot pass, such parts 
of the line must be measured by the methods of inaccessible 
distances; and liesides, allowing for ascents and ck*sccnts, 
when they are met with. A good compass, that shows the 
bearing of the two stations, will always direct us to ^ 
straight, when the two stations cannot be seen; and in the 
progress, if we can go straight, offsets may be taken to any 
remarkable places, likewise noting the intersection of the 
station-line with all roads, rivers, &c. 

i-. From all the stations, and in the whole progress, we 
must be very particular in observing sea-coasts, river-mouths, 
towns, castles, houses, churches, mills, trees, rocks, sands, 
roads, bridges, fords, ferries, woods, hills, mountains, rills, 
brooks, parks, beacons, sluices, floodgates, locks. See., and in 
general every thing that is remarkable. 

5. After we have done with the first and main station¬ 
lines, which command the whole county; we must then 
take inner stations, at some places already determined; which 
will divide the whole into several partitKjns: and from tlicsc 
stations we must determine the places of as many of the 
remaining towns as we can. And if any remain in that 
part, we must take more stations, at some places already 
determined ; from whicli we may determine tne rest. Ana 
thus go through all the parts m the county, taking station 
after station, till we have determined the whole. And in 
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general the statioD distaoees must olwrays pass through such 
remarkable points as have been determined before, by the 
former stations. 


PROBLEM Xlll. 

To survey a Town or City^ 

This may lie done with any of the instruments for taking 
angles, but best of all with the plain table, where every 
minute part is drawn while in sight. Instead of the common 
surveying or Gunter's chain, it will be best, for this purpose, 
to have a chain <50 feet loi^, divided into 50 links oi one 
foot each, and an ufiset-stafr of 10 feet long. 

Begin at the meeting of two or more of the principal 
streets, through which you can have the longest prospects, 
to get th,e longest station-lines: there having fixed the in¬ 
strument, draw lines of direction along those streets, using 
two men as marks, or }K)1es set in wcxxlen pedestals, or per¬ 
haps some remarkable places in the houses at the farther 
ends, as window's, doors, corners, &c. Measure these lines 
with the chain, taking offsets with the staflP, at all corners' of 
streets, bendings, or windings, and to all remarkable thkigs, 
as churches, markets, halls, a>lleges, eminmt houses, 
Then remove the instrument to another station, along one of 
these lines; and there repeat the saote process as before. 
And so on till the whole is finished. 



Thus, fix the instrument at a, and draw lines in tlie 
direction of all the streets meeting there; then measure ab, 
noting the street on the left at m. At the second station b, 
draw die direction^ of the streets meeting there; and mea¬ 
sure mim B to c, noting the places of the streets at n and o 
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as you pass bv them. At the third station c, take the di¬ 
rection of all tne streets roeeung tliere, and measure co# At 
D do the same, and measure d£, noting the place of the 
cross Streets at p. And in this manner go through all the 
principal streets. This done, proceed to the smaller and 
intermediate streets; and lastly to the lanes, alleys, courts, 
yards, and ei^cry part that it may be thought proper to re¬ 
present in the plan. 


PROBLEM XIV. 

To lay down the Plan of any Survey, 

If the survey was taken with the plain table, we have a 
rough plan of it already on the paper which covered the 
table. But if the survey was with any other instrument, a 
[>lan of it is to be drawn from the measures that were talvcn 
in the survey; and first of all a rough plan on paper. 

To do this, you must have a set of projKT instruments, 
for laying down lioth lines and angles, &c.; as scales ol‘ va¬ 
rious sizes, the more of iliem, anti the more accurate, the 
better, scales of chords, ])rotractors, periiendicular and pa¬ 
rallel rulers, &c. Diagonal scales are best for the lines, 
because they extend to three figures, or chains, and links, 
which are 100 parts of chains. Butin using the diagonal 
scale, a pair of compasses must be employed, to take oft'the 
lengths of the principal lines very accurately. But a scale 
with a thill edge divided, i.^ much readier for laying down 
the |X?rpeiidicular offsets to crofjketl hedges, and for marking 
the places of those ofikets on tlie station-line ; wiiicli is done 
at only one application of the edge of the scale to that line, 
and the-n pricking off ail at once the distances along it. 
Angles are to Ik* laid down, either with a go<Kl scale of 
clu>rds, which is |HTha))s tlie most accurate way, or w’iih a 
large protract(»r, which is mucli readier when many angles 
are to l>e laid down at one point, as they are pricked off all 
at once round the edge of the protractor. 

In general, all lines and angles must be laid down on the 
plan in the same order in whicli they were measured in the 
field, and in which they are written in the field-book; lay¬ 
ing down first the angles for the position of lines, next the 
lengths of the lines, with the places of the offsets, and iJien 
the lengths of the offsets themselves, all wiili dry or obscure 
lines; then a black line drawn through the extremities of 
all the off'sets, will l>e the etlgc or bounding line of the field, 
HiC. After the principal hounds and lines are laidlHown, 
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and made to fie or close properly, proceed next to the smaller 
objects, till you have entered every thing that ought to ap- 
pear in the plan, as houses, brooks, trees, hills, gates, stUesji. 
roads, lanes, mills, bridges, woodlands, &c. &c. 

The north side of a map or plan is commonly placed 
uppermost, and a meridian is somewhere drawn, with the 
compass or fiower~de>lucc pointing north. Also, in a vacant 
part, a scale of equal parts or chains is drawn, with the title 
of the map in Conspicuous characters, and embellished with 
a compartment. Hills arc shadowed, to distinguish thcan in 
the map. Colour the hedges with different emours; repre¬ 
sent hiliy grounds by broken hills and valleys; draw nnglc 
dotted lines fur foot-paths, and double ones lor horse or car¬ 
riage roads. Write the name of each field and remarkable 
{dace within it, and, if you choose, its contents in acres, 
roods, and {lerches. 

In a very large estate, or a county, draw vertical and ho¬ 
rizontal lines through the map, denoting the spaces between 
them by letters {daced at tiie top, and bottom, and sides, for 
readily finding any field or other object mentioned in a 
table. 

In mapping counties, and estates that have uneven grounds 
of hills and valleys, reduce all oblique lines, measured up¬ 
hill and down-hill, to horizontal straight lines, if that was 
not done during the survey, before they were entered in the 
field-b'xik, by making a proyier allowance to shorten them. 
For which {)ur|iose there is coninioiily a small table engraven 
on some of the instruments for surveying. 


THE NEW METHOD OF SURVEYING. 

PROBLEM XV. 

7b survey and plan by the new Method. 

In the former method of measuring a large estate, the ac¬ 
curacy of it depends both on the correctness of the instru¬ 
ments, and on the care in taking the angles. To avoid the 
errors incident to such a multitude of angles, other methods 
have of late years been used by some few skilful surveyors: 
the most practical, expeditious, and correct, seems to be the 
following, which is performed, without taking angles, by 
measuring with the chain only. 

Choose two or more eminences, as grand stations, and 
measured {irincijial base line from one station to another; 
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noting every hedge» brook, or other remarkahte object, as you 
pa!^ by it; measuruig also such short nsrpendicoiar lines to 
the l^nda of hedjm as may be near at hand. From the ex¬ 
tremities of this oase line, or from any convenient parts kj£ 
the same, go off with other lines to some nemarkable object 
tttuated towards the sides of the estate, without regarding 
the aisles they make with the base line or with one another; 

remembering to note every hedge, brook, or other ob¬ 
ject, that you |)ass by. These lines, when laid down by in¬ 
tersections, will, with the base line, fosm a grand triangle on 
the estate; several of which, if need be, being thus mea¬ 
sured and laid down, you may proceed to form otlicr smaller 
trian^es and trapezoids on the sides of the former: and so 
on tin you finish with the enclosures individually. Hy which 
means a kind of skeleton of the estate may first l>e obtained, 
and the chief lines serve as the bases of such triangles and 
trapezoids as are necessary to fill up all the interior parts. 

The field-book is ruled into three columns, os usual. In 
the middle one are set down the distances on the chain-line, 
at which any mark, offset, or other observation, is made; 
and in the right and left hand columns are entered the off¬ 
sets and observations made on the right and left hand re- 
s]XK:tively of the chain-line; sketching on the sides the shape 
or resemblance of the fences or boundaries. 

It is of great advantage, both for brevity and perspicuity, 
to begin at the bottom of the leaf, and write upwards; de¬ 
noting the crossing of fences, hy lines drawn across the mid¬ 
dle column, or only a part of such a line on the right and 
left opposite the figures, to avoid confusion; and the corners 
of fields, and other remarkable turns in the fences where off¬ 
sets are taken to, by lines joining in the manner the fences 
do; as will be best seen by comparing the book with the 
plan annexed to the field-book following, p. 76. 

The letter in the left-hand corner at the beginning of every 
line, is the mark or place measured from; and that at the 
right-hand comer at the end, is the mark measured to: but 
when it is not convenient to go exactly from a mark, the 
place measured from is described suck a distance from one 
mark towards another ; and where a former mark is not mea¬ 
sured to, the exact pLa^ is ascertained by saying, turn to the 
right or left hand, snch a distance to such a mark, it being 
always understood that those distances are taken in the 
chain-line. 

The characters used are, ( for turn to the right hand, 
I for tur^i to the left hand, and placed over an off^t, 
to ^ow that it is not taken at right angles with the chain- 
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line, but in th« dtaectiim of some steaight fence; b^g 
diiefiy used when croeaii^ their directions; which is a better 
way of obtaiming their true places than hy offsets at right 
angles. 

When a line is measured whose porition is determined, 
cither by former work (as in the case of-producing a given 
line, or measuring from one known place or mark to another) 
or by itself (as in the third side of the triangle), it is called 
a Jaltt line, and a double line across the book is drawn at the 
cxmclusion of it; but if its position is not determined (as in 
the si'cond side of the triangle), it is called a loose line, and a 
single line is drawn across the book. When a line becomes 
dctcrmiiietl in position, and is afterwards continued farther^ 
n double line half through the lxx>k is drawn. 

When a loose line is measured, it becomes absolutely ne¬ 
cessary to measure some other line that will determine its 
]M)sition. Thus, the first line ah or bh, being the base of a 
triangle, is always determined; but tlie position of the second 
side hj does not become determined, till the third side is 
measured; then the position of both is determined, and the 
triangle may be constructed. 

At the beginning of a line, to fix a loose line to the mark 
or ])lace measured from, the sign of turning to the right or 
left hand must be added, as at h in the second, andj in the 
tliird line; otherwise a stranger, when laying down the 
work, may as easily construct the triangle hjb on the wrong 
side i>f the line ah, as on the right one: but this error 
eannut be fallen into, if the sign above named be carefully 
observed. 

In choosing a line to fix a loose one, care must be taken 
that it does not make a very acute or obtuse angle; as in the 
triangle pur, by the angle at b being very obtuse, a small 
ileviation from truth, even the breadth of a point at p or r, 
would make the error at B, when constructed, very con¬ 
siderable ; but by constructing the triangle p^q, such a de¬ 
viation is of no consequence. 

iVhere the words leave are written in the field-book, it 
signihes that the taking of offsets is from thence disconti¬ 
nued ; and of course something is wanting l)etween that and 
the next offset, to be afterwards determined by measuring 
some other line. 

The field-book for this method, and the plan drawn from 
it, are contained in the four following pages, engraven on 
copper plates; answerable to which tlie pupil is to draw a 
plan from the measures in the field-lwok, of a larger size, 
viz. to a scale of a double size will be convenient, such a 
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8cafe beioff a]t»o fotujd on lubat iasttiunents. In doing thts, 
liegln at the commeiicemenlt of the field-book, or bottom of 
the first page^ and draw the first line ah in any direcUon at 
pleasure, and then tfie next two sides of the first triangle hhj 
oy sweeping intersected arcs; and so all the triangles in 
the same manner, after each other in their order; and after- 
setting the perpendicular and other offsets at their 
proper places, and through the ends of them drawing the 
ixninding fences. . . 

Note, That the field-book begins at the liottom of the first 
page, and reads up to the top; neiicc it goes to the bottom 
of the next page, and to the top; and thence it passes from 
the bottom of tlic third page to tlie top, which is tlie end of 
the field-book. The several marks measured to or fron», 
are here denoted by the letters of the alphabet, first the small 
ones, a, 6, c, d, &c, and after them the capitals A, /?, C, />, 
&c. But, instead of these letters, some surveyors use the 
numbers in order, 1, 2, 3, 4, &c. 


OF THE OLD KIKD OF FIELD-BOOK. 

Ik surveying with the plain table, a field-book is not iisi'd, 
as every thing is drawn on the table immediately when it is 
measured. But in sur\'cying with the thcoilofite, or any 
other instrument, some kind of a field-book must be usiu,’ 
to write down in it a register or account of all that is done 
and occurs relative to the survey in hand. 

This book every one contrives and rules as he thinks fittest 
for himself. The following is a specimen of a form which 
has been formerly used. It is ruled in three columns, as in 
the next page. 

Here 0 1 is the first station, where the angle or bearing 
is 25'. On the left, at 7^ links in the distance or prin¬ 
cipal line, is an ofiset of 92; and at 610 an ofisc't of 24 to a 
cross hedge. On the right, at 0, or the beginning, an ofiset 
25 to the corner of the field; at 248 Brown's boundary 
hedge commences; at 610 an offset 35; and at 954, the end 
of the first line, the 0 denotes its terminating in the hedge. 
And so on for the other stations. 

A line is drawn under the work, at the end of every sta¬ 
tion line, to prevent coiirusiom 
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Form of this Field-book, 


Offsets and Remarks 
on the left. 

Stations, 

Bearings, 

and 

Distances. 

Offiiets and Remarks 
on the right. 

80 

92 

a cross hedge 24 

1 

O 1 

105° 26' 
00 

73 

248 

610 

954 

• 

25 corner 

Brown’s hedge 

35 

00 

1 

house corner 51 

34 

O 2 

530 10' 

25 

120 

734 

21 

29 a tree 

40 a stile 

1 

a brook 30 

fbot-pnth 1 (i 

cross hedge 18 

G 3 

6/0 20' 

61 

248 

639 

810 

973 

35 

IG a spring 

20 a pond 


Then the plan, on a small scale drawn from the above 
field-book, will be as in the following figure. But the pupil 
may draw a plan of 3 or -t times the size on his paper book. 
The dtJtted lines denote the 3 chain or measured lines, and 
the*black lines the boundaries on the right and left. 



But some skilfiiil surveyors no# make use of a different 
method for the field'hoolr,' namely, bemnning at the bottom 
of the page and wiifing' upwards; fetching also a neat 
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botindary on ther haDd, resembling the parts near the 
measured lines as they pass along; an example of which was 
given in the hew method of surveying, in the preceding 

In smaller surveys and measurements, a good way of set¬ 
ting down the work, is to draw by the eye, on a piece of 
paper, a figure resembling that which is to be measured; 
and so writing the dimensions, as they arc found, against 
the corresponding ][kirts of the figure. And this mctluKl 
may be practised to a considerable extent, even in the larger 
surveys. 


SECTION III. 

OF COMPUTING AND DlVIDlMi. 


PROBLEM XVI. 

To compute the Ccnitents of Fielih. 

1. Compute the contents of the figures ns divided into 
triangles, or tra|ieziums, by the projwr rules for these figures 
laid down in measuring; multiplying the [perpendiculars by 
the diagonals or bases, both in links, and divide bv 2; the 
quotient is acres, after having cut off five fimircs on the right 
for decimals. Then bring these decimals to roods and 
perches, by multiplying first by 4, and then by 40. An 
example of which is given in the description of the chain, 
pag. 53. 

2. In small and separate pieces, it is usual to compute their 
contents from the measures of the lines taken in surveying 
them, without making a correct plan of them. 

3. In pieces bounded by very crooked and winding hedges, 
measured by oflets, all the parts between the offsets are most 
accurately measured separately as small trapezoids. 

4. Sometimes such pieces as that last mentioned are com¬ 
puted by finding a mean breadth, by adding all the offsets 
together, and dividing the sum by the numlwr of them, ac¬ 
counting that for one of them where the lioundary meets 
the station-line (which increases the number ipf them liy 1, 
for the divisor, though it does not increase the sum or quan¬ 
tity to be divided); then multiply the length by that mean 
breadth. 

5. But in larger pieces and whole estates, consisting of 
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nuuiy fields, it is the common practice to make a rough plan 
of the whole, and from it compute the contents, quite indo> 
pendent of the measures of the lines and angles that were 
taken in surveying. For then new lines are drawn in the 
fields on the plans, so as to divide them into trapeziums and 
triangles, the oases and perpendiculars of which are measured 
on the plan b|( means of the scale from which it was drawn, 
and so multiplied together for the contents. In this way, 
the work is very expeditiously done, and sufficiently correct; 
for such dimensions arc taken as afford the most easy method 
of calculation ; and among a number of parts, thus taken 
and applied to a scale, though it bo likely that some of the 
parts will be taken a small matter too little, and others too 
great, yet they will, on the whole, in all probability, very 
nearly balance one another, and give a sufficiently accurate 
result. After all the fields and particular parts are thus 
computed separately, and added all together into one sum; 
calculate the whole estate independent of the fields, by di¬ 
viding it into large and arbitrary triangles and trapeziums, 
and add these also together. Then if this sum be equal to 
the former, or neaidy so, the work is right; but if the sums 
have any considerable difference, it is wrong, and they must 
be examined^ and re-computed, till they nearly agree. 

6. But the chief art in computing, consists in finding the 
contents of pieces bounded by curved or very irregular fines, 
or in reducing such crooked sides, of fields or boundaries to 
straight lines, that shall enclose the same or equal area with 
those crooked sides, and so obtain the area of the curved 
figure by means of the right-lined one, which will commonly 
be a trapezium. Now t^s reducing the crooked sides to 
straight ones, is very easy and accurately performed in this 
manner:—Apply the straight edge of a thin, clear piece of 
lantem-horn to the crooked line, which is to be reduced, 
in such a manner, that the small parts cut off from the 
crooked figure by it, may be equal to those which are taken 
in : which equality of the parts included and excluded you 
will presently be able to judge of very nicely by a little prac¬ 
tice : then with a pencil, or point of a tracer, draw a line by 
the straight edge of the horn. Do the same by the other 
sides of field or figure. So shall you have a straight'- 
sided figure equal to the curved one; tne.content of which, 
being computed as before directed, will be the content of the 
•crooked figure proposed. 

Or, instead of the strmght edge of the horn, a horse-hair, 
or fine thread, may be applied across the crooked sides in 
the same manner; and the easiest way of using the thread, is 
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to kring a small slender lx)w with it, cither of wire, or cane, 
or whale-bone, or such-like slender clastic matter; for the 
bow keeping it always stretched, it can lie easily and neatly 
applied with one hand, w'hile the other is at liberty to make 
two marks by the side of it, to draw the straight Ime by. 

example. 

Thus, let it Ikj rccpiircd to find the contents of the same 
figure os in I'rob. ix, page 66, to a scale of 4 chains to an 
inch. 



Draw the 4 dotted straight lines ab, bc, cd, da, cutting 
off equal (juantities on ho^h sides of theni, which they do as 
near as the eye can judge: so is the crooked figure reduced 
to an ct^uivalent right-lined one of 4 side», abcd. Then 
draw the diagonal bd, which, by a{>plyiiig a proper scale 
to it, measures suppose 1^56. j^l^ die perpeiidicuiar, or 
nearest distance from a lo this cra%onal, measiin's 456; and 
the distance of c froni it, is 428 

Then, half the sum of 466 and 428, multiplied by the 
diagonal 1256, gives 555152 square links, or 5 acres, 2 roods, 
8 perches, the content of the trapezium, or of the irregular 
crooked piece. 

As a general example of this practice, let the cx>ntents lie 
compute of all the nelds separately in the foregoing plan 
facing page 77, and, by adding the contents altogether, the 
whole sum or content of the estate will be found nearly equal 
to acres. Then, to prove the work, divide the whole 
plan into two parts, by a pi^cil line drawn across it any way 
near the middle, as from the corner I on the right, to the 
corner near a on the left; then, by computing these two 
large parts separately, their sum must bc nearly equal to the 
former sum, when the work is all right. 
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PROBLEM XVII. 

To Tranter a Plan to Another Paper^ 

After the roush plan is completed, and a fair one is 
wantc?d ; this may be done by any of the following melliotls. 

First Method. —Lay the rough plan on the clean paper, 
keeping them always pressed flat and close together, by 
weights laid ^ them. Then with the point of a fine ])iii 
ortprickcr, prick through all the corners of the plan to be 
copied. Take them asunder, and connect the pricked points 
on the clean pajx?r, with lines; and it is done. This method 
is only to be praclisc*d in plans of such figures as arc small 
and tolerably regular, or bounded by right lines. 

Second Method .—Kub the back of the rough plan over 
with black-lead jKJwdcr; and Jay this blocked part on the 
clean paper t)n which the plan is to be ct)pied, and in the 
proper ]X)sition. Then, with the blunt point of some hard 
substance, iis brass, or such-like, trace ovt?r the lines of the 
wliole plan; pressing the tracer stJ much, as that the black 
lead under the lines may be transferred to the clean j)a[)er: 
after which, take off* the rough plan, and trace over the leaden 
marks with ctiminon ink, or with Indian ink.—Or, instead td 
blacking the rough plan, we may keep constantly a blackeil 
pa|x*r to lay between the plans. 

Third Method .—Another method of copying plans, is by 
means of stjuares. This is performed by dividing both ciuls 
and sides of the plan whicli is to be copied into any conve¬ 
nient number of equal BKts, and connc'ctiug the correspond¬ 
ing points of division vMn lines; which will divide the plan 
into a number of small squares. Then divide the paper, on 
which the plan is to be copied, into the same number of 
squares, each ct|ual to the former when the plan is to be 
celled of the same size, but greater or less than the otiters, 
in the prujiortion in which tlic plan is tt> be increased or 
diminished, when of a diflerenl size. Lastly, copy into the 
clean squtu'cs the ports contained in the correspondingscjuarcs 
of the old plan ; and you will have the copy, cither of the 
same size, or greater or less in any proportion. 

Fourth Method. —A fourth method is by the instrument 
called a pentagraph, which also copies the plan in any size 
required: for this purpose, also. Professor Wallace’s eido- 
graph may be advantageously employed. 

Fifth Method.^A very neat method, at least in copying 

VOL. 11. o 
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fropi a fair plan, is this. Procure a copying frame or glass, 
made in this manner; namely, a large square of the best 
window glass, set in a broad frame of wom, which can be 
raised up to any angle, when the lower side of it rests on a 
table. Set this frame up to any angle Ix^fore you, facing a 
strong light; fix the old plan and clean paper together, with 
several pins quite around, to keep them together, the dean 
paper being %id uppermost, and over the face of the plan to 
be copied. Lay them, with the back of the old plan, on tlie 
glass; namely, that part which you intem^o begin at to 
copy first; and by means of the light slitnnig through the 
papers, you will very distrnctly perceive every line of the plan 
through the clean pa|ier. In this state then trace all -the 
linos on the jiapcr with a iiencil. Having drawn that part 
which covers the glass, shoe another part over the glass, and 
copy it in the same manner. Tlicn another part: and so 
on, till the whole is copied. Then take them asunder, and 
trace all the (Xfncil lines over with a fine pen and Indian ink, 
or with common ink. And thus you may copy the finest 
plan, without injuring it in the least. 


OF ARTIFICERS’ WORKS, 


AND 

TIMBER MEASURING. 



1. OF THE CARPENTER'S OR SLIDING RULE. 

The Carpenter’s or Sliding Rule, is an instrument much 
u.scd in measuring of timber and artificers’ works, Ixith for 
taking the dimensions, and computing the contents. 

The instrument consists of two equal pieces, each a foot 
in length, which are connected together by a folding joint. 

One side or face of the rule is divided into inches, and 
eighths, or half-tjiiarters. On the same face also are several 
plane scales divided into twelfth parts by diagonal lines; 
which arc used in planning dimensions that are taken in feet 
and inches. The edge of the rule is commonly divided 
decimally, or into tenths; namely, each foot into ten equal 
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parts, and each of these into ten parts again: so that b}' 
means of this last*scale, dimcndons are taken in feet, tenths, 
and hundredths, and multiplied as common decimal numbers, 
which is the best way. 

On the one part ,of the other face are four lines, marked 
A, B, c, i> ; the two middle ones d and c being on a slider, 
which runs in a groove made in the stock. The same num¬ 
bers serve for both these two middle lines, the one being 
above the numbers, and the other below. 

These foufiJkies are loggirithmic ones, and the thfee a, d, 
c, which are wt' equal to one another, are double lines, as 
they proceed twice over from 1 to 10. The other or lowest 
line, D, is a single one, proceeding from 4 to 40. It is also 
called the girt line, from its use in computing the contents 
of trees and timber; and on it are marked wg at 17*15, and 
AG at 18*95, the wine and ale gage points, to make this in¬ 
strument serve the purj>ose of a gaging rule. 

On the other part of this face, there is a table of the value 
of a load, or 50 cubic feet of timber, at all prices, from 
(> pence to 2 sliillings a foot. 

When 1 at the beginning of any line is accounted 1, ihen 
the 1 in the middle will be 10, and the 10 at the end 100; 
but when 1 at the beginning is counted 10, then the 1 in 
the middle is 100, and the 10 at the end KKK); and so on. 
And all the smaller divisions are altered proportionally. 


II. ARTIFICERS’ WORK. 

Artificers compii^thc contents of ilieir \^rks In 
several different ineasuim As, 

Gla/ing and masonry, by the foot; Painting, plastering, 
paving, &c. by the yard, of 9 square feet: Flooring, 
piurtitioning, roofing, tiling, &c. by the scjuarc of 100 
square feet: 

And brickwork, either by the yard of 9 square feet, or by 
the perch, or square rod or pole, containing 272^ square 
feet, or OO^; square yards, being the square of the rod 
or pole of 164 . feet or 54 yards Tong. 

As this number 272^ is troublesome to divide by, the ^ is 
often omitted in practice, and the content in feot divided 
only by the 272. 

All works, whether superficial or solid, are computed by 
the rules proper to the figure of them, whether it be a tri¬ 
angle, or rectangle, a jiarallelopiped, or any otlicr figure. 

o 2 
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III. BRICKLAYERS* WORK. 

Brickwork is estlmaicd at the rate of a brick and a half 
thick. So that if a wall be more or less than this standard 
thickness, it must be reduced to it, as follows: 

Multiply the superficial content of the wall by the number 
of half bricks in the thickness, and divide the product by 3. 

The dimensions of a building may be taken by measuring 
half round on the outside and half round on the inside; the 
sum of these two gives the compass of the ^mjlk to be multi¬ 
plied by the height, for the content of the mSierials. 

Chimneys are commonl}' measured as if they were solid, 
deducting only the vacuity from the hearth to the mantle, 
on account of the trouble of them. All windows, doors, &.c. 
are to be deducted out of the contents of the walls in which 
they are placed. 

The dimension!! of a common bare brick are, 84 - inches 
long, 4 inches broad, and thick ; but including the half 
inch joint of mortar, when laid in brickwork, every dimen¬ 
sion IS to be counted half an inch more, making its length 
9 inches, its breadth and thickness 3 inches. So tWt 
every 4 courses of projier brickwork measures just 1 fool or 
12 inches in height. 


EXAMPLES. 

Exam. 1. Ilow many yards and rods of standard brick¬ 
work are in a wall whose length or compass is 57 feet 3 
inches, and height 24 feet G inches; the wall being 2^ bricks 
or 5 half bricks thick ? Ans. 8 rods, 17^ yards. 

Exam. 2. Required the contenlipf a wall 62 feet 6 inches 
long, and 14* feet 8 inches high, and 2j bricks thick ? 

Ans. 169*753 yards. 

EIxam. 3. A triangular gable is raised 17^- feet high, on 
an end wall whose length is 24 feet 9 inches, the thickness 
being 2 bricks: required the reduced content.? 

Ans. 32-084- yards. 

Exam. 4. The end wall of a house is 28 feet 10 inches 
long, and 55 feet 8 inches high, to the eaves; 20 feet high 
is 24 bricks thick, other 20 feet high is 2 bricks thick, and 
the remaining 15 feet 8 inches is I 4 brick thick; above 
which is a triangular gable, of 1 brick thick, which rises 
42 courses of bricks, of which every 4 courses make a foot. 
What is the whole content in standard measure ? 

Ans. 253-626 yards. 
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IV. MASONS' WORK. 

To Masonry belong ail sorts of stone work; and the mea¬ 
sure made use of is a foot, either superficial or solid. 

Walls, columns, blocks of stone or marble, &c. arc mea¬ 
sured hy the cubic foot; and pavements, slabs, chimney- 
pieces, &c. by the su)3crficial or square foot. 

Cubic or soj^ measure is used for the materials, and sc^uarc 
measure for workmanship. 

In the solid measure, the true length, breadth, and thick¬ 
ness are taken and multiplied continually together. In the 
superficial, there must be taken the length and t>readth of 
every part of the projection which is seen without the general 
upright face of the building. 

EXAMPLES. 

Exam. 1. Required the solid content of a wall, 53 feet 
G inches long, 152 feel 3 inches high, and 2 feet thick ? 

Ans. 1310|. feet. 

Exam. 2. What is the solid content of a wall, the length 
l>eing 24 feet 3 inches, height 10 feet 9 inches, and 2 feet 
thick ^ Ans. 521*375 feet. 

Exam. 3. Required the value of a marble slab, at per 
foot; the length being 5 feet 7 inches, and breadth 1 I’oot 
10 inches? Ans. 4/. 1^. 10id. 

Exam. 4. In a chimney-piece, supjiose the 
length of tl)e mantle and slab, each 4 feet G inches 
breadth of both together - 3 2 

length of each jamb - - 4,4 

breodtli of both together - 1 9 

Required the superficial content ? Ans. 21 feet 10 inches. 


V. CARPENTERS’ AND JOINERS’ WORK. 

To this branch belongs all the wood-work of a house, 
such as flooring, partitioning, roofing, &c. 

Large and plain articles are usually measured by the 
square foot or yard, &c.; but enriched mouldings, and some 
other articles, arc often estimated by running or lineal mea¬ 
sure ; and some things arc rated by the piece. 

In measuring of Joists, take the dimensions of one joist, 
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and multiply its content by the numbo’ of them; oonsi^r* 
ing that each end is let into the wall about ^ of the tltick- 
ness, as it ought to be. 

PartUions are measured from wall to wall for one di¬ 
mension, and from floor to floor, as far as they extend, for 
Uie other. 

T%e measure of Centering Jbr Cellars is found by making 
a string pass over the surface of the arch for the breadth, 
and taking the length of the cellar for the length: but in 
groin centering, it is usual to allow double iflfeasure, on ac¬ 
count of their extraordinary trouble. 

In Roofings the dimensions, as to length, breadth, and 
depth, are taken as in flooring joists, and the contents com¬ 
puted the same way. 

In Floor-boarding, take the length of the room for one 
dimension, and the breadth for the other, to multiply to¬ 
gether for the content. 

For Stair-cases, take the breadth of all the steps, by making 
a line ply close over them, from the top to the bottom, and 
multiply the length of this line by the length of a step, for 
the wnole area.— By the length of a step is meant the length 
of the front and the returns at the twO ends; and by tlic 
breadth is to be understood the girts of its two outer sur¬ 
faces, or the tread and riser. 

For the Balustrade, take the whole length of the upper 
part of the hand-rail, and girt over its end till it meet the 
top of the newel-post, for the one dimension; and twice the 
length of the baluster on the landing, with the girt of the 
hand-rail, for the other dimension. 

For Wainscoting, take the compass of the room for the 

le dimension ; and the height fronkthe floor to the ceiling, 
making the string ply close into all the mouldings, for the 
other. 

For Doors, take the height and the breadth, to multiply 
them together for the area.—If the door be panneled on 
boUi rides, take double its measure for the workm^ship; 
but if one ride only be panneled, take the area and its half 
fop the workmansnip. For the Surroundwg Architrave, 
pit it about the uppermost part for its length; and measure 
over it, as far as it can be seen when the door is open, for 
the breadth. 

Windoto-shutters, Bases, &c. are measured in like manner. 

In measuring of Joiners* work, the string is made to ply 
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dose into all mouldings^ and to every part of the work over 
which it passes. 


EXAMPLES. 

Exam. 1. Reouirkd tlie content of a flwr, 48 feet G inches 
long, and 24 feet 3 inches broad ? Ans. 11 sep 7(3^ feet. 

Exam. 2. A floor being 36 feet 3 inches long, and 16 feel 
6 inches broad, how many s(|i]arcs arc in it ? 

Ans. 5 sq. 98^ feet. 

Exam. 3. How many squares are there in 173 feet 10 
inches in length, and 10 feet 7 inches height, of partitioning ? 

Ans. 18*3973 squares. 

Exam. 4. What cost the roofing of a house at 10^. 6d. 
a square; the length within the walls being 52 feet 8 inches, 
and the breadtli 30 feet 6 inches; reckoning the roof 4 of 
the flat? Ans. 12/. 12^. .11^’d. 

Exam. 5. To how much, at G^. per square yard, amounts 
the wainscoting of a room ; the height, taking in the cornice 
and mouldings, being 12 feet 6 inches, and the whole com¬ 
pass 83 feet 8 inches; also the three window-shutters are 
each 7 feet 8 inches by S feet 6 ^iiches, and the door 7 feet 
by 3 feet 6 inches; the dour and shutters, being worked on 
both sides, are reckoned work and half work ? 

Ans. 36/. 12jf. 2^1/. 


VI. SLATERS* AND TILERS’ WORK. 

In these artidcs, the content of a roof is found by mul¬ 
tiplying the length of the ridge by the girt over from caves 
to caves; making allowance in this girt for the double row 
of slates at the bottom, or for how much one row of slates 
or tiles is laid over another. 

When the roof is of a true pitch, that is, forming a right 
angle at top; then the breadth of the building, with its half 
added, is tne girt over l)oth sides nearly. 

In angles formed in a roof, running from the ridge to tlic 
eaves, wnen the angle bends inwards, it is called a valley; 
but when outwards, it is called a hip. 

Deductions are made for chimney shafts or window 
holes. 
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> RXAMFLES. 

Exam. 1. Required the content of a slated roof, the 
length being 45 feet 9 inches, and the whole 34 feet 
3 inches? Ans. 174^ yards. 

Exam. IS* To how much amounts the tiling of a house, 
at 25r. (id. per sejuare; the length l)eing 43 feet 10 inches, 
and the breadth on the Hat feet 5 inches; also the eaves 
projecting 16 inches on each side, and the roof of a true 
pitch ? Ans. 24/1 9 j. 8|d. 


VII. PLASTERERS' WORK. 

Plasterers’ work is of two kinds; namely, ceiling; which 
is plastering on laths; and rendering, which is plastering on 
wmls: which are measured separately. 

'I’hc contents are estimated cither by the foot or the yarti, 
or the square, of 100 feet. Enriched mouldings, ike. arc 
rated by running or lineal measure. 

Deductions are made for chimneys, doors, windows. See. 

EXAMl'LLS. 

Exam. 1. How many yards contains the ceiling which is 
43 feet 3 inches long, anci 25 feet 6 inches broad ? 

Ans. 1224 . 

Exam. 2. To how much amounts tlie ceiling of a room, 
at lOd. per yard ; the length Ix’ing 21 feet 8 inches, and the 
breadth 14 leet 10 inches? Ans. 1/. 8|d. 

Exam. 3. he length of a room is 18 feet 6 inches, the 
breadth 12 feet 3 inches, and height 10 feet 6 inches; to 
liow much amounts the ceiling and rendering, the former at 
8J. and the latter at 3d. per yar<l; allowing for the door of 
7 feet by 3 feet 8, and a fire-place of 5 feet sejuare ? 

Ans. 1/. 13tf. S^d. 

Exam. 4. Required the quantity of plastering in a room, 
the length being 14 feet 5 inches, breadth 13 feet 2 inches, 
and height 9 feet 3 indies to the under side of the cornice, 
which girts 8J- inches, and projects 5 inches from the wall 
on the up|x;r part next the ceiling; deducting only for a 
dqpr 7 feet by 4 ? 

Ans. 53 yards 5 feet 3i inches of rendering 
18 5 6 of ceiling - 

39 of cornice. 
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VIII. PAINTERS’ WORK. 

Painters’ work is ccmiputed in square yards. Every part 
is measured where the colour lies; and the measuring line is 
forced into all the mouldings and corners. 

Windows are done at so much a piece. And it is usual to 
allow double measure for carved mouldings, &c. , 

EXAMPLES. 

Exam. 1. How many yards of painting contains the room 
which is 65 feet 6 inciies in compass, and lii feet 4 inches 
high ? Ans. yards. 

Exam. 2. The length of a room being 20 feet, its breadth 
14 feet 6 inches, and height 10 feet 4 inches; how many 
yards of painting arc in it, deducting a fire-place of 4 feet 
by 4 feet 4 inches, and two windows each 6 feet by 3 feet 

2 inches ^ Ans. 73^ yards. 

Exam. 3. Wiiat cost the painting of a room, at 6df. per 
yard; its length being 24 feet 6 inches, its breadth 16 leet 

3 inches, and height 12 feet 9 inches; also the door is 7 feet 
by 3 feet 6, and the wiiiSow-shutters to two windows each 
7 feet 9 by 3 feet 6*; but the breaks of the windows them¬ 
selves are 8 feet 6* inches high, and 1 foot 3 inches deep; in¬ 
cluding also the window cills or scats, and the soffits above, 
the dimensions of whicti arc known from the other dimen¬ 
sions : but deducting the fire-place of 5 feet by 5 feet 6 ? 

Ans. SI, Ss, lO^d. 


IX. GLAZIERS’ WORK. 

Glaziers take their dimensions, either in feet, inches, 
and parts, or feet, tenths, and hundredths. And they com¬ 
pute their work in scpiare feel. 

In taking the length and breadth of a window, the cross 
bars between tlie squares are included. Also windows of 
round or oval forms are measured as st^uare, measuring them 
to their greatest length and breadth, on account of the waste 
in cutting the glass. 


EXAMPLES. 

Exam. 1. How may square feet contains the window 
which is 4 25 feet long, ana 2*75 feet broad ? Ans. 11^. 
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3Bxam. 3. What will the glazing a triangular sky-light 
come to, at lOd. per foot; the base being 13 feet G inches, 
and the perpendicular height 6 feet 9 inches ? 

Ans. 1/. 15s. )|d. 

Exam. 3, There is a house with three tiers of windows, 
three windows in each tier, their common breadth 3 feet 11 
inches: 

now the height of the first tier is 7 feet 10 inches 
of the second G B 

of the third 5 4 

Required the expense of glazing at 14d. j>er fiKit r 

Ans. 13/. Hi'. lOlil. 

Exam. 4. Required the cxjicnsc of gla/ing the windows 
of a house at IGc/. a foot; there being three stories, and tiuec 
windows in each story : 

the height of the lower tier is 7 feet 9 inches 
of the middle 6 6’ 

of the u]>pcr 5 3 ^ 

and of an oval window over the door 1 loa¬ 
the common breadth of all the windows lulng 3 feet 
9 inches.? Ans. VZ/. os. (>//. 


X. PAVERS’ WORK. 

Pavers’ work is clone by the square yard. And the 
content is found by tnuUi[)lying the length by the breadth. 

EXAMPLES. 

Exam. 1. What cost the paving a foot-path, at 3s. 4c/. a 
yard ; the length being 35 feet 4 inches, and breadth B feet 
3 inches ? Ans. 5/. 7s. 11 {^ci. 

Exam. 2. What cost the paving a court, at 3s. 2c/. |>cr 
yard; the lengtli being 27 feet 10 inches, and the breadth 
14 feet 9 inches? Ans, 71, 4s. 5^ 

Exam. 3. What will be the expense of paving a rectan¬ 
gular court-yard, whose length is 63 feet, ,ancJ breadth 45 
f^t; in which there is laid a foot-path of 5 feet 3 inches 
brexid, running the whole length, with broad stones, at Ss. 
a yard; the rest being paved with riebblcs at 2s. 6d. a yard ? 

Ans. 40/. 5s. lO^d. 
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XI. PLUMBERS’ WORK. 

Plumbers'* work is rated at so much a pound, or else by 
the hundred weight of 112 ix>unds. 

Sheet lead, used in roonng, ^ttcring, &c. is from 6 to 
lOlb, to the square foot. And a pipe of an ingh bore is 
commonly 13 or 141b. to the yard in length. 

EXAMPLES. 

blxAM. 1. How much weighs the lead which is 39 feet 
6 inches long, and 3 feet 3 inches broad, at 8^lb. to the 
square foot ? Ans. 1091-i^Ib. 

Exam. 2. What cost the covering and guttering a roof 
with lead, at IBs. the cwt.; the length of the roof being 43 
feet, and breadth or girt over it 32 feet; the guttering 57 
feet long, and 2 feet wi(U>; the former 9’83llb, and the 
latter 7 3731b. to the s(|[uare foot? Ans. 115/. 9s. 


XII. TIMBER MEASURING. 

PROBLEM I. 

To Jind the Arca^ or Swperjicial Content^ of a Board or 

Piank. 

Multiply the Icnrth by the mean breadth. 

Note. When the board is tapering, add the breadths at 
the two ends together, and take half the sum for the mean 
breadth. Or else take the mean breadth in the middle. 

By the Sliding Buie, 

Set 12 on b to the breadth in inches on a ; then against 
the length in feet on b, is the content on a, in feet and 
fractional parts. 


EXAMPLES. 

Exam. 1. What is the value of a plank, at l^d. per foot, 
whose length is 12 feet 6 inches, and mean breadth 11 
indies ? Ans. If. 5d, 
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j Exam. S. Required the csontcnt of a board, whose length 
is 11 feet ^ inches, and breadth 1 foot 10 inches ? 

Ans. SO feet 5 inches 8". 


Exam. 3. What is the value of a plank, which is IS fiK?t 
9 inches long, and 1 foot 3 inches broad, at %yi. a foot ? 

Ans. Ss, Qld, 

Exam. 4. Required the value of 5 oaken planks at 3d. 
per foot, each of them being 17i leet long; and their several 
breadths as follows, namely, two of 13*- inches in the middle, 
one of 14*- inches in the middle, and the two remaining 
ones, each 18 inches at the broader end, and 11^ at the 
narrower? Ans. 1/. 5s. 9id. 


PROBLEM II. 

To Jind the Solid Content of Squared or FouT'^nded Timher. 

Multiply the mean breadth by the mean thickness, and 
the product again by the length, for the content nearly. 

By the Sliding Rule. 

c I> I) ( 

As length : 12 or 10 ; : quarter girt : solidity. 

That is, as the length in feet on c, is to 12 on i», wlien 
the quarter girt is in inches, or to 10 on d, when it is in 
tentlis of feet; so is the quarter girt on d, to the content 
on c. 

N'ofc 1. If the tree taper regularly from the one end to 
the other; either take the mean breadth and thickness in 
the middle, or take the dimensions at the two ends, and half 
their sum will be the mean dimensions: which multiplied as 
above, will give the content nearly. 

2. If the piece do not taper regularly, but be unequally 
thick in some parts and small in others; take several dif¬ 
ferent dimensions, add them all together, and divide their 
sum by the number of them, for the mean dimensions. 

EXAMPLES. 

Exam. 1. The length of a piece of timber is 18 feet 
G inches, the breadths at the greater and less end 1 foot 
6 inches and 1 foot 3 inches, and the thickness at the greater 
and less end 1 foot 3 inches and 1 foot; required the solid 
content ? Ans. 28 feet 7 inches. 
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Exam. 3. What is the content of the piece of timber, 
whose length is 244 and the mean breadth and thick- 
ness each 1*04 feet ? Ans. 26^ feet. 

Exam. 3. Required the content of a piece of limber, 
whose length is 20*38 feet, and its ends unequal squares, the 
side of the greater being 19J- inches, and the side of the less 
9j- inches ? Ans. 29*7562 feet. 

Exam. 4. Required the content of the piece of timber, 
whose length is 27*36 feet; at the greater end the breadth 
is 1 *78, and thickness 1 *23; and at the less end the breadth 
is 1*04, and thickness 0*91 feet.'* Ans. 41*278 feet. 

PROBLEM III. 

To find tlic Solidity of Round or Unsquared Timber. 

Multiply the square of the quarter girt, or of ^ of the 
mean circumference, by the length, for the content. 

By the Sliding Rule. 

As the length U|x>n c : 12 or 10 upon D : : 
quarter girt, in 12ths or lOths, on d : content on c. 

N^otc 1. IV^hcn the tree is tapering, take the mean dimen¬ 
sions as in the former problems, either by girting it in the 
middle, for the mean girt, or at the two ends, and taking half 
the sum of the two; or by girting it in several places, then 
adding all the girts together, and dividing the sum by the 
number of them, for the mean girt. But when the tree is 
very irregular, divide it into several lengths, and find the 
content of each part separately. 

2. This rule, which is commonly used, gives the answer 
about ^ less than the true quantity in the tree, or nearly 
what the quantity would be, after the tree is hewed square 
in the usual way : so that it seems intended to make an 
allowance for the sciu'uring of the tree. 

On this subject, however, Hutton^s Mensuration, part v. 
sect. 4, may be advantageously consulted. 

EXAMPLES. 

Exam. 1. A piece of round timber being 9 feet 6 inches 
long, and its mean quarter girt 42 inches; what is the 
content.? Ans. 116f feet. 

Exam. 2. The length of a tree is 24 feet, its girt at the 
thicker end 14 feet, and at the smaller end 2 feet; reouired 
the content ? Ans. 96 feet. 
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Exam. d. What is the content of a tree whose menu 
girt is 3*15 feett and length 14 feet 6 inches? 

Ans. 8*9922 feet. 

Exam. 4. Rmuired the content of a tree, whose length 
is 174^ feet, which girts in five different places as follows, 
namely, in the first place 9*43 feet, in the second 7*92, in 
the thii^ 3*15, in the fourth 4*74, and in the fiAh 3*16.^ 

Ans. 42*519525. 


PRACTICAL EXERCISES IN MENSURATION. 

Quest. 1. What difference is there between a floor 28 
feet long by 20 broad, and two others, each of half tlic 
dimensions; and what do all three come to at 455. per 
square, or 100 square feet? 

Ans. dif. 280 sq- feet. Amount 18 guineas. 

Quest. 2. An elm plank is 11 feet 3 inches long, and 1 
would have just a square yard slit off it; at what distance 
from the edge must the line be struck f Ans. 7 J -y inches. 

Quest. 3. A ceiling contains 114 yards 6 feet of plaster- 
tog, and the room is 28 feet broad; what is the lengtn of it f 

Ans. 36^ feet. 

Quest. 4. A common joist is 7 inches deep, and 2^ 
thick; but 1 want a scantling just as big again, that shall 
be 3 inches thick ; what will the other dimension be ? 

Ans. 114 inches. 

Quest. 5. A wooden trough cost me 3s. 2d. painting 
within, at 6d. per yard; the length of it was 102 inches, 
and the depth 21 inches; what was the width ? 

Ans. 274 inches. 

Quest. 6. If my court-yard be 47 feet 9 inches s(j[uare, 
and 1 have laid a foot-path with Purbeck-stoiie, of 4 feet 
wide, along one side of it; what will paving the rest with 
flints come to, at Gper square yard ? Ans. 51. 16%. O^d. 

Quest. 7. A ladder, 36 feet long, may be so planted, 
that it shall readi a window 30*7 feet from the ground on 
one side of the street; and, by only turning it over, without 
moving the foot out of its place, it will do the same by a 
window 18*9 feet high on the other side: what is the breadth 
of the street P Ans. 50*984 feet. 

Quest. 8. The paving of a triangular court, at 18d. per 
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foot, came to 1001.; the longest of the three sides was 
88 feet; required the sum of the other two equal sides? 

Ans. 10'685 feet. 

Quest. 9. The perambulator, or surveying wheel, is so 
contrived, as to turn just t wice in the length of a pole, or 
IGi- feet; required the diameter ? Ans. ^*626 feet. 

Quest. 10. In turning a one-horse chaise within a ring of 
a certain diameter, it was observed, that the outer wheel 
made two turns, while the inner made but one: the wheels 
were both 4 I'cet high ; and, supposing them fixed at the 
statutable distance of 5 feet asunder on the axle-tree, what 
was the circumference of the track described by the outer 
wlioel ? Ans. 62*832 feet. 

Quest. 11. What is the side of that equilateral triangle, 
whose area cost as much paving at Sd. a foot, as tlie p^i- 
sading the three sides did at a guinea a yard ? 

Ans. 72*746 feet. 

Quest. 12 . A roof, which is 24 feet 8 inches by 14 feet 
6 inches, is to be covered with lead at 81b. per square foot: 
what will it come to at 18s. per cwt. ? Ans. 22/. 19^. lO^d. 

Quest. 13. Having a rectangular marble slab, 58 inriies 
by 27, I would have a square foot cut off parallel to the 
shorter edge; I would then have the like quantity divided 
ii'om the remainder parallel to the longer side; and this 
alternately repeated, till there shall not be the quantity of 
a fi>ot left: what will be the dimensions of the remaining 
piece ? Ans. 20*7 inches by 6*08^ 

N. B. This question may be solved neatW by an alge¬ 
braical process, as may be seen in the Ladies' lliary for 1823. 

Quest. 14. Given two sides of an obtuse-angled triangle, 
which are 20 and 40 poles; required the third ride, that the 
triangle may contain just an acre of land P 

Ans. 58-876 or 23-099. 

Quest. 15. How many bricks will it take to build a wall, 
10 feet high, and 500 feel long, of a brick and half thick; 
reckoning the brick 10 inches long, and 4 courses to the 
foot in height.'* Ans. 72000. 

Quest. 16. How many bricks will build a square pyramid 
of 100 feet on each side at the base, and also 100 feet per¬ 
pendicular height: the dimensions of a brick being supposed 
10 inches long, 5 inches broad, and 3 inches thick ? 

Ans. 3840000. 

Quest. 17. If, from a right-angled triangle, whose base 
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is 19, ancl perpendicular 16 feet, a line Ik drawn pamUel tt) 
the perpendicular, cutting off a triangle wliosc area is 94 
square tWt; required the sides of this triangle ? 

Ans. 6, 8, and 10. 

► . . 

Quest. 18. If a round pillar, 7 inches across, have 4 feet 

of stone in it; of what diameter is the column, of equal 
length, that contains ID times as much ? 

Ansi 99* 136 inches. 

Quest. 19. A circular fish-pond is to be made in a gar¬ 
den, that shall take up just half an acre ; what must be the 
len^h of the cord tliat strikes the circle ? Ans. 27| yanls. 

Quest. 20. Wlien a roof is of a true pitch, the rafters 
are ^ of the breadth of the building: now supposing the 
€?aves-boards to project 10 inches on a side, what will the 
new ripping a house cost, that measures 32 fcc*t 9 inches 
long, oy 22 feet 9 inches broad on the flat, at 155. per 
square.^ Ans. 8/. 155. d[(l 

Quest. 21. A cable, which is 3 feet long, and 9 inches 
in compass, weighs 22ib.; what will a fathuni of that cubic 
weigh, which measures a ftx>t round? Ans. 78*lb. 

Quest. 22. A plumber has put 28lb. square fix)! 
into a cistern, 74 inches and twice the thickness of the lead 
long, 26 inches broad, and 40 deep; he has also put three 
stays across it within, 16 inches deep, of llie same strength, 
and reckons 225. per cw t. for work and materials. A mason 
has in return paved him a worksliop, 22 feet 10 indies 
broad, with Purbcck stone, at 7<1. per foot; and upon the 
lialance finds there is 3.9. 6d. due to the plumber; what was 
the length of the workshop, supjiosing slieet lead -jV of an 
inch thick to weigh 5'899lbs. jKr foot ? Ans. 32*2325 feet. 

Quest. 23- The distance of the centres of two circles, 
whose diameters are each 50, being ^ven, ecjual to 30; what 
is the area of the space inclosed by their circumferences ? 

. Ans. 559*119- 

' Quest. 24. If 20 feet of iron railing weigh half a ton, 
when the bars are an inch and quarter square; w'hat will 50 
feet come to at 34d. per lb., the bars being but ^ of an inch 
square ? Ans. 20/. O 5 . Sid. 

Quest. 25. It is required to find the thickness of the 
lead in a pipe, of an inch and quarter bore, which weighs 
141b. per yard in length; the cubic foot of leatl weighing 
11325 ounces P Ajas. *20737 inchc.s. 

Quest. 26. Supposing the expense of paving a seinicir- 
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cular plot, at 2s» 4>d. per foot, come to 10/.; wliat is the 
diameter of it Ans. 14*7737 feet. 

Quest. 27. What is the length of a chord which cuts off 
-j- of the area from a circle whoso diameter is 289 ^ 

Ans. 278*6716*. 

Quest. 28. Mv plumber has set me up a cistern, and, his 
shop-book being burnt, he has no means of bringing in the 
charge, and 1 do not choose to take it down to have it 
weighed ; hut by measure he finds it contains 64^^ square 
feet, and that it is precisely i of an inch in thickness. Lead 
was then wrought at 21. per fother of 19i- cwt. It is 
required from these items to make out the bill, allowing 
6|- oz. for the weight of a cubic inch of lead ? 

Ans. 4/. 115. 2d. 

Quest, 2^). What will the tliameter of a globe Ire, when 
the solidity and superficial coiUent arc expressed by the 
siime number r Ans. 6, 

Quest. 30. A sack, that wouhl ludil 3 bushels of corn, 
is 22^- inches broad when empty ; what will aiiotlicr s;»ck 
contain, which, being of the same length, has twice its 
breadth or cirenmfercjice ? Ans. 12 bushels. 

Quest. SI. A carpenter is to put an oaken curb to a 
round well, at 8d. per foot square; the breadth of the curb 
is to be 8 inches, and the ciiaincter within 3^ feet: what 
will be the expense ? Ans. Ga'. 6*c/. 

Quest. 32. A gentleman has a garden 100 feet long, and 
80 feet broad; and a gravel walk is to be made of an equal 
width half round it: what must the breadth of the walk Ix', 
to take up just half the ground ? Ans. 25*968 feet. 

Quest. 33. The to]> of a may-pole, being broken off by 
a blast of wind, struck the ground at 15 feet distance from 
the f(X)t of the pole; what was the height of the whole may- 
pole, supposing the length of the broken piece to be 39 
feet.? Ans. 75 feet. 

Quest. 34. Seven men liought a grinding-stone of 60 
inches diameter, each paying part of the expense; what 
part of the diameter must each grind down for his share ^ 
Ans. the 1st 4-4508, 2d 4 8400, 3d 5*3535, 4th 6*0765, 
5th 7*2079, 6th 9*39.13, 7th 22*6778 inches. 

Quest. 35. A maltster has a kiln, that is 16 feet 6 inches 
square: but he wants to pull it down, and build a new one, 
that may dry three times as much at once as the old one; 
what must be the length of its side? Ans. 28 feet, 7 inches. 

VOL. It. H 
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Qu£st. iJG. How ninny 3 inch cuIk'R may be cut out of a 
12 inch cube? A ns. 64. 

Quest, 37. How long must ihc lethcr of a horse be, that 
will allow him to graze, (juite oi'ouni), just an acre of 
ground ? Ans. 391 yards. 

Quest. What will the painting of a conical spire 
come to at S(L per yartl; supposing the height to be 118 
feet, and the circumference of the bast* Ol feet? 

Ans, 11/. ()>. Hid. 

Quist. 39. The diameter of a standard corn bushel is 
18! inches, and its depth 8 uiehe.s; then what must the 
diameter of tliat busliel be, whoso depth is 7', inelics ^ 

Ans. 19'1067 inches. 

Quest. l-O. Suppose die bail on the lop of St. Paul’s 
ehureh i.s 6 feet in tliamcter ; w hal liid the gilding of it cost 
at S* |H*r stpiarc inch ? Ans. 237/. 10^. Id. 

Quest. 41. What will a frustum of a marble cone come 
to at 125. per solid foot; the diameter of the greater end 
being 4 1‘eet, that of the less end ll, and the lengtli of the 
slant side 8 feet? Ans. 30/. Is. 10i(/. 

QtTESJ, 42. To divide a cone into three equal parts by 
sections parallel to the ba.se, and to find the altitudes of the 
three parts, the height of the whole c<iik‘ being 20 inches.^ 

AH'., the upper pari 13’867 
die mitldlc part 3*60.5 
the lower part 2*528 

Quest. 43. A gentleman has a bowling-green, 300 feet ' 
long, and ^K) feet liroad, which he would rai.se 1 foot higher, 
by means of the earth to be dug out of a ditch that goes 
round it: to what depth must the ditch be dug, supposing 
its breadth to be every where 8 feet ? Ans. 7^| feet. 

Quest. 44. How high alxive the earth must a person be 
raised, that he may sec y of its surface ? 

Ans. to the height of the earth’s diameter. 

CjiTF.ST. 45. A cubic foot of brass is to be drawn into wire 
of of an inch in diameter ; what will the length of the 
wire lie, allowing no loss in the metal 't 

Ans. 97784*797 yard.s, or 55 miles 984*797 yards. 

Quest. 46. Of whaf diameter must the bore of a cannon 
be, which is cast for a ball of 24<lb. weight, so that the dia¬ 
meter of the bore may be of an inch more than that of 
the ball ? Ans 6*647 inches. 
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Quest. 47. Supposing the diameter of an iron 9lb. ball to 
be 4 indies, as it is very nearly ; it is reejuired to find the 
diameters of the several balls weighing 1, 2, 3, 4, 6, 12, 
18, 24, 32, 3G, and 421b., and the calibre of their guns, 
allowing-f'c, of the calibre, or ^^^y-ofthe ball’s diameter, for 
windage. 

Answer. 


\V(. 

ball. 

Diameter 

hall. 

Cali fire 
-un. 

1 

1 -9230 

1 *0022 

1 > 

2-4228 

2'4 7 2.3 


2-773 1 ! 2S30I 

! 4 

3-v);)20 

3-11 19 


3-4‘>13 

3 0 0.50 

1 1) 

4'0()tl<) 

4-0810 

i 

I-1020 

4 1921 

' IS 

r>-03!>r 

.» 142.5 

21 

.‘i-.l 100 

.5 0001 

32 


(>•2297 

30 

0-3190 

0 1792 

42 

0 OS ! 1 

0-S..'l)S 


Quest. 48. Supposing tlie windage of all mortars to be 
/o of the calibre, and the diameter ol'the hollow part of the 
shell to be oi the calibre of the mortar: it is recpilred to 
deteriiiine the diameter and weight of the sliell, and tlie 
(luantit) or weiglit of powder requisite to fill it, ff>r each of 
tne several sorts of mortars, namely, the 13, 10, 8, 5*8, and 
4 () inch mortar. 

Answer. 


Calib. 

mort. 

Diamt-ter 

ball. 

\Vt. shell 
empty. 

Wt. uf 
powder. 

\Vi. sliell 
fillf vl. 

4 6 

4 ■523 

’ 8*320 

0*583 

8-903 

5-8 

5-703 

10 077 

M08 

17 845 

8 

7-807 

43-764 

3 005 

40 829 

10 

9833 

85*476 

5*980 

91-102 

13 

12*783 

J 87791 

13-151 

200-942 
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Quest. lO- If a licavy splicrc, whose diameter is 4 inches, 
lie let fall into a conical glass, full of water, whose diameter 
is o, and altitude 6 inches; it is re([uired to determine how 
much water will run over? 

Ans. 26‘S72 cubic inches, or near .parts of a pint. 

Quest. 50. The dimensions of a sphere and cone being 
the same as in the last question, and the cone only ^ full of 
water; required what part of the axis of the sphere is im¬ 
mersed in the water ? Ans. '546 parts of an inch. 

Quest. 51. The cone being still the same, and full of 
water; requiretl the diameter of a sphere which .shall be iust 
all covered by the water ? Ans. 2'44'51)9G iiiciie.s. 

Quest. 5^. If a ixirsorn with an air balloon, a.sccnd ver¬ 
tically from London, to such height that he can just see 
Oxford ap|>ear in the horizon; it is required to determine 
his height above the earth, suppxsing its circumference to 
be 25000 miles, and the distance between London and 
Oxford 4^)*5906 miles ? 

Alls. V?s'f'c of ^ mile, or 547 yards 1 foot. 

Quest. 5^5. In a garrison there are three remarkable ol)- 
jects, A, B, c, the distances of w'hich from one to another 
are known to be, ab 213, ac 421, and bc 202 yards; I 
am desirous of knowing my position ami distance at a place 
or station h, from whence I observed the angle asb 13® 3(f, 
and the angle csb 29® 50', both by geometry and trigo- 
mmietrv. 

Answer. 

605-7122, 
ns 429*6814, 

cs 524'2665. 



Quebt. 54. Required the same as in the last question, 
when the point b is on the other side of ac, supposing 
AB 9, AC 12, and bc 6 furlongs; also the angle asb 33® 4^ 
and the angle bsc 22® 30'. 

Answer. 

AS 10*64, 

Bs 15'64, 

vH 14 01. 



Quest. 55. It is required to determine the magnitude of 
a cube of gold, of iJic standard fineness, which shall be 
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equal to a sum of 900 millions of pounds sterling; supposing 
a guinea to weigh 5 dwts 9^ grains. Ans. 23*549 feet. 

Quest. 56 . The ditch of a fortification is 1000 feet long, 
9 feet deep, 20 feet broad at bottom, and 22 at top; how 
much water will fill the ditch ? 

Ans. 1158127 gallons nearly. 

Quest. 57. If the diameter of the earth Ikb 7930 miles, 
and tliat of the moon 2160 miles: required the ratio of their 
surfaces, and also of their solidities ; supposing them bodi to 
be globular, as they arc very nearly ? 

Ans. the surfaces are as ISj to 1 nearly ,; 
and the solidities as 494 ^ nearly. 


D 



Qi:est. 58. Let abc be the profile, or j^rpendicular sec¬ 
tion of a breast-work, and ep that of the ditch. Now, sup- 
jx}sc the area of the section abc is 88 feet, the depth of the 
ditch Ri) 6 feet, er = so = 3 feet; what is the breadth of 
the ditch at top when the sections of the ditch and the 
breast.wojk are equal; that is,wheij the earth thrown out of 
the ditch is sufiicient to make the bieust-work ? 


CONIC SECTIONS. 


DEFINITIONS. 


1. Conic Sections arc the figures made by a plane cut¬ 
ting a cone. 

2. According to the different jwsitions of the cutting 
plane there arise five different figures or sections, namely, 
a triangle, a circle, an ellipsis, an hypcrlwla, and a jwrabola:, 
the three last of which only arc peculiarly called Conic 
Sections. 
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CONIC' SECTIONS. 


3. If the cutting plane pass through 
the vertex of the' cone, and any part of 
the base, the section will evidently be a 
triangle; as vAit. 


4. If the plane cut the cone }>arallel to 
the base, or make no angle with it, the 
section will be a circle; as ahi>. 


5. The section d.\b is an ellipse 
when the cone is cut obliquely through 
both sides, or when the platie is in¬ 
clined to the base in a less angle than 
the side of the cone is. 


(>. The section i.s a iiarabolu. when 
the cone is cut by a plane parallel to 
the side, or when the cutting plane anti 
the side of the cone make etjual angles 
with the l>ase. 


7. The section i.s an hyperbola, w’hen 
the cutting plane makes a greater angle 
with the base than the side of the cone 
makes. 


8 . And if all the skies of the cone 
be continued through the vertex, form¬ 
ing an opix>site equal cone, and the 
plane be also continued to cut the op¬ 
posite cone, this latter .section will be 
the opposite hyperbola to the former; 
a.s cine. 
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y. The Vertices of any sec^tion, are the {xiints where the 
cutting plane meets the opposite sides of the cone, or the 
sides of the vertical triangular section; as^A and b. 

Hence the ellipse and the opposite hyperl)olas, have each 
two vertices; but the parabola only one; unless we consider 
the other as at an infinite distance. 

10. The Axis, or Transverse Diameter, of a conic section, 
is the line or distance ab between the vertices. 

Hence the axis of a parabola is infinite in length, aO 
being only a part of it. 


FJlij }se. Hyperbolas. Parabola. 



11 . The centre c rs the middle of the axis. 

Hence the centre of a parabola is inhnitely distant from 
the vertex. And of an ellipse, the axi.s and centre lie within 
the curvi*; Init of an hyperbola, without. 

152. A Diameter is any right line, as au or nr., drawn 
through the centre, and tenninateil on each siilc by the 
curve; and the extremities of the diameter, or its iiilerset- 
tions with the curve, arc its vertices. 

Hence all the diameters of a parabola are parallel to the 
axis, and infinite in lent^th. Hence also every diameter of 
the ellipse and hyperbola lias two vertices; but of the para¬ 
bola, only one; unless we consuler the other as at an infinite 
distance. 

13. The Conjugate to any diameter, is the line drawni 
thraugh the centre, and parallel to the tangent of the cui*ve 
at the vertex of the diameter. So, fg, parallel to the tan¬ 
gent at D, is the conjugate to de; and hi, jiarallcl to the 
tangent at a, is the conjugate to ab. 

lienee the conjugate hi, of the axis ah, i.s perpendicular 
to it. 

14. An Ordinate to any diameter, is a line parallel to its 
conjugate, or to the tangent at its vertex, and terminated by 
the diameter and curve. So dk, ei-, are ordinates to llie 
axis Au; and mn, no, ordinates to.the diameter di.. 
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CONIC SECTION^. 


Hence the ordinates of the axis are pct'{)ondiculur to it. 

15. An Absciss is a part of uny-Aiametcr contained be¬ 
tween its vertex ajpd an ordinate to it; as ak or bk, or dn 
or EN. 

Hence, in the ellipse and hyperbtda, every ordinate has 
two determinate abscisses; but in the paral^la only one; 
the other vertex of the diameter being infinitely distant. 

16. The Parameter of any diameter, is a third proportional 
to that diameter and its conjugate, in the ellipse and hyber- 
bola, and to one absciss and its ordinate in the parabola. 

17. The Focus is the point in the axis where the ordinate 
is equal to half the parameter. As K and i., where dk or el 
is equal to the scmi>i)arameter. The name focus being given 
to this point from tlic peculiar pro|)erty of it mentioned in 
the corol. to theor. 9 in the Ellipse and Hyperbola following, 
and to theor. 6 in the Paraliola. 

Hence, the ellipse and hyperbola have each two foci; but 
the paralmla only one. 




IS. If DAE, F«G, be two opposite bv{)orbolas, having Ati 
for their first or transverse axis, anti ab for their second or 
coniugate axis. And W' dac^f be two other opjxisite hy¬ 
perbolas having the same axes, hut in the contrary order, 
namely, ah their first axis, and aii their second ; then these 
two latter curves doc, ore called the conjugate hyper¬ 

bolas to the two former dae, ebg ; and each pair of opposite 
curves mutually conjugate to the other; being all for con¬ 
venience of investigation referred to one plane, though they 
are only posited two and two in one plane; as will ap|>ear 
more evidently from the demonstration of th. 2. Ilyperljola. 

19. And if tangents Ik; drawn to the four vertices of the 
curves, or extremities of the axes, forming the inscribed 
rectangle uikl; the diagonals hck, icl, of this rectangle, 
are called the asymptotes of the curves. And if these asym¬ 
ptotes intersect at right angles, or the inscribed rectangle he 
a square, or the two axes a« and ab be cipial, then the hy- 
iKTHolas are said to be right-angled, or equilateral. 
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SCHOLIUM. 

The rectangle inscribed between the four conjugate hy- 
pcTl)olas, is similar to a rectangle circumscribed awut an 
cUifTsc, by drawing tangents in like manner, to the four ex¬ 
tremities of the two axes; and the asymptotes or diagonals 
in the hyperbola, are analogous to those in the ellipse, cut- 
tinj| this curve in similar points, and making that pair of 
conju^tc diameters which are equal to each other. Also, 
the whole figure formed by the four hyperbolas, is as it 
were, an ellipse turned inside out, cut open at the extre- 
mities, d, £, f, g, of the said e(]ual conjugate diameters, and 
those four points drawn out to an infinite distance; the cur¬ 
vature being turned the contrary way, but the axes, and the 
rectangle passing through their extremities, continuing fixed. 

And further, if there be four cones 
CMN, COP, CMP, CNO, having all the 
same vertex c, and all their axes in the 
same plane, and their sides touching or 
coinciding in the common intersecting 
lines Mco, ncp; then if these four 
cones be all cut by one plane, parallel 
to the common plane of their axes, there 
will be formed tne four hyperlwlas, Gga, 

FST, vKL, W'Hi, of whicl) cacli two op- 
)^)Ositcsarc equal; and each pair resembles 
the conjugates to the other two, as here 
in the annexed figure; but they arc not 
accurately the conjugates, except only 
when the four cones arc all equal, and then the four hyper¬ 
bolic sections arc all equal also. 
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OF THE ELLIPSE. 


THEOREM f. 


The Squares of the Ordinates of the Axis are to cacli otlici 
as the Rectangles of their Abscisses. 


Let AVB be a plane passing through 
the axis of the cone; agih another 
section of the cone pierpendicular to 
the plane of tlie former; a d the axis 
of this elliptic section; and fg, hi, or¬ 
dinates perpendicular to it. Then it 
will be, as fg- : hi* : : af . eu : ah . iin. 

For, through the ordinates fg, ui, 
draw the circular sections kgl, mix, 
parallel to the base'^of tlie cone, having kl, mx, for tlicir 
diameters, to which fc, hi, arc ordinates, as well as to the 
axis of the ellipse. 



Now, by the similar triangles afl, ahn, and bfk, bum, 

it is AF ; ah : ; fl : iiN, 
and FB : hb :: kf : mh ; 

hence, taking the rectangles of the corresponding terms, 
it is, the rect. af . fu : ah . iiB ; : kf . fl : mh . hn. 

But, by the circle, kf . fl = i and mh - iiS' = iii^; 
Therefore the reel, af . fb ; ah . his : : fg* : in'*, a. e. n. 


THEOREM II. 

As the Square of the ^’'ransverse Axis 
Is to the ^uarc of the Conjugate : 
So is the Rectangle of the Abscisses 
To the Square of their Ordinate. 



OK TJIK KLLll'&i:. 


lo-; 


That is, ab'^ : ah^ or 
AC*: oc' ; : av . db : de®. 


For, by iheor. 1, ac . cb : ai> . db ;: cfl* : de®; 

But, it c be the centre, then ac . cb = ac*, and ca is the 
semi-conjugate. 

Therefore ac? : ad . db : ; ac* : de ' ; 

or, by permutation, ac* : ac- :: ad . db : de* ; 
or, by doubling, ab» : ab^ :: ad . db : de*. u. e. d. 

Carol. Or, by div. ab : — : : ad . db or ca* — cd* : de-, 

^ All 

that is, AU : p : : AD . Dll or ca- — cd* : de*; 
where p is the parameter by the definition of it. 



That is, As the transverse, 

Is to its parameter. 

So is the rectangle of the abscisses, 
To the square of their ordinate. 


THEOREM in. 

As the Square of tlic Conjugate Axis : 

Is to the Square of the Transverse Axis :; 

So is the Rectangle of the Abscisses of the Conjugate, or 
the difference of the Squares of the Semi-conjugate and 
Distance of the Centre from any Ordinate of that Axis : 
To the Square of their Ordinate. 


That is, 

ca*: CB* ad . db or ca= — cd- : rfE*. 


For, draw the ordinate ed to the transverse ab. 

Then, by thcor, 1, ca- : ca* : : de- : ad . db or ca* — CD*, 

or - - - - - ca* : ca* : : cd- : ca* — dir. 

But - - - - crt* : ca* : ; ca- : ca*, 

theref. by subtr. ca* : ca* : : ca* — cd* ox ad . db : dx*. 

a. £. D. 
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CONIC SECTIONS. 


Carol, 1. If two circles Ixi clc.scribc'd on the two axes as 
diameters, the one inscribed within the ellipse, and the other 
circumsciibed about it; then an ordinate in the circle will 
be to the corresponding ordinate in the ellipse, as the axis of 
this ordinate, is to the other axis. 

That is, CA : ca : : DO : de, 
and ca i ch dg \ da. 

For, by the nature of the circle, ad . db = theref. 
by the nature of the ellipse, ca^ : ca'*:: ad . db or dg* • de ^ 

or CA ; ca dg de 

In like manner ca : ca dg dc. 

Also, by equality - dc : de or cd : : dE or dc : dg. 

Therefore ega is a continued straight line. 

Carol. 2. Hence also, as the ellipse and circle arc made up 
of the same number of corresponding ordinates, which arc 
all in the same proportion of the two axes, it follows that 
the areas of the whole circle and ellipse, as also of any like 
parts of them, are in the same pro{X)rtion of the two axes, 
or as the square of the diameter to tlie rectangle of the two 
axes; that js, the areas of the two circles, and ol the ellipse, 
are as the square of each axis and the rectangle of the two; 
and therefore the ellipse is a mean projwrtional between the 
two circles. 


THEOREM IV. 

The Square of the Distance of the Focus from the Centre, 
is equal to the Difference of the Squares of the Semi- 
axes. 

Or, the Square <>f the Di.staiu e betwx'cn the Foci, is equal to 
the Diflf'ercncc of the S<piarcs of the two Axes. 



For, to the focus f draw the ordinate fe ; which, by the 
definition, will be the semi-parameter. Then, by the naf.ure 
of the curve - - CA‘^ : ca^ ; : — cf* : 

atid Iw the dcf. of the para, ca'^ : ca* :: ca® : ; 

thererore - - ca® = ca® — cp®; 

and by addit. and subtr. < f* = ca® — r«®; 

or, by doubling, - ab‘ — ab^. q. e. d. 
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Cord. 1. The two semi-axes, and the focal distance from 
tlic centre, arc tlie sides of a right-angled triangle cf«; and 
the distance ¥a from the focus to the extremity of the con¬ 
jugate axis, is 1 = AC the seiiii-tranverse. 

Cord. 2. The conjugate semi-axis co is a mean propor¬ 
tional between af, fb, or between a/, y*B, the distances of 
either focus from the two vertices. 

Forcrt^ = CA- — cf2 = (CA -H cf) . (ca—cf) = af . fb. 


THEOREM V. 

The Sum of two lines drawn from the two Foci to meet 
at any Point in the Curve, is equal to the Transverse 
Axis. 


That is, 

FE -f-yi’ = AB 


For, draw ag parallel and equal to ca the semi-conjugate; 
and join c:g meeting tlie ordinate de in h ; also take ci a 
4th proportional to ca, cf, cd. 

Then by theor. 2, ca- : ag^ : : ca-' — cd- : de’ ; 
and, by sim. tri. ca*^ ag" ca’ cd’ ag’ — dh’ 
consequently de’ = ag“ — dh* = ca’ — dh’. 

Also, fd = CF CD, and fd’ = cf* — 2cf . cd + cd’; 
And, by right-angled triangles, fe’ = fd’ -f de’ ; 
therefore fe’ = cf’ -f ca’ — 2cf . cd + cd’ — dh’; 

But by theor. 4, cf* 4 - ca" = ca*, 

and hy supposition, 2cf . cd = 2ca . ci; 

there^ fe’ = ca’ — 2ca . ci -+• cd* — dh*. 

Again, by supp. ca* : cd’ :: cf’ or ca* — ag* : ci*; 
and, by sim. tri. ca* : cd’ : : ca’ — ag* cd® — dh®; 
therefore - ci“ = cd* — dh® 
consequently fe-’ = ca’ — 2ca . ci -J- ci’. 

And the root or side of this square*ls fe = ca — ci =: ai. 
In the same manner it is found thatyk = ca -f ci = Bi. 
Conseq. by addit. fe -f-yk = ai + bi = ab. q. e. d. 




110 


CONIC SECTIONS. 


Carol, 1. Hence ci or ca — fe is a 4tli proportional to 

CA, CF, CD. 

Corel, S. And J'k. — fe — 2ci; that is, the difference l>e- 
tween two lines drawn IVoni the foci, to any point in the 
curve, is double the 4th proportional to ca, cf, cd. 

Corol. S. Hence is derived the common metfjod of de¬ 
scribing this curve mechanically by points, or with a thread, 
thus: 

In the transverse take the foci F, jf, 
and any point l. Then with the radii 
Ai, ni, and centres y^J\ describe arcs 
intersecting in e, which will be a 
jK)int in the curve. In like manner, 
assuming other paints i, as many 
other points will be found in tlic 
curve. Then with a steady hand, the curve line may Ik? 
dra%vn through all ll»u |x>ints of intersec lion e. 

Or, take a thread of tlie lengtb ab of the transverse avis, 
and fix its two ends in the u)ci F,./’, by two pins. I’hen 
carry a |>en or pencil round by the tlireatl, keeping it always 
stretchetl, and its |M)int will trace out the curve line. 

THEOREM VI. 

If from any Point i in the Axis produced, a Line il be 
drawn touching the Curve in one Point l; and the Or¬ 
dinate LM be drawn ; and if c l>e the C'entre or Middle 
of AB: Then shall cm be to ci as the Stpiare of am to the 
Square of ai. 


That is, 

CM ; CI : : am® ai* 




For, from the point r draw any other line ieh to cut the 
curve in two points e and h ; from which let fall the perpen¬ 
diculars ED and uo; and bisect dg in k. 

Then, by theo. 1, ad . db : ag . ob : : de® : gh^, 
and by sim, triangles, id® : ig® : : de® : oh®; 
theref. by equality, ad . db : ag . gb :: id® . lo®. 

But DD = CB + CD = AC -f CD = AG-f DC — CG = ^CK -f-AG, 
and GB = CB — CO s* AC — CG = AD-j-DC sr Ca = !^CK + AD; 
theref. ad . 2ck q- ad .’ag : ag . 2ck + ad^ ao : : id® : iq®, 
and, by div. dg . 2ck : ig®--id® or dg . 2ik :: ad . 2ck 4 

AD . AG ID®, 
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or 2<’K ; Six : : ad 2ck -f- ad . ag id' 

or AD .2ck : ad . 2ik : ad . 2ck 4* ad ag id" 

thcrcf’. l)y div. rK : ix : : ad . ac; id-' — ad . 2ik, 

and, hy comp, ok : i»: : ; ad . ag id- — ad . id -f- ia, 

or - CK ; ci : : ad . ag ai-. 

Hut, when the line iii, hy revolving about tlie paint i, 
conicb into the pisitlon of’the tangent ii., then tlic points e 
and ii meet in the point Ly and llie points i>, k, g, coincide 
with the point .m ; and tlien the last projxirtion becomes 
CM : CT : : am" : ai-. q. e. d. 


THEOIIE.M VII. 


If a Tangent and Ordinate be drawn from any Point in the 
C’ur\ e, meeting the Transverse j\xls; llie Seini-transversc 
will be a Mean Proportional between tlie Distances of the 
said two Intersections from the Centre. 


Tiiat i'i, 

CA is a mean proportional 
between to anu ct; 
or C D, CA, CT, arc con¬ 
tinued proportionals. 



For, by theor d, cd : ct ; : ad^ : at- 


that is, 

CD ; 

CT 

(cA 

— cd)’ ; 

(CT — ca)®, 

or - 

CD : 

CT : 

CD- 

+ CA® : 

CA® 4- CT-, 

and - 

CD : 

DT 

CD* 

-f- CA-* : 

CT® —> CD®, 

or - 

c,D : 

DT 

CD- 

-j- CA® : 

(CT + CD)dT, 

or - 

CD"; 

CD 

DT : : 

CD-' -f CA® : (cd . DT) -f (CT , DT), 

hence 

CD®: 

CA- 

CD 

. DT : CT 

. DT, 

and - 

CD": 

CA® 

CD 

: CT. 



therefore (th. 78, Geom.) cd ; ca :; cA : ct. q. e. d. 

Carol. 1. Since ct is always a third proportional to cd, 
CA ; if the points d, a, remain Constant, then will the point 
T be constant also; and therefore all the tangents will meet 
in this point T, which are drawn from the point e, of every 
ellipse described on the same axis ab, where they are cut by 
the common ordinate dee drawn from the point d. 

Coral. 2. jlfben the outer ellipse, by enlarging, becomes 
a circle, as «ffthc upper figure at e, then by drawing et 
jicrp. to CE, and Joining t to the lower e, the tangent to the 
point E at the ellipse is obtained. 
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theorem VIII. 


If there he any Tangent meeting four Perpendiculars to tlte 
Ax is drawn from these four Points, namely, the Centri*, 
the two Extremities of the Axis, and th e Point of Contact* 
those four Perpendiculars will be Proportions. 



For, by theor. 7, TC ; ac : a c : nc, 

thcref. by div. ta : ad : tc : Ac or cis, 

and by comp. ta : td : tc : tb, 

and by sim. iri. ag ; de : cii ; ni. q. e. d. 

CoroL 1. Honce ta, tp, tc, tb > 

and TG, TK, TH, TO ’ ' 

For these are as ag, di*., cii, m, by similar triangles. 

Coroh 2. Draw ai to bisect de in p; then since 
TA : TE ; : TC : Ti, tlie triangles tae, tci are similar, ns well 
as the triangles aed, cm, and adp, abi. 

Hence - ad : de :: cb : bi 
and - AD : DP :: AB : BI 

DE : DP : : AB : OB 2:1; which sug¬ 
gests another simple practical method of drawing a tangent 
to an ellipse. 


theorem IX. 


If there be any Tangent, and two Lines drawn from the 
Foci to the Point of Contact; these two lines will make 
equal Angles with the Tangent. 



For, draw the ordinate de and fe parallel to fe. 

By cor. 1, theor. 5, ca ; cd ; : cf : ca - fe, 

and Iw theor. 7, ca : cd ; : ct : ca; 

thererore ct : cf :: ca : ca — fk ; 

and by add. and sub. tf : t/* : ; fe : 2ca — fe or fi£. by th, 5. 

But by sim, tri. tf : :: Fr '.fc\ 
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therefore yk = fe^ ancl conseq. lc — f^e. 

But because fe is parallel to fe, the ^ c ■= l fet ; 
therefore z. fet = Zyk^. q. e. d. 

Corol, As opticians find that the an^le of incidence is eqfual 
to the angle of reflection, it appears from this theorem, that 
rays of light issuing from the one focus, and meeting the 
curve in every point, will be reflected into lines drawn from 
those pPints to the other focus. So the rayyfe is reflected 
into FE. And this is the reason why the points are 

called theyoci, or burning points. 


THEOREM X. 

All the Parallelograms circumscribed about an Ellipse are 
equal to one another, and each equal to the Rectangle of 
the two Axes. 


That 


IS, 


the parallelogram i*qrs — 
the rectangle ai3 . ab. 



Let £<;, eg, be two conjugate diameters parallel to the 
sides of the parallelogram, and dividing it into four less and 
equal parallelograms. Also, draw the t>rdinates de, dc, and 
CK perpentlicLiiar to PQ ; and let the axis ca produced meet 
the sides of the parallelogram, produced if necessary, in t 
and t. 

Then, by theor. 7, CT 
and - - c/ 

theref. by equality, ct 
but, by siin. triangles, ct 
theref. by equality, td 
and the rectangle 
Again, by theor. 7, 
or, by division, 
and by composition, 
conseq. the rectangle 
But, hy theor. 1, 
therefore 


OA 

CA 

Ct 

Ct 

cd 


CA 

CA 

cd 

TD 


CD, 

cd ; 
CD; 

cd. 


cd : CD, 


or 


ID 
CD 
CD 
CD 
CD . 
CA“ : 
CA : 

ca : 


DC IS = the square cd^. 


CA 

CA 

DB 


CA : CT, 

DA : AT, 

AU : DT; 

DT = cd^ = AD . DB 

ca^ (ad . DB or) cd ^: de” 

ca cd : DE; 

DH CA : cd; 




* CoroL Because cd* = ad . db = ca» • cd®, 
therefore oa* = cd® -f- cd®. 

In like manner, ca® = de® -f d<® 

VOL. II. 
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By^ lb. 7, - : v \:; CA : cd, 

by'e<jiiality - : CA :: ca : OB, 

by sim. tn. - c< : ct :; de : de, 

tneref. by equality, ct : ca :: cii : dc. 

But, by sim. tri. ct : ck i: ce : de; 

theref.by equality, ck : ca :: crt : or, 

and the rectangle ck = ca ca. 

But the rect. ck cc = the parallelogram ceiy, 

theref. the rect. ca ca = the parallelogram cepc, 

conseq. the rect. ad ab = the parallelogram 


TIIEOEKM XI. 


The Sum of the Squares of every Pair of Conjugate Dia¬ 
meters, is equal to the same constant Quantity, namely, 
the Sum of the Stjuares of the two Axes. 


That is, 

AB® + o6* = EG^ -f Cff- y 

where eg, rgy arc any pair of con¬ 
jugate diameters. 


\ I 

N 




.\p- ly 


C 




“-r- 


)h 


For, draw the ordinates £o, cd. 


Then, by cor. to Theor. 10, ca"^ = 

and 

ca* = 

therefore the sum 

CA* 4- ca* = 

But, by right-angled 

AS, CE® = 

and 

c^;* = 

therefore the sum 

CE® 4- cc® = 

consequently 

CA* 4- ca® = 

or, by doubling, 

AB® 4- = 


CD- -h cd', 

DE^ 4- de '; 

CD* -}- DE* 4- cd- + deK 

CD^ -H DE’, 

c/i® + dc®; 

CD* + DE® -f cd® 4“ de^* 
CE® -f- ce^; ^ 

EG^ 4- eg^. Q. E. i). 


Note. AU these theorems in the Ellipse, and their demon¬ 
strations, arc the very same, word for word, as the corre¬ 
sponding number of those in the Hyperbola, next following, 
having only sometimes the word sum changed for the word 
difference. 
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OF THE HYPERBOLA. 


THEOREM I. 

The Squares of the Ordinates of the Axis are to each other 
as the Rectangles of their Abscisses. 

Let avb be a plane pasung 
through the vertex and axis of 
the opposite cones; aoih an> 
other section of them perpendi¬ 
cular to the plane of the former; 

AB the axis of the hyperbolic 
sections; and fg, hi, ordinates 
perpendicular to it. Then it will 
De, as FG°: :: af . fb : ah . un. 

For, through the •ordinates 
FG, Hi,draw the circular sections 
KGL, MIN, parallel to the base of 
the cone, having KL, mn, for their diameters, to which fq, 
HI, are ordinates, as well as to the axis of the hyperbola. 

Now, by the similar triangles afl, ahn, and bfk, bhm, 
it is AF : ah :: FL : hn, 
and FB : HD : : KF : mh ; 

hence, taking the rectangles of the corresponding terms, 
it is, the reel, af . FB : ah . hb :: kf . FL : mh . hn. 

But, by the circle, kf . fl = fg», and mu . hn = hi*; 
Therefore the rect. af . fb : ah . hb :; fg* : hi®. 

Q* £• 



THEOREM 11. 


As the Square of the Transverse Axis 
Is to the Square of the Conjugate 
So is the Rectangle of the Abscisses 
To the Square of their Ordinate. 


That is, AB® : g 6® or 
AC® : AC®:: ad . DB : de®. 
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CONIC SBCTIOMS. 


Par, by tlieor. I, ca . cb : ad . dd :: ca* : DE"; 

But, if c be the centre, then ac • cb = ac% and ca is the 

seaii<conj. 

Therefore Ac- : ad . db : : ac ^ de®; 

or, by l^rmutation, ac‘ : «c* ;: ad . db de*; 

t>r, by aoubling, ab" ; : ad . db de^, q. e. d. 

Coral. Or, by div. ab : — : : ad . db or CD‘— ca® : 

B 

that is, AB : : AD . db or CD'^ — ca- : de®} 


, • 1 , 
where p is tlie parameter — by 


the definition of it. 


That is, As the transverse. 

Is to its jiarameler. 

So is the rectangle of the abscisses. 
To the s(}uare of their ordinate. 


OtJu ncisCt thus: 


Let n continued plane, cut 
from the two opposite cones, the 
two mutually connected tinjxj- 
site hyperbolas hag, whose 
vertices arc a, a, and bases hg, 
h'X, parallel to each other, fall¬ 
ing m the planes of tlic two pa¬ 
rallel circles i,gk, /gk. 'I'hrougli 
c, the middle jioint of Aa, let a 
plane be drawn parallel to that 
of LGK, it will cut in the cone 
LVK a circular section wIiosa; 
diameter is mn ; to which circu¬ 
lar section, let c/ be a tangent at t. 



Tb|.*n, by siin. tri. I 
Acrn, afl S 
and, by .sim. tri. } 
acn, OFK 3 


AC . cm 
ac : cn 


\F FL. 
av : FK. 


AC . ca : cm . cn : : at . Ta : l.r . fk, 
or, AC® : : : AF . pa : fg'*. 

In like manner, for the opposite hyperbola 
AC» : ct^ :: a/ .fa :fgK 

Here c< is what is usually denominated the semi-conjugate 
to«the opjKisite hyperbolas uak, hak: but it is evidently not 
in the same plane with them. 



OF THE HTl'ERBOLA. 
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THEOREM III. 

Aft the Square of the Conjugate Axis 
To the Square of the Transverse Axis ; : 

The Sum of the Squares of the Semi-conjugate, and 
Distance of the Centre from any Ordinate of the Axis : 
The Square of their Ordinatew 

m 

That is, 

ca'^: CA* :; + cd* : 


For, draw the ordinate ed to the transverse ab. 

Tlieii, by theor. 1 , va^ : ca'* ;; de‘ ad . db or cd° — ca'^, 

or - - ca- ; ca^ :: cd^ dE- — ca^. 

But - - ca* : ca'^ : : (V/- ca*. 

tliercf. by comjxis. ca'’ : ca* :; ca* + cd*: dE*. 

In like manner, ca’ : car’ : : ca'’ + CD^ : DC®. d. e. d. 

Coroi, By the last theor. ca’’ : ca*:: cd® ca® : de®, 

and by this theor. ca* : ca® : CD® + ca® : Da’, 

therefore dl’ : Df-’ : CD® — ca® : CD’-f CA®. 

In like manner, Da-’: dK® : cd® — ca* : CD-’+ ca®. 

THEOREM IV. 

The Square of the Distance of the Focus from the Centre, 
is c(j[ual to the Sum of the Squares of the Semi-axes. 

Or, the Square of tlic Distance between the Foci, is equal to 
the Sum of the Squares of the two Axes. 

That is, 

CF® =3 CA® + ca’, or 
rj^ = AD* + a&®. 

For, to the focus p rlraw the ordinate fe ; whioli, by the 
definition, will be the semi-parameter. Tlieii, by the nature 
of the curve - ca' ; ca’ : : cf® — ca® : fe’; 

and by the def. of the para, ca* : ca-' :; ca® : fe®; 
therefore - - .ca® = cf* — ca®; 

and by addition . - cf-’ = ca® -f ca®; 

or, by doubling, - f/® = ab® -p ah*, a. e. d- 
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conic sftCTionii. 


* Cored, 1. The two semi-axes, and the focal^dutaoce fnmi 
the centre, are the sides of a right-angled triangle CAa; and 
the distance ao is =b cf the focal distance. 

Carol, 2, The conjugate semi-axis ca is a mean propor¬ 
tional between af, fb, or betwran a/, /b, the distances of 
mther focus from the two vertices. 

For ca* = cf* — ca* = (cf+ca) . (cp-ca) = af. fd. 


THEOBEM V. 

Hie DiflPerence of two Lines drawn from the two Foci, to 
meet at any Point in the Curve, is equal to the Transverse 
Axis. 


'Hiat is, 

yk - PB =x ab. 


Fop, draw ao parallel and e^ual to ca the semi-conjugate ; 
and join cg, meeting the ordinate de produced in ii; also 
take ci a 4th proportional to ca, cf, cd. 

Then, by th. 2, ca* : ag* : : cn^ — ca* ; de'*; 
and, by an. as, ca*: ag* :: cd* — ca* : dii* — ag*; 
consequently de* = dh* — ag* = dh* — caK 
Also, FD = CF CD, and fd ’ = cf-* — 2cp . cd -f- CD*; 
and, by right-angled triangles, fe* = fd* -f- de*. 
therefore fe» = cf- —.co* — 2cf . cd + cd* -|- dh*. 

But, by theor. 4, cf* — ca* = ca*, 
and, by supposition, 2cp . cd = 2ca . ci; 
theref. fe* = ca* — 2ca . ci + cd* + dh* ; 

Again, by suppos. ca* : CD® :: CF* or ca* 4 - AG*: ci®; 
and, by sim. tri. ca* ; cd^ :: ca* *f ag* : cd* -p dh* ; 
therefore - ci® = cd* + dh* = ch* ; 
consequently fe^ = ca® — 2ca . ci -f ci*. 

And the root or side of this square is fe = ci — ca = ai. 
In the same manner, it is found thatyk = ci -f- ca = bi. 
Conseq. by subtract. /b — fe = bi — ai = ab. q. e. d. 

Corai, 1. Hence ch =s ci is a 4th proportional to ca* cf, 

CD. 

Corol 2. And/E + fe =s 2ch or 2ci; oi^fe, ch,/b, are 
in ccaitinued arithmetical progression, the common difference 
being ca the semi-transverse. 




Oh THJfi llYrilRBOLA. 1J9 

Carol. 3. Ilcncc is derived the common method of de¬ 
scribing this curve mechanically by points, thus: 

In tne transverse ah, produced, take tlie foci F,y, and 
any point i. Then with the radii ai, bi, and centres F,y', 
describe arcs intersecting in E, which will be a point in the 
curve. In like manner, assuming other points i, as many 
other points will be found in the curve. 

Then, with a steady hand, the curve line may be drawn 
through all the points of intersection e. 

In the same manner arc constructed the other two or con¬ 
jugate hyperbolas, using the axis ab instead of ab. 


THEOREM VI. 


If from any Point i in the Axis, a Line IL be drawn touching 
the Curve in one Point l; and the Ordinate lm lx? drawn ; 
anti if c be the Centre or the Middle of ab: Then shall 
CM be to ci as the Sijuarc of am to the Square of ai. 


That is, 

CM : CI : : am“ 


AI'. 


Jl 






TT 


Tad^ 


Mica 


For, from the point i draw any line ieh to cut the curve 
in two points e and h ; from which let fall the perps. ed, iig ; 
and bisect ug in k. 

Then, by thcor. 1, ad . db : AO . gb : : DE*^: oh*, 
and by sim. triangles, id- : ig'^ :: de'^: gh''; 
theref. by equality, ad . dd : ag . gb :: id* : ig*. 

But D13 = CB 4- CD = CA+CD = CG-J-CD—AG = ScK — AG, 

and aB = CB + CG = ca+cg = ce + cd — ad = 2ck — ad ; 

theref. ad . 2ck — ad . ag ; ag . 2ck — ad . ag ;: id® : ig«, 
and, by div. dg , 2ck : ig® — id® or dg . 2ik :: ad . 2ck 

— AD . AG : ID* ; 

or - 2 ck : 2ik :: ad . 2ck — ad . ag : id® ; 

or ad . 2ck : ad . 2ik :: ad . 2ck — ad . ag : id*; 

theref. by div. ck : ik :: ad . ag ; ad . 2ik — id®, 

and, by div. ck : ci : : ad . ag ; id* — ad . (iD + ia), 

or - CK : CI ;: ad . AG : ai®. 

But, when the line ih, by revolving about the point i, 

comes into the position of the tangent il, then the jx)ints e 
and H meet in the point L, and the points d, k, g, coincide 
witli the point M; and then tlie last proiiurtioii becomes 
CM : ci . : am® ; Ai®. Q* E, ®. 




COKI€ SBCT10K8. 




THEOREM VII. 

If a Tangent and Ordinate be drawn from any Point in the 
Curve, meeting the Transverse Axis; the ^mi-transtcrsc 
will be a Mean Proportional between the Distances of the 
stud Two Intersections from the Centre. 



or - - CD : CT :: CD'' 4- ca' : ca® + ct', 

and - - CD : DT :: + ca® ; cd® — ct% 

or - - CD : DT :; CD* -f ca® : (CD + ct)i)T, 

or CD* CD . DT :: CD® + ca® : cd . dt + f'T . td: 
hence cd* ca* :: cd . dt : ct . td, 
and CD* CA* :: cd : ct, 

theref. (tb. T8, Geom.) cd : ca :: ca : ct, a. e. d. 

Carol. Since ct is always a third proportional to cd, ca ; 
if tlie points d, a, remain constant, then will the point t be 
constant also; and therefore all the tangents will meet in 
Uiis point t, which are drawn from the p>int E, of every 
hjrperbola described on the same axis ab, where they are cut 
the common ordinate dee drawn from the point m 


THEOREM VIII. 

If there be any Tangent meeting four Perpendiculars to 
the Axis drawn from these four Points, namely, the Cen¬ 
tre, the two Extremities of the Axis, and the Point of Con¬ 
tact ; those four Peri3endiculars will be Proportionals. 


That is, 

AU : DE :: CH : Bi. 


For, by theor. 7, tc : ao : : ac : dc, 

theref. by div. ta : ad ;: tc : ac or CB, 

and by comp. ta : td ;; tc : tr, 

and by sim, tri. ac : de :: ch : m. 



u. E. D. 
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CordL Hcncc ta. td, to, tb J proportionals, 

and TG, TE, TH, TI 3 . . 

For these are as ag, de^ ch, bi, by similar triangles. 

THEOREM IX. 

If there be any Tangent, and two Lines drawn from the 
Foci to the Point of Contact; these two Lines will make 
equal Angles with the Tangent. 


That is, 

the z FET = / fEe. 


For, draw the ordinate de, and Je parallel to fe. 

By cor. 1, thoor. 5, ca : cd :: cf : ca + fe, 

and l)v th. 7, ca : cd ;: ct : ca ; 

therefore - ct : cf : : ca : ca + fe ; 

and by add. and sub, tf : t/’ :: fe : 2ca + fe or fE by th. 5, 

Hut by siin. tri. tf : ; fe : fE ; 

therefore - fE = fe^ and conscq. £.0^ jL jfkem 

Hut, because fe is parallel to Je^ the £e= £ fet; 

therefore the £. fet = £fEc. q. e. d. 

Carol. As opticians find that the angle of incidence is ^ual 
to the angle of reflection, it appears, from this proposition, 
that rays of light issuing from the one focus, and meeting the 
curve in every point, will be reflected into lines drawn from 
the other focus. So the rayis reflected into' fk. And 
this is the reason why the points f, are called fociy or 
burning points. 



THEOREM X. 


All the Parallelograms inscribed between the four Conjugate 
Hyperbolas arc equal to one another, and each cqum to 
the Rectangle of the two Axes. 


That is, 

the parallelogram fqrs =: 
the rectangle ab . ab. 
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CONIC SECTIONS. 


Iket EG, egi be two conjugate diameters parallel to the sides 
of the po^lclogram, and diiriding it into four less and equal 
parallelograms. Also, draw the ordinates de, and CK 
perpendicular to to, ; and let the axis produced meet tlie sides 
of tne parallelograms, produced, if necessary, in t and t. 

Then, by theor. 7, ct : ca :: ca ; cn, 
and - - : CA :: CA cd; 

theref. by equality, ct : : : cd cd ; 

but, W sim. triangles, ct : ct :: td : cd, 
theref. by equality, td : cd :: cd cd, 
and the rectangle td . dc is = the square cd'~. 

Agtun, by theor. 7, cd : ca ca : ct, 
or, by diviaon. 


» 1 

But, by theor. 1, 

therefore 

or 

By theor. 7, 

By equality 
By fiim. tn. 
theref. by equality, 
But, by sim. tri. 
th^nef. by equality, 
and the rectangle 
But the rect. 
theref. tlie rect. 
conseq. the reel. 


CD ; 

CA 

DA : AT, 

CD : 

DB 

DA : DT; 

CD . 

DT 

cd® = AD . DB *. 

ca* : 

ca- 

(ad . DB or) t;d-; dl®. 

CA 

ca 

cd : DE, 

ca 

DE 

CA : cd. 

CA 

Ct 

cd : CA.- 


CA 

ca : DE. 

ct 

CT 

de : DE; 

CT 

CA 

ca : dc. 

CT 

CK 

ce : dc ; 

CK 

CA 

ca : cc. 

CK 

ce — 

CA . ca. 

CK 

ce = 

the parallelogram cepi’. 

CA 

cc = 

the parallelogram ct'.vc. 

AB 

ab = 

the parol, pubs. u. e. 

THEOREM XI. 


The Difference of the Squares of every Pair of Conjugate 
Diameters, is equal to the same constant (Quantity, namely, 
the Difference of the Squafes of the two Axes. 


That is, 

AB® — a6* = EG* — ; 

where eg, Cff are any conjugate 
diameters. 



* Coral. Because cd* s= ad . ob := cD* — ca*. 

therefore ca* s= cd* — cd*. 

In like manner ca* = de* — de*. 



OF THE HYPBUSOLA. 


FViTy draw tbe ordmates eh, ed. 

Then, by cot. to theor. 10, ca* = cd* — cd', 
and - - - - CO* = de* — de®; 

theref the differ^ice cA* — ca* = cd* + de® — cd® — de*. 
But, by right-angled a s, ce* = cd® + de*, 
and . - - - ce« 53 ^d* + de*; 

theref. the difference cE® — oe* = cd® + de® •—cd® — de®, 
consequently - ca* — ca* » cE* — ce* ; 

or, by doubling, a b* — ad* = eg* — eg^. a, B. d. 

THEOREM XII. 

All the Parallelograms are equal which ore formed between 
tbe Asymptotes and Curve, by Lines drawn Parallel to 
tbe Asymptotes. 


That is, the lines ge, ek, ap, aq, 
being parallel to the asymptotes ch, ci ; 
then the paral. cgek = paral. cpaq. 


For, let A be the vertex of the curve, or extremity of the 
semi-transverse axis ac, perp. to which draw al or A«, which 
will be equal to the semi-conjugate, by definition 19. Also, 
draw HED^fA parallel to id. 

Then, by theor. 2, ca® : al® :: cd* — ca* : de®, 
and, by parallels, ca® : al® :: cd® : dh® ; ^ 

theref. by subtract, ca* : al® :: ca® : dh* — JHP or 

rect. HE . e/i ; 

conseq. the square al* =: the rect. he . e7i. 

But, by sim. tri. pa : al :: ge : eh, 
and, by ttie same, qa : a1 :: ek : eA ; 
theref. by comp, pa . aq : al* :: ge . er . he . eA ; 

and because al* = he . e/i, theref pa . aq = ge . ek. 

But the parallelograms cgek, cpaq, being equiangulai*, 
are as the rectangles ge . ek and pa . aq. 

Therefore the parallelogram gk = the paral. pq. 

That is, all the inscribed parallelograms are equal to one 
another. a. e. d. 

Coral, 1. Because the rectangle gek or cge is constant, 
therefore GE is reciprocally as co, or co : cp :: pa : ge. 
And hence the asymptote continually approaches towards 
the curve, but never meets it ; for ge decreases continually 




CONIC SECTIONS. 


lU 

m CO increases; and it is always of tome magnitude, except 
when CO is supposed to be infinitely great, for then ge is 
infinitely small, or notiung. So that the asymptote co may 
be considered as a tangent to the curve at a point infinitely 
distant from c. 

Cord, 2. If the abscisses cd, 

CB, CO, &c., taken on the one 
asymptote, be in geometrical pro¬ 
gression increasing; then shall the 
ordinates dh, ei, ok, &c. parallel 
to the other asymptote, be a de- 
creanng geometrical proj^ssion, 
having the same ratio. For, all 
the rectangles cch, cei, cgk, &c. being equal, the ordinates 
DH, EI, GK, &c. arc reciprocally as the abscisses cd, ce, i:G, 
&c. which are geometricals. And the reciprocals orgeomc- 
tricals are also geometricals, and in the same ratio, out do 
creasing, or in converse order. 



THEOREM Xlll. 

The three following Spaces between the Asymptotes and tlie 
Curve, arc equal; namely, the Sector or Trilincar S|)ace 
contained by an Arc of the Curve and two Kadii, or Lines 
drawn from its Fxlremities to the Centre; and each of 
the two Quadrilaterals, contained by the said Arc, and 
two Lines drawn from its Extremities parallel to one 
Asymptote, and the intercepted Part of the other Asymp¬ 
tote. 

That is. 

The sector cae = paec = qaek, 
all standing on the same arc ae. 

For, by theor. 12, cpaq = cgek ; 
subtract the common space cgiq, 
there remains the paral. pi = the par. IK ; 

To each add the trilineai iae, then 
the sum is the quadr. faeo = oaek. 

Again, from the quadrilateral caek 
take the equal triangles, caq, c]:k, 
and there remains the sector cae = a,AEX. 

Therefore cae = gaek = pa eg. 



U. li. V. 
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SCHOLIUM. 

In the figure to theorem 12, cor. 2, if cn = 1, and ce, 
CG, See. be any numbers, the hyperbolic spaces hdei, zegk, 
&c. are analogous to the logarithms of those numbers. For, 
whilst the numbers cd, ce, cg, &c. proceed in geometrical 
progression, the correspondent spaces proceed in arithme¬ 
tical progression; and therefore, from the nature of loga¬ 
rithms are respectively proportional to the logarithms of 
those numbers. If the angle c were a right angle, and 
CD = DH = 1; then if ce were = 10, the space deih would 
he 2*30258509, &c.; if cg were = 100, then the space 
DGKii would be 4*60517018: these being the Napierean lo¬ 
garithms to 10 and 100 respectively. Intermediate areas 
corresponding to intermediate abscissae would be the ap¬ 
propriate logarithms. Those are usually called Hyperbolic 
logarithms; but the term is improper: for by drawing other 
hyperbolic curves between iiiK and its asymptotes, other 
systems of logarithms would be obtained. Or, by changing 
the angle between the asymptotes, the same thing may be 
effected. Thus, when the angle c is a right angle, or has 
its sine — 1, the hyperbolic spaces indicate the Napierean 
logarithms; but when the angle is 25’’ 44' 271", whose sine 
is = -43429448, &c. the modulus to the common, or Briggs’s, 
logjuitlims, the spaces deiii, &.c. measure those logarithms. 
In both cases, if spaces to the right of dh are regarded as 
positive^ those to the left will be negative; whence it follows 
that the logarithms of numbers less than *1 are negative 
also. 


OF THE PARABOLA. 

TIIEUUEM I. 

The Abscis.ses arc proportional to the Squares of their 

Ordinates. 

Let avm be a section through 
the axis of the cone,’'and ac.ih% 
paraliolic section by a plane per¬ 
pendicular to the former, and 
parallel to the side vm of the 
cone; also let afh be the com¬ 
mon intersection of the two 
planes, or the axis of the para¬ 
bola, and FG, HI ordinates per¬ 
pendicular to it. 


V 




im 


cotanc sxcTi^oNs. 


' Then it will be, as af : ah :: fg^ : 

For, through the ordinates fg, hi draw the circular sec¬ 
tions, xuL, MIN, parallel to the base of the coi^ having kl, 
MN for their diameters, to which fo, hi are ordinates, as well 
as to the axis of the parabola. 

Then, by similar triangles, af : ah :: fl : hn ; 
hot, because of the paralkls, kf = mh ; 

therefore - - - af : ah :: kf . fl : mu . hn. 

But, by the circle, kf . fl = fg*, and mh . hn = hi* ; 
Therefore - - - af : ah ;: fo* : hi*, q. e. d. 

CoroL Hence the third proportional — or — is a con- 

stant quantity, and is equal to the parameter of the axis, by 
defin. 16. 

Or AT : FG :: FG : p the parameter. 

Or the rectangle r. af = fg*. 


THEOaEM II. 

As the Parameter of the Axis: 

Is to the Sum of any Two Ordinates ;: 
So is the Difference of those Ordinates : 
To the Difference of their Abscisses. 


A 


That is. 



K 

p : GH + i^E :: GH — DE ; dg, y 

Or, p : KI :: IH : IE. KX 

Z' JJ 


\. 


G 

T N 

1 


For, by cor. theor. 1, p ag = gh*, 

and - - - p AD = DE*; 

theref. by subtraction, p dg = gh* — de^ 

Or, - - - P DG =s KI . IH, 

therefore - - p xx :: ih : dg or ex. a. E. n. 

Cord, Hence, because p Iki = ki . ih, 
and, by cor. theor. 1, p . ag = gh*, 
therefore « - - ag : ex :: oh': ki . iii. 

So that any diameter £i is as the rectangle of the segments 
KI, IH of the double ordinate kh. 



OF THE PARABOLA. 
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THEOREM Ill. 

The Distance from the Vertex to the Focus is equal to | of 
the Parameter, or to Half the Ordinate at the Focus. 

That is, 

AF = |fE = |p, 

where r is the focus. 

For, the general property is af : fe ;; fe : P. 

But, by definition 17, - fe = 4 ^» 

therefore also af = 4-fe = 4p. q,. e. d. 

THEOREM IV. 

A line drawn from the Focus to any Point in the Curve, is 
equal to the Sum of the Focal Distance and the AbsdsB 
01 tlie OrdinatQ to that Point. 

G 

That is, 

FE = FA -f- ad = GD, 
taking ag = af. 


For, since fd = ad af, 

thcref. by squaring, fd* = af* — 2ap . AD + AD-, 

But, by cor. thcor. 1, pe* = p . ad = 4af . ad; 

thcref. by addition, fd^ + de- = ap* + 2af . AD + AD^. 

But, by right-ang. tri. fd* 4 * Jde* = fe* ; 

tlierefore - - fe* = af* + 2af . ad + ad*, 

and the root or side is fe = af + ad, 

or - - - fe = GD, by taking aq = af. 

£• X^» 

Carol, 1. If, through the point g, the 
line CH be drawn perpendicular to the 
axis, it is called the directrix of the 

f iarabola.*^ The property of v^ch, 
rom this theorem, it appears, i^nis: 

That drawing any lines he parallel to 
the axis, ue is always equal to fe the 
distance of the focus from the point £. 

* Each of the other conic sections has a directrix; but the 
consideration of it does not occur in the mode here employed 
of investigating the general properties of the curves. 
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' Corol. 2. Hence also the curve is easily described by points. 
Namely, in the axis produced take ao = ap the focal di¬ 
stance, and draw a number of lines ee perpendicular to the 
axis AD ; then with the distances od, od, od, &c, as radii, 
and the centre r, draw arcs crossing the parallQl onlinates 
in E, E, E, &c. Then draw the curve through all the points 

£j[ £• 


THEOREM V. 


If a Tangent be drawn to any Point of the Parabola, meet¬ 
ing the Axis produced; and if an Ordinate to the Axis 
be drawn from the Point of Contact; then the Absciss of 
that Ordinate will be cqiial to the external Part of the 
Axis, measured from the Vertex. 


That is, 

if TC touch the curve 
at the |x>int c, 
then is AT = am. 



X 


\ 


Li 


fl 


Let ec, an indefinitely small portion of a paralx)lic curve, 
be produced to mc(;t the prolongation of the axis in t; and 
let cm be drawn parallel to cm, and cs parallel to ag the 
axis. Let, also, p = parameter of the parabola. 

Then, by sim. tri. cs : sc :; cm : ma at = mt. 


MT. cs 
cs =-. 

CM 


Also, th. 1. cor. p . Am = mc^ = 7»s“ + 2ins . sc -f sr", 

= Mc^ -f ^Mc . sc -p sc', 
and p. AM = Mc*'. 

Consequently, omitting ^ as indefinitely small, and sub¬ 
tracting the latter equa. from the former, we have 


P . (ato — am) ss P . cs =s 2c8 . MC : 

or, substituting for cs its value above, 

MT . cs ^ 

P • —-r~ = 2 cs . MC 


CM 


or p . MT = 2mc' = % . am (th. 1.) 
Consequently, mt = 2am, and ma = at. 


Q. E. U. 
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THEOnKM VI. 

If a Tangent to the Curve meet the Axis produced; .then 
the Line drawn from the Focus lo the Point of Contact, 
will be equal to the Distance of the Focus from the Inter¬ 
section of the Tangent and Axis. 



For, draw the ordinate nc to the point of contact c. 
Then, by theor. 5, at = ad ; 
therefore - ft = af 4- ad. 

But, by theor. 4, fc = af -f ad ; 

theref. by equality, fc = ft. <i. e. d. 

Coral. 1. If CG be drawn perpendicular to the curve, or to 
the tangent, at c; then shall fg = fc = ft. 

For, draw fii perpendicular to tc, which will also bisect 
Tc, because ft = fc ; and therefore, by the nature of the 
parallels, fii also bisects tg in f. And consequently fo = 

ft = FC. 

So that F is the centre of a circle passing through t, c, g. 
CoroZ. 2. The subnormal dg is a constant quantity, and 
equal to half the parameter, or to 2 af, double the focal 
distance. For, since tcg is a right, angle, 
therefore td or 2 ad . dc :: dc : dg ; 
but by the def. ad : dc :: dc : parameter; 
therelore dg = half the parameter = 2 a f. 

Carol. 3. The tangent at the vertex All, is a mean pn>por- 
tional between af and ad. 

For, because fut is a right angle, 
therefore - ah is a mean between af, at, 

or between - af, ad, becaus^jiD — at. 

Likewise, - fu is a mean l^ween fa, ft, 

or between fa, fc. 

Carol. 4. The tangent tc makes equal angles witli fc and 
the axis ft ; as well as with fc and ci. 

For, because ft = fc, 
therefore the 4 fct = £ ftc. 

Also, the angle gcf = the angle gck, 
drawing ick parallel to the axis ag. 

VOL. II. 
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IdO 

‘Voral, 5. And Itecausc the angle of incidence gck is == 
the angle of redection gcf ; therefore a ray of light falling 
on the curve in the direction kc, will be reflected to the focus 
F. That is, all rays parallel to the axis, arc reflected to Uie 
focus, or burning ix>int. 


TllEOKEM VII. 


If there he any Tangent, and a Double Ordinate drawn 
from the Point of Contact, anil ;ils>o any Dine parallel to 
the Axis, limited by the Tangent and Double Ordinate: 
then shall the C.'urve divide that Line in the same Ratio 
as the Line divides the Double Ordinate. 


I'hat 

IE . i:k : : » K • KL 


r 




For, by siin. triangle.^, 

CK 

: Ki : 

; CD : 

: DT or 2 da ; 

but, by the def. the paranv 

. 1* 

: CL : 

: Cl) : 

i^DA ; 

therefore, by equality. 

P 

; CK : 

: CL : 

KI. 

But, by theor. 

P 

: CK ; 

; K L : 

K E ; 

therefore, by equality, 

CL 

: KL : 

: KI ; 

; KF, ; 

and, by division. 

CK 

: KL : 

: IE ; 

: EK. Q 


THEOREM VIII. 


The' same being supposed as in theor. 7; then shall the 
External Part of the Line between the Curve and Tan¬ 
gent, be proportional to the Square of the intercepted Part 
of the Tangent, or to the Square of the intercepted Part 
of the Double Ordinate. • 


That is, IE is as cP or as ck’^, 
and IE, TA, ON, I’L, &C. 
are as ciS ct®, co*^, cp^, &c. 
or as CK% ciJ% c*C, cl=, &c. 
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For, by tlicor. 7, ie : ek :: ck : kl, 

or, by equality, lE : kk :: ck ': ck . kl. 

But, by cor. th. 2, £K is as the rect. ck . kl, 

therefore - lE is as ck^ or as ci'*. a. e. p. 

Coral. As this property is coniinon to every position of 
the tangent, if the lines lE, ta, on, &c. be appenaed on the 

} joints I, T, o, &c. and moveable about them, anil of such 
engths as that their extremities e, a, n, &c. be in the curve 
of a parabola in some one position of the tangent; then 
making the tangent revolve about the point c, it appears 
that the extremities e, a, n, &c. will always form the curve 
of some parabola, in every position of the tangent. 


THEOBEM IX. 

The Abscisses of any Diameter, are as the Squares of their 

Ordinates. 


That is, CQ, ca, cs, Ike. 
arc as qe-, raS sn'*. See. 
Or CQ. : cu :: qe- : ra ’, 
&c. 



For, draw the tangent ct, and the externals, ei, at, no. 
Sic. parallel to the axis, or to the diameter cs. 

Then, because the «ml'uiates, qe, ha, sn, &c. arc parallel 
to the tangent ct, by the definition of them, therelbre all 
the figures iq, tr, os, &c. are parallelograms, whose op- 
))ositc sides are equal; 

namely, - - ie, ta, on, i^c. 

are equal to - cq, cRj rs, &c. 

Therefore, by tlicor. 8, cq, cn, cs, &c. 

are as - - cr, ct=, co’, &c. 

or as their equals - qe*, ra'^, sn-, ^c. q. k. d. 

Carol. Here, like as in theor. 2, the difference of the ab¬ 
scisses is os the difference of the squares of their ordinates, 
or as the rectangles under the sum and difference of the 
ordinates, the rectangle of the sum and difference of the 

K 2 
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ordinates lieing equal tl»e rectangle under the difference 
of the abscisses and tiie parameter of that diameter, or a 
third proportional to any absciss and its ordinate. 


THEOBEM 


If a Line be drawn parallel to any Tangent, and cut the 
Curve in two Points; then, if two Ordinates be drawn to 
the Intersections, and a third to the Point of Contact, 
these three Ordinates will he in Arithmetical Progression, 
or the Sum of the Extremes will be equal to Double the 
Mean. 



For, draw ek parallel to the axis, and produce ui to L 
Then, by sim. triangles, ex : hk td or Sad : cd ; 
but, by theor. 2, - ek : hk ; rl : i* the param. 

theref. by equality, 2ad : kl : cn : r. 

But, by the deffn. 2ad : 2cn :: cd : p ; 

theref. the 2 d terms are equal, kl =: 2 c d, 

that is, - - EG + HI = 2cd. q. e. d. 

CoroL When the point e is on the other side of ai ; then 

HI — GE =: 2cd. 


THEOREM XI. 


Any diameter bisects all its Double Ordinates, or Lines 
parallel to the Tangent at its Vertex. 
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For, to the axis ai draw the ordinates ko, cd, hi, and 
MN parallel to them, which is equal to on. 

Then, by theor. 10, 2mn or 2cd = lio + iir, 

therefore m is the middle of kh. 

And, for the same reason, all its parallels are bisected. 

a. E. n. 

ScHOL. Hence, as the abscisses of any diameter and their 
ordinates have the same relations as those tif the axis, namely, 
that the ordinates are bisected by the diameter, and their 
squares proportional to the abscisses; so all the other pro¬ 
perties of the axis and its ordinates and abscisses, before de¬ 
monstrated, will likewise hold good for any diameter and its 
ordinates and abscisses. And al^ those of the parameters, 
understanding the parameter t)f any diameter, as a third 
pro|^x>rtional to any absciss and its ordinate. Some of the 
most material of which arc demonstrated in the four fol¬ 
lowing theorems. 


THEOREM XII. 

The Parameter of any IViameter is equal to four Times the 
Line drawn from the Focus to the Vertex of that Dia¬ 
meter, 


1'hat is, 4 fc — 
the param. of the iliam. cm. 

/ 

For, draw the ordinate ma parallel to the tangent ct : 
also CD, MN pcrp>endicular to the axis an, and fh per¬ 
pendicular to the tangent ct. 

Then the abscisses ad, cm or at, bdng equal, by theor. 5 , 
the parameters will be as the squares of tne ordinates cd, 
MA or CT, by the dchnition; 

that is, - - p : p : : cd" ct". 

But, by sim. tri. - fh : ft : : cd ct ; 
therefore - - p: p : : fh® ft*. 

But, by cor. 3, th. 6, fh® — fa . ft ; 
therefore - - j* : : fa . ft : ft^ ; 

or, by equality, - p : ; fa : ft or Ft. 
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Uut, by theor. 3, p = 4 ka, 

and therefore - p ss 4ft or 4fc. a. b. d. 

Corol, Hence the parameter p of the diameter cm is equal 
to 4fa -f 4 ad, or to p + 4ad, that is, the parameter of the 
axis added to 4ad. 


THEUKEM XI11. 

If an Ordinate to any Diameter pass through the Focus, it 
will be equal to Half its Parameter; and its xVbsciss equal 
to One Fourth of the same Parameter. 


That is, CM = 
and MB = {p. 


For, join fc, and draw the tangent ct. 

By the parallels, cm = ft ; 
and, by theor. 6, fc = FT; 
also, by theor. 12, fc = ip; 
therefore - - cm = ^p. 

Again, by the defin. cm or ip : me :: me : p, 
and consequently me = ~p = 2( m. q. e. d. 

Cord. 1. Hence, of any diameter, the double ordinate 
which passes through the focus, is equal to the parameter, or 
to quadruple its al^iss, 

Carol. 2. Hence, and from cor. 1, 
to theor. 4, and theor. 6 and 12, it 
appears, that if the directrix gh be 
drawn, and any lines he, he, pa¬ 
rallel to the axis; then every parallel 
HE will be equal to ef, or i of the 
parameter ot the diameter to the 
point £. 
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THEOREM XJV. 

If there be a Tangent, and any Line drawn from the Point 
of Contact and meeting the Curve in some otlier Point, as 
also anotlier I.ine parallel to the Axis, .and limited by the 
First Line and the Tangent: then shall the (airvc divide 
this Second Line in the same Ratio, as the Second Line 
divides the First Line. 


That is, 

IE : EK : : CK : kl. 










i 


X 


\ 

N 




For, draw li* parallel to ik, or to the axis. 

Then by theor. 8, ie : tl : : ( r’ : ci*-, 

or, by sim. tri. - lE : PL : : ex '; ex '. 

Also, by sim. tri. iK ; pl : : cK : cl, 

or - - - IK ; PL : : CK**: CK . CL; 

therefore by equality, ie : ik : : CK . cl : cl‘^ ; 
or - - - IE : IK : : ck : cl ; 

and, by division, ie : ek : : ck : kl. q. i:. d. 

Corol. When ck = kl, then ie = ek = 


THEOREM XV. 

If from any Point of the Curve there be drawn a Tangent, 
and also Two Right Lines to cut the Curve; and Dia¬ 
meters be drawn through the Points of Intersection e and 
L, meeting those Two Right Lines in two other Points g 
and K : then will the Line kg joining these last Two 
Points be parallel to the Tangent. 
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I^or, by theor. 14> CK : kl : : ei : bk ; 
and by cumpoaitiun, ck : cL :: ei : ki ; 

and by the (»rallels cx : cl :: gh : lh. 

But, by sun. tri. . ck : cl :: xi : lh ; 

theref. by equal. - xi : lh :: gh : lh : 

consequently . xi = oh, 

and therefore - ko is {parallel and equal to iii. q. e.d. 

THEOREM XVI. 

The Area or Space of a ParalK>la,. is equal to Two-Thirds of 
its Circurascribing Parallelogram. 

Let ACB be a semi-parabola, cb the axis, f the focus, ed 
the directiix; then if the line af 
be supposed to revolve about f 
as a centre, while the line ae 
moves along the directrix per¬ 
pendicularly to it, the area gene¬ 
rated by the motion of ae, will 
always be equal to double the 
area generated by r a ; and con¬ 
sequently the whole external area aegd = double the area 

ACF. 

For draw a'e' parallel, and indefinitely near, to ae ; and 
draw the diagonals ae' and a'e ; then by th. 6, cor. 4, the 
angles e'a'a and pa'a art equal, aa' being considered as part 
of the tangent at a' ; and in the same manner, the angles 
s eaa' and faa' are also equal to each other; and since ea =: 
AF,and e'a' = a'f; the triangles eaa' and e'a'a are each equal 
to the triangle aa'f ; hut the triangle eaa' = the triangle 
BEf A, being on the same base and between the same parallels; 
therefore the sum of the two triangles ee'a and ea'a, or the 
quadrilateral space baa’e' is double the trilateral space aa'f ; 
and as this is the case in every position of fa', e'a', it fol¬ 
lows that the whole external area Ex\cd = double the inter¬ 
nal area afc. 

Hence, Take dg — fb, and complete the parallelogram 
jfGHEf which is double the triangle abf ; therefore the area 
A BO = 4- hacg, or 4. of the rectangle aboh, or of 

the rectangle abci, because bc = that is, the area of 

a pfU‘aboIa = 4 - of the circumscribing rectangle, u. e. D. * 

• This demonhtration was given by Lieut. I>rummond of the 
Royal Engineers, when he w:is a gentleman Cadet at the Royal 
Military Academy. 
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THEOREM XVII. 

The Solid Content of a ParalK)loid (or Solid generated hf 
the Rotation of a Parabola about its Axis), is equal to 
Half its Circumscribing Cylinder. 

I.et 6HBD be a' cylinder, 
in which two equal parabo¬ 
loids are inscribed ; one rad 
having its base bcd equal to 
the lower extremity of the 
cylinder; the other gch in¬ 
verted with respect %o the 
former, hut of e(jual base 
and altitude. Let the plane 

LR parallel to each end of the cylinder, cut all the three so¬ 
lids, while a vertical plane may be supposed to cut them so 
as to define the parabolas shown in the figure. 

Then, in the semi-parabola Acn, p . ap = pm®, 
also, in the semi-parabola acg, p . ct = pn®, 
consequently, by addition, p. (ap -h cp)=sp . ac=pm® + PN*. 
But, p. AC = CB» = PL®. 

Therefore pl* = pm® -f pn® • 

That is;^ sin^ circles are as the squares of their radii, the 
circular section of the cylinder, is equal to the sum of the 
corresponding sections of the two paraboloids. 

The same property evidently obtains for any sections what¬ 
ever parallel to bd ; it therefore holds for the two parabo-, 
loids. In other words, the cylinder is equal to the two pa¬ 
raboloids taken together: wherefore, since the two paraix>- 
luids, having cqurn bases and equal altitudes, are equal to 
one another, it follows that each paraboloid is half of its rir- 
cumscribing cylinder. O. s« d. 



THF.OBEM XVIII. 


The Solidity of the Frustum begc of the Paraboloid, is equal 
to a Cylinder whose Height is df, and its Base Half the 
Sum of the two Circular JBoses eg, bc. 
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Then, by tlic last theor. \pc x ad^ = the solid abc, 
and, by the same x af* = the stilid aeg, 

theref. the diff. xpe x (ad^—AF'^) = thefrust.BECC. 

But AD* — AP* = DF X (ad -f AF), 

theref. 4j>c x df x (ad + ap) = the frust. iiegc. 

But, by til. 1, p X AD = DC^, im^p x af = fg^; 
theref. |c x df x (dc* 4- fg®) = the frust. begc. 

Q. E. D. 


PBOBLEMS, &C. FOU EXEHCISE IN CONIC SECTIONS. 

1. Demonstrate that if a cylinder he cut ohli(]ueiy the 
section will bc<an cilipsc. 

2. Show how to draw a tangent to an ellipse whose foci 
are v,fy from a given point r. 

3. Show how to draw a tangent to a given parabola from 
a given point p. 

4. The diameters of an ellipse are 16 and 12. Required 
the parameter and the area. 

5. The base and altitude of a parabola arc 12 and 9. Re¬ 
quired the parameter, and the semi-ordinates corresponding 
to the abscissae 2, 3, and 4. 

6. In the actual formation of arches, the voussoirs or arch- 
stones are so cut as to have their faces always perpendicular 
to the respective points of the curve upon which they stand. 
By what constructions may this be effected for the parabola 
ara the ellipse ? 

7. Construct accurately on paper, a parabola whose base 
shall be 12 and altitude 9. 

8. A cone, the diameter of whose base is 10 inches, and 
whose altitude is 12, is cut obliquely by a plane, which enters 
at 3 inches from the vertex on one slant slide, and comes out 
at 3 inches from the base on the opposite slanl side. Re¬ 
quired the dimensions of the section ? 

9. Suppose the same cone to be cut by a plane parallel to 
one of the slant sides, entering the other slant side at 4 
inches from the v^tex, what will be the dimensions of the 
section ? 

10. Let aiw straight line efb lie drawn through F, one 
of the foci, of an ellipse, and terminated by the curve in e 
and Ri then it is to be demonstrated that £F.fb = EB.jp pa¬ 
rameter. 
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11. Demonstrate that, in any conic section, a straight line 
drawn from a focus to the intersection of two tangents 
makes equal angles with straight lines drawn from tiie same 
focus to the points of contact. 

12. In every conic section the radius of curvature at any 
point is to half the parameter, in the triplicate ratio of the 
distance of the focus from that point to its distance from the 
tangent. 

Also, in every conic section the radius of cufVature is pro¬ 
portional tt» tl» j cube of the normal. 

Also, let PC be the radius of curvature at any point, p, in 
an ellipse or hyperbola whose transverse axis is ah, conju¬ 


gate abf and foci f and f: then is pc = 


(PF . vjy 


.]aij . ab 

Rec]uircd demonstrations of these projxjrties. 


MECHANICS. 

ft 

DeJinHions and preliminary Notions. 

1. Mechanics is the science of equilibrium and of motion. 

2. Every cause which moves, or tends to move a body, is 

called a force. ^ 

3. When the forces that are applied simultaneously to a 
body, destroy or annihilate each other’s effects, then there is 
equilibrium, 

4. Statics has for its object the equilibrium of forces ap.. 
plied to solid bodies. 

5. By Dynamics we investigate the circumstances of the 
motion of s^d bodies. 

6. Hydrostatics is the science in which the equilibrium of 
fluids is considered. 

7* Hydrodynamics is that in which the circumstances of 
their mobon is investi^ted. 

According to this division, Pneumatics^ which relates to 
the properties of elastic jluidSy is a branch of Hydrostatics. 

For farther elucidation the following defiiiitlons, also, may 
advantageously And a place here, viz. 

8. Body is the mass, or quantity of matter, in any mate- 
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rial suWance; and it is always {woportiunal to its weight or 
gravity, whatever its figure may be. 

Body is either Hard, Soft, or Elastic. A Hard Body is ' 
that whose parts do not yield to any stroke or percussion, 
but retains its figure unaltered. A Soft Body is that whose 
parts yield to any stroke or impression, without restoring 
themselves again; the figure of tlie body remaining altered. 
And an Elastic Body is that whose ports yield to any stroke, 
but which presently restore themselves again, and the body 
regains the same figure as before the stroke. 

We know of no bodies that are absolutely, or perfectly, 
either hard, soft, or clastic; but all partaking these projx'r- 
fies, more or less, in some intermediate degree. 

9. Bodies are also either Solid or Fluid. A Solid Body 
is that whose parts are not easily moved among one another, 
and which retains any figure given to it. But a Fluid Body 
is that whose parts yield to the slightest imprcs.sion, being 
c^isily moved among one another; and its surface, when left 
to itself, is always observed to settle in a smooth plane at 
the top. 

10. Density is the proportional weight or quantity of 
matter in any body. So, in two spheres, or cubes, &c. of 
equal size or magnitude; if the one weigh only one pound, 
but the other two pounds; then the density of the latter is 
double the density of the former; if it weigh three pounds, 
its density is triple; and so on. 

11. Motion is a continual and successive change of place. 

—If the body move equally, or pass over equm spaces in 
equal times, it is called Equable or Uniform Motion. But if 
it increase or decrease, it is Variable Motion ; and it is called 
Accelerated Motion in the former case, and Retarded Mo¬ 
tion in the latter.—Also, when the moving body is considered 
with respect to some other body at rest, it is said to be Al>- 
solute Motion. But when compared with oUmd in motion, 
it is called Relative Motion. * 

IS. Velocity, or Celerity, is an afiection of motion, by 
which a body passes over a certain space in a certain time. 
Thus, if § Ixidy in motion pass uniformly over 40 feet in 
4 seconds of time, it is said to move with the velocity of 
10 feet per second; and so on. 

13. Momentum, or Quantity of Motion, is the power or 
force in moving bodies, by which they continually tend from 
their present maces, or with which they strike any obstacle 
that opposes tneir motion. 
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14. Forc^ arc distinguished into Motive, and Accelerar 
tive or llctarding. A Motive or Moving Force, is the power 
of an agent to produce motion; and it is equal or propor¬ 
tional to the uioinentuni it will generate in any body, when 
acting, cither by percussion, or for a certain time as a per¬ 
manent force. 

15. Accelerative, or Hetardive Force, is commonly un¬ 
derstood to be that which affects the velocity only ; or it is 
tlwat by which the velocity is accelerated or retarded ; and it 
is equal or proportional to the motive force directly, and to 
the mass or body moved inversely. So, if a body of 2 pounds 
weight, be acted on by a motive force of 40; then the 
accelerating force is 20. But if the same force of 40 act on 
another body of 4 pounds weight; then the accelerating 
force in this latter case is only 10; and so is but half the 
former, and will produce only half the velocity. 

16. Gravity, or Weight, is that force by which a body 
endeavours to fall downw-ards. It is called Absolute Gravity, 
wben the body is in empty space; and Relative Gravity, 
when immersed in a fluid. 

17. Specific Gravity is the relation of the weights of dif¬ 
ferent Ixxiics of cmial magnitude; and so is proportional to 
the density of the oody. 

# 

NEWTONIAN AXIOMS. 

18. Every body naturally endeavours to continue in its 
present state, whether it be at rest, or moving uniformly in 
a right line. 

19. The change or Alteration of Motion, by any external 
force, is always proportional to that force, and in the direc¬ 
tion of the right line in which it acts. 

20. Act^^ and Re-acUoii, between any two bodies, are 
equal and J|p;rqry. That is, by Action and Re-action, equal 
changes of motion are produced in bodies acting on each 
other; and these changes are directed towards opposite or 
contrary parts. 


STATICS. 

21. The relative magnitudes and directions of any two 
forces may be represented by two right lines, which shall 
bear to each other the relations of themrees, and which shall 
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be inclin<^ to each other in an angle equal to that made by 
the directions of the forces. 

The -name resultant is given to a force which is equi¬ 
valent to two or more forces acting at once upon a point, or 
upon a body; these separate forces being named constituents 
or composants. 

23. The oTOration by wliich the rcsultavt of two or more 
forces appliea to the same piint, or line, or IkkIv, is de¬ 
termined, is called the composition of forces ; tlio inverse 
problem is called the decomposition, or the resolution of 
forces, 

24. The resultant of two or more forces wliich act mxin 
the same line, in the same direction, is equal to their sum; 
and if some forces act in one direction, and others in a di¬ 
rection immediately opposite, the resultant will be equal to 
the excess of the sum of the forces which act in one direction 
above the stim of those which act in the opposite direction. 

Composition and Resolution of Parallel Forces. 

25. Prop. If to the extremities of an indexible right line 
ab, are applied two forces, r and q, whose directions are 
parallel and whose actions concur:—1st, The direction of 
the resultant, R, of those two forces is parallel to the right 
lines AP, Bci, and is equal to their sum. 2dly, That re¬ 
sultant divides the line ab into two parts reciprocally pro¬ 
portional to the two forces. 

1. It is manifest that 
if two new forces, p and 
(j, equal and in opposite 
directions are an[)hcd to 
the line ab, tliey will 
make no change in the 
state of the system ; so 
that the resultant of the 
four forces p, q, p, a, 
will be the same a.s that 
- of the resultant of the two original forces p, u. Su]iposc. 
now, that s is the resultant of the tw'o forces p, r, w hile r 
is that of the two forces q, (a. These resultants, lying in the 
same place, will, if prolonged, necessarily meet in some point 
c; to which, thcreibre, we may supjKJSC the forces s and t 
applied. 

Through this point let fg be drawn parallel to ab, and 
suppose each of tne forces s and t resolved into two forces 
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directed respectively in fo and ca. The forces, according 
to FG, being equal to p and q respectively, and applied in 
opposite directions, destroy each other’s effects : the remain¬ 
ing forces, tlicrefbre, lying the same way on CR nius^ he 
added togetlier lor the resultant, which thus is ctpial to 
V -f- (i; being the first j)art of the proposition. 

In order to establish the second part of the proywsition, 
let Mc, cN, be lines in proportion to each other as the forces 
p, 1 *; and in c, cn, respectively proportional as q, q: and 
draw Nr, ;/t’, parallel to ah. 

Then, by the siin. triangles ^ v : j) : : CN : sr ;: co : oa 

CNr, coA ; env, cob ; $ q : m : nv : nc ; ; OB ; oc. 

(’onse([uentIy, r . r/ : p . : co . ob : co . oa, 

or, since p = r/, it is r : ci ;: on : oa. q. E. d. 

Carol. 1. If i‘ = a, Bo = oa. 

Carol. 2. IVhen a single force n is applied to a point o, of 
an inflexible straight line An, we may always resolve it, or 
conceive it resolved, into two others, which being applied to 
the two points a and b, in directions parallel to R, shall pro¬ 
duce the same effect. 

26. Prop. Any numljcr of parallel forces, p, a, R, s, &c. 
acting in the same sense, and their points of application 
being conncctetl in an invariable manner; to determine their 
resultant. 

Determining fir.st, by the 
preceding prop, the resultant 
I of two of the forces Pand q, 
we shall have t = p 4- Q; . 

p P (i : Q : : AB : ae. 

Thus, we may substitiitt' 
for the forces p and ci, the 
single force t whose value 
ana point of apjilication arc 
known. l)i^ EC from that point of application to ilic 
point c, at wVch another force, r, is applied. Coinpoimding 
the forces T and r, their resultant v will he = t f ii = 
p h Q + R; and its point of application, f, such that 
P + Q b R : R : : EC ; EF. 

A similar method may, obviously, be pursued for any 
number of parallel forces. 

27. If parallel forces act in opposite directions; some, for 
example, upwards, others downwards; find the resultants 
of the first and of the second class separately, the general 
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resultant "will bp expressed by the difference of the two 
former. 

The point through which the resultant of parallel 
forces passes, is called the centte of paraUel forces. If the 
forces, without ceasing to be respectively parallel, and with¬ 
out changing cither their magnitudes or their points of ap¬ 
plication, assume another general direction, the centre of 
those forces will still be the same, liecause the magnitudes 
and relations, on which its ponHon depends, remain the 
same. 


Concurrifig Forces, ^ 

Prop. The resultant of two forces v and q acting 
in one plane, will be represented in direction and in magni¬ 
tude, by the diagonal of the parallelogram constructed on 
the directions of those forces. 

1. In direction. Take, on the di- 
recdons ap, au, of the forces, p, q, di¬ 
stances AB, AC, proportional to those 
forces, respectively. Suppose that the 
force Q is applied at the point c, and 
that at the same point two other forces 
p, q, equal to each other, act in opposite 
directionSf each of those forces wing, 
also, equal to q. 

The effect of the four forces r, u, p, 7 , will evidently be 
the same as that of the primitive forces p, a; since the other 
two annihilate each other's effects. 

Th% forces a, 7 , will have a resultant s, whose direction, 
cs, will bisect the angle, ticq, made by the direction of the 
other two; since' no reason can be assigned why it should 
lean to one rather than toward the other. 

The forces p, p, acting in parallel directions, would have 
a resultant, t, whose direction th (art. 25.) would be pa¬ 
rallel to them, and pass through a point, H,''^8uch as tnat 
p : p :: HC : ha. 

Now, the point x, ivhere the dir(K:tions cs, th, of these two 
resultants intersect, will evidently be a point in the direction 
of the resultant of the four forces p, p, a, q ; and, conse¬ 
quently, of the original forces p, q. 

But the triangle chk is isosceles: for, since ht, cp, arc 
parallel, the alternate angles dck, ukc, are equal, and dck, 
MCK, are equal, because sc bisects the angle wq: hence, 
HCK =: HKc, and 11 k = hc. 
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But, from what has procecicd, i* : u ;; iic : ha ; and 
therefore i* : p or, Q : : hk : iiA. 

From li drawing hd parallel to ac, wu shall have, 
p ; (i : : ah : AC: : cD : Ac, 
whence cn : ac : : iik : ha ; 

a proportion which indicates that the three ]x>ints, a, k, d, 
all fall on the diagonal of a parallelogram adcd. 

2. In mn^mtude. For, with 
regard to the flircos p, (i, reprt*- 
seiitcd in magnitude and direction 
by AR and at, let t be opjKJsod to 
those two forces so as to keep the 
whole system in etjiiilibrio: then 
it will, of necessity, be ecjual and 
opposite to their resultant, ii, 
whose direction is ao. Now, if 
we suppose that the force q Is in 
cqnilibrio with the two forces r 
and T (which is c()nsi.>tvnt with 
our first hypothesis) the resultant of these latter will fall 
in the j)rolongation of oa, and will be represented by 
All = AF. Also, if 111 ) be drawn parallel to ab, and hb be 
joined, it will be ecjiial and parallel to ac. ; and we shall have 

p : T ; : a ii : ad. 

Consequently, since a« represents, or measures, tlie force 
r, ad will represent or measure tlie force t; and as that 
force is in equilibrio \\ith the two forces p and a, or with 
their resultant, ii, this latter will be represented or measured 
by AG = ad ; that is, by the diagonal of the parallelogram 

AUGF. Q. E. D. 

30. Carol. 1 . If iliree forces, as a, b, c, acting simul¬ 
taneously in the same plane, keep one another in equilibrio, 
they will be respectively proportional to the three sides, 
DE, EC, CD, of a triangle which arc drawn parallel to tlie di¬ 
rections of* the forces ad, db, cd. 

For, producing ad, bh, and 
drawing cf, ce, parallel to 
them, then the force in cd is 
ecjuivalent to the two ad, bd, 
by the supposition; but the 
force CD is also equivalent to 
the two F.D and ce or fd ; there¬ 
fore, if CD represent the force c, 
tlien ED will represent its op¬ 
posite force A, and ce, or fd, 

VOL. II. 
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op{H>site tbrco b. Consequently the three tbrccs a, a, c, 
arc proportional to de, ce, cd, tlic three lines jiarallcl to the 
directions in which they ad. 

31. Corel. Because the three sides cd, (i:, dk, are pro¬ 
portional to the sines of their oppt)sile angles e, d, c ; there¬ 
fore the three ibrees, when in etpiilibrio, are projKirtional to 
the sines of the anj;les of the triangle made of their linos of 
direction; namely, each t'orcc projiortional to the sine of the 
angle made by the direction of the other two. 

32. Carol. 3. The three forces, acting against, and kee|i- 
ing one another in e({uilil)rio, are also projiurtional to the 
sides of any ocher triangle made by drawing lines either per¬ 
pendicular to the directions of the forces, or I'orming any 
given angle with those directions. For such a triangle is 
always similar to the former, which is made bv drawing lines 
parallel to the directions; and tlierefore their sides are in the 
same proportion to one another. 

33. Coral. 4. If any number of forces be kept in cquilibrio 
by their actions against one another ; they may be all reduced 
to two ecjual and opposite ones.—For, any two of‘the forces 
may be reduced to one force acting in tlie saini* plane; then 
this last force and another may likewise he retluced to an¬ 
other force acting in their plane : and so on, till at lust they 
be all reduced to the action ol’ only two oppisitc li»rces ; 
which will be etjual, as well as opposite, because the whole 
are in cquilibrio by the supposition. 

34. Carol. 5. If one of the forces, 
as c, be a weight, which is sustained 
by two striVigs drawing in the direc¬ 
tions DA, DB; then the, force or 
tension of the string ad, is to the 
weight c, or tension of the string 
DC, as DE to DC; and the force oY 
tension of the other string bd, is to 
the weight c, or tension of cd, as cf, 
to CD. 



35. Carol. 6. Since in ally triangle cde we Iiavc, by the 
principles of trigonometry, 

DC^ = DE® -f EC^ ± 2Dr. . EC COS. DEC, 
it follows, that if F,y, he two forces that act simultaneously 
in directions, which make an angle a, then we may find the 
magnitude of the resultant, r, by the equation 
R = y/{F' dz ZtJ cos. a). 

36. Hemark. —The properties, in this proposition and its 
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corollaries, Iiold true of all similar forces whatever, whether 
tliey be instantaneous or continual, or Avhether they act by 
percussion, drawing, pushing, pressing, or weighing; and are 
of the utmost iiii{x>rtance in mechanics and the dwtrine of 
forces. 

37. If three forces, whose directions concur in one point, 
are represented by the three contiguous edges of a parallelo- 
piped, their resultant will l>e represented, both in magnitude 
and direction, by the diagonal drawn from the point of con¬ 
course, to the opposite angle of the parallelopiped. 

The demonstration of this is left for the exercise of the 
student. 


38. Prop. To find the resultant of several forces con¬ 
curring in one j)oint, and acting in one plane. 

1st. Granlitcally, —Let, for example, tour forces, a, b, c, d, 
act upon tne point v, in magnitudes and directions repre¬ 
sented by the lines pa, ph, rc;, pn. 

From the point a draw 
a 6 parallel and equal to 
pb; from h draw be paral¬ 
lel and equal to pc; from 
rdrawcdparalleland equal 
to PD; and so on, till all 
the forces liave thus been 
brought into the construc¬ 
tion. Tilen join pfZ, which 
will represent both the magnitude and the direction of the 
required resultant. 

• This is, in efiect, the same tiling as finding the resultant 
of two of the forces a and n ; then blending that resultant 
with a third force c; tlielr re.sultaiit with a fourtli force i>; 
and so on. 

ild. Bi/ compittation. Drawing the lines Afl, A.b', See. re¬ 
spectively parallel and perpendicular to the last force pd ; 
w*e have 

tU = Afl -f hU -h re' = A sin. apd -j- b sin. uPD-j- csin. cpd 
ra-f + /Sy +7^ = Acos. apd + u cbs.BPD + ccos.cpD + d 

S 

tan. dv^ — —..pfZ = ^'(p^’ + (Z5®) = see. 

po 



The numerical computation is best effected by means of a 
table of natural sines. Sec. 

89. liemark. Connected with this subject is the doctrine 
of moments: for an elucidation of w'hicli, however, the stu¬ 
dent should consult some of the books written expressly on 
mechanics, as those by Murrat^ G regory, or Poisson. 

L 2 
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THE MECHANICAL POWERS, kc. 

40. Weight and Power, when opposed to each other, 
signify the body to be niove<l, and the IkmIv tfmt moves it; 
or the patient and agent. The jK)wer is the agent, which 
moves, or endeavours to move, the patient or weigfit. 

41. Machine, or Engine, is any mechanical instrument 
contrived to move bodies. And it is composed of the me¬ 
chanical powers. 

42. Mechanical Powers, are certain simple instrnnunts, 
commonly cmployecl fur raising gi'caU'r weight'^, or over¬ 
coming jrreater resistances, than could he effected l)v tlje na- 
tural strenirth without them. Phese are usuailv aeeounted 
six in number, viz. the lA'ver, the IVheel and Axle, the 
Pulley, the Inclined Plane, the Wedge, and the .Serew, 

43. Centre of Motion, is the fixed }X)int alH)iit whieh a 
body moves. And the Axis of Motion, is the fixeil hue 
about which it iiu>ves. 

44. Centre of Gravity, is a certain point, on whieh a 
body being freely suspended, it will rest in any position. 


OF THE LFA’KH. 

45. A Lever is any infle\ii)le rod, bar, or beam, Mhieli 
serves to raise weights, while it is suj)porteil at a point by a 
fulcrum or prop, whicli is tlu' centre of im)ru)n. The lexer 
is snpptrscd to he void of gravity or weight, to render the 
demonstrations easier ami sim[)lcr. There are three kimM 
of levers. 

40. A Lever of the I'Mi st \v 
kind has the f/rop c be¬ 
tween the weight w and 
the power p. And of this 
kind arc balances, scales, 
crows, hand-spikes, .sci.Sr.ors, 
pincers, &c. 

47. A Lever of the Se¬ 
cond kind has the weight 
between the power and the 
prop. Such as oars, rud- r, y\f 
tiers, cutting knives that are 5” 
fixed at one end, &c. 
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48. A Lever of the 
Tliird kind has the power 
between the weight and 
the pn>p. Such as tongs, 
the nones and muscles of 
animals, a man rearing a 
ladder, &c. 



49 . A Fourth kind is some- „ 

times added, called the Bended _C. 

Lever. As a hammer drawing 
a nail. 

50 . In all these instruments the power may bo repre¬ 
sented by a weight, which is its most natural measure, acting 
downward ; but having its direction changed, when neces- 
sar 3 ', by means of a lived pulleyv 

/il. Puop. When the weight and power keep the lever 
in e(|uilibrlo, they are to eaeli other reciprocally' as the di¬ 
stances oi’ their hues of direction fivmi the pn)p. That is, 
r : . cd : rr.; uhcre ri> and ct; are pcr|)ciulieular to wo 

and AO, the directions of the two weights, or the weight and 
power w and a. 

For, thaw tr jmrallel to ao, and 
( II parallel to wo: Also, join co, 

\\hich uil! be the direction t)l’ the 
jiressure on the })rop c ; for there 
t annot be an ctpiilibrium unless the 
directions of the three Jorccs ai meet 
in, or tend to, tlie same point as o. 

I'hen, because these three forces 
keep each other in etpiilibrio, they 
are proportional to the sides oi* the 
triangle cno or cro, drawn in the 
direction of those forces; there¬ 
fore - - - - - r vv : : c’f : ro or e«. 

But, because of the }>arallels, the 
two triangles cdf, ck b are eepdan- 
gular, therefore - - - cd: ci:: cf cu. 

Hence, by equality, - - r ; w : ci) CE. 

That IS, each force is reciprocal 1\' proportional to the 
distance of its direction from the fulcrum. 

Another proof might easily he made out from art. 25, on 
parallel forces ; but it will be found that this demonstration 
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•will serve for all tlie other kinds of levers, by drawing the 
lines os directed. 

52. Corol. 1. When the angle a is = the angle w, then 
is CD : CE :: cw : ca ; : r ; w. Or when the two forces act 
perpendicularly on the lever, as two weights, K:c.; then, in 
case of an equilibrium, d coincides with w, and e with r; 
consequently then the above proportion becomes also r : w ;: 
CIV : CA, or the distances of the tw’o forces iron) the fulcrum, 
taken on the lever, are reciprocally pro|X)rtional to those 
forces. 

53. Corol 2. If any force i* he applied to n lever at A j its 
effect on the lever, to turn it about the <entre of njotion c, 
is as the length of the lever ca, and the sine of tlie angle of 
direction cae. For the perp. ( i: is as ca x sin./ a. 

54. Corol, S. because tlie product of the extremc.s is 
equiil to the product of tiie means, therefore the product of 
the power into the distance of it.s direction, is ecjual to the 
]>roduct of the weight into the di.staiice of its direction. 

That is, P X CE = W X CD. 

55. Corol. 4. If tlie lever, with the weight and ptiwer 
fixed to it, be made to move about the centre c; the mo¬ 
mentum of the power will he equal to the momentum of the 
weight; and their velocities will be in rcclprccal proixirtion 
to each other. For the weight and power w’ill cicscTihe 
circles w hose radii are the distances cd, cf. ; and since the 
circumferences or spaces descrihed are as the radii, and also 
as the velocities, therefore the velocities are as the radii cd, 
ce ; and the momenta, whicli arc as tlie masses and velocities, 
are as the masse.sand radii; that is, as i* x ci: and w x cd, 
which are equal by cor. 3. 

56. Corol. 5. In a straight lc^er, kept in cfjuihbrio by a 
weight and power acting perpendicularly; tlicn, of these 
three, the pjwcr, weiglit, and pressure on the prop, any one 
is as the distance of the other tw o. 

57. Corol. 6. If 
several weights p, ti, 

II, s, act on a straight 
lever, and keep it in 
equilibrio; then the 
sum of the products 
on one side of tlic 
prop, will be equal to the sum on the other side, made by 
multiplying eacn weight by its distance; namely, 

(P X AC) -1- (q X BC) = (a X DC) -f (S X EC). 
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For, the effect of each weight to turn the lever, is as the 
weight multiplied into its distance; and in the case of an equi> 
librumi, the sums of the effects, or of the products on Iwth 
sides, are equal. The same would also follow from art. 26. 

58. Corot. 7. Because, when R_ C 

two w'eights q and ii are in f 5 

equilibrio, q : ii : : rn ; CB; 

therefore, by conifK)sition, a + r a : : bd : rn, 

and, Q -h R a : : bd : cb. 

That is, the sum of the weights is to either of them, as 
the sum of their distances is to the distance of the other. 

SCHOLIUM. 

59. On the foregoing prin¬ 
ciples depends the nature of 
scales and licams, for weigh¬ 
ing all sorts of goods. For, 
if the weights he equal, then 
will the distances be equal 
also, which gives the construc¬ 
tion of the common scales, / 
which ought to have these 
properties ; 

l.s/. That the points of suspension of tlie scales and the 
centre of motion of the beam, a, b, c, should be in a straight 
line: 2r/, That the arms ab, ik , be of an equal lengtii: Sd, 
That the centre ol‘gravity be in the centre of motion u, 
or a little below it; 4///, That they be in equilibrio when 
empty : 5^A, That there be as little iViction as possible at the 
centre b. A defect in any of these ])roperties, makes the 
.scales either iinpcrrcct or false. But it often luippens that 
the one side ol’ the beam is n>ade shorter than the other, and 
the defect covered by making that scale the heavier, by 
which means the scales hang in equilibrio when empty; but 
when they are charged with any weights, so as to be still in 
equilibrio, those weights are not C(jiial; but the deceit will 
be detected by changing the weights to the contrary sides, 
ibr then the ctpiiUbrium will be immediately destroyed. 

60. To find tiic true weight of any body by such a false 
balance:—First weigh the body in one scale, and afterwards 
weigh it in the other; then the mean proportional between 
these two \\ eights, will be the true weiglit required. For, if 
any body h weigh w pounds or ounces in the scale n, and 
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only w fK)unds or ounces in the si^'aie £:: then we have these 

two equations, namely, ab . 5 = nc . w, 

> and BC . h ~ AB . w; 

thcpiTKluctorthe twois AB . bc . 6- = ab . ue . wix?; 

hence then - - - 5 =: wre, 

and - - - 5 = ^'WI£’, 

the mean pro)x>rtionuI, which is the true weight of the body b. 

Cl, The Konian Statcra, or Steelyanl, is also a lever, but 
of unetpial brachia or arms, so contrived, that one weight 
only nuiv serve to weigh a great many, by sliding it back¬ 
ward and Ibrwartl, to tliffcrent ilistances, on tlie longer arm 
of the lever; and it is llui> anistmclcd ; 



Let AB be the steelyard, and t: its centre of motion, whence 
the divisions must commence if the two arms just l>alnnce 
each other: if not, slide Jplio constant moveable weight i 
along from n towards <•, till it just balance the other end 
without a weight, and there make a notch in the beam, 
marking it with a cipher 0. Then hang on at a a weight w 
equal to i, and slide i back towards « till they balance eacli 
other; there notch the beam, and mark it with 1. Then 
make the weight w double of i, and sliding i back to balance 
it, there mark it with 2. l>o tlie same at 3, 4, 5, &c. by 
making w' o(jual to 3, 4, 5, iKC. times 1 ; and the beanj is 
finished Then, to find tlic weight of any body b by the 
steelyard: take off' the weight w', an<l hang on the body b 
at A ; then slide the weight i Ixiekward and forward till it 
just balance the body bj which supple to he at the number 
5; tlicn is b equal to 5 times the weight of i. Sj>, if I be one 
pound, then h is 5 |)ounds; but if i be 2 })ounils, then b is 
10 pounds; anil so on. 
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OF THE WHEEL AND AXLE. 

62. Prop. In the wheel-and-axle; the weight and power 
will be in equilibrio, when the jxiwer p is to the weight w 
reciprocally as the radii of‘ the circles where they act; that 
is, as the radius of the axle ca, where the weight hangs, to 
the radius of the wheel cb, where the power acts. That is, 
p : w ;; ca : cb. 

Here the cord, by which the power p acts, goes about the 
circumference of the wheel, while that 
of the weight w goes round its axle, 
or another smaller wheel, attached to 
the larger, and having the same axis 
or centre c. So that «a is a lever 
moveable about the point c, the power 
p acting always at the distance nc, 
and the w€‘ight w at the distance ca ; 
therefore P : w :; ca : cb, 

63, Corol. 1. If the wheel be put 
ill motion; then, the spaces moved 
being as the circumferences, or as the radii, the velocity of 
w will be to the velocitv of p, as ca to cb ; that is, the 
weight is moved as inucli slower, as it is heavier than the 
power; so that what is gained in power, is lost in time. And 
this is the universal property of all machines and engines. 

6 k Carol. 2. If the power do not act at right angles to 
the radius cb, but oblhjuely; draw cd perpendicular to the 
direction of tlie ])ower ; then, by the nature of the lever, 
i* ; w :: CA : CD. 
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65. To this mechanical 
jMnver belong all turning 
t>r wheel machines, of dif- 
ierent radii, 'riiiis, in the 
roller turning on the axis 
or spindle ck, by the 
haiullc cbd ; the power 
applied at ii is to the 
weight vv on the roller as 
the radius of the roller is 
to the radius cb of the handle. 

66 . And ihc same lor all 



upslans, windlasses, 


cranes. 
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and sudi like; the power belri^ to the weight, always as the 
radius or lever at wtiidi the wcieht acts, to that at which the 
power acts; so that they arc always in the reciprocal ratio 
of their velocities. Artd to the same principle may be re¬ 
ferred the gimblet and augur for boring holes. 

67. But all this, however, is on supposition that the ropes 
or cords, sustaining the weights, arc of no sensible thickness. 
For, if the tliickness be considerable, or if th<‘re be several 
folds of them, over one another, on the roller or barrel; 
then we must measure to the middle of the outermost rope, 
for the radius of the roller; or, to the radius of'the n>ller, 
>ve must add half the thickness of the cord, when there is 
but one fold. 

68 . The wheel-and-axlc has a great advantage over the 
simple lever, in point of convenience. For a weight can l)c 
raised but a little way by the lever; w-hcreas, bv the con¬ 
tinual turning of the wheel and roller, tlie weiglu may be 
raised to any height, or from any depth. 

69. By increasing the number of wheels, too, the jwwcr 
may be multiplied to any extent, making always the less 
wheels to turn greater ones, as far as we jnease: and this is 
commonly called Tooth and Pinion Work, the teeth of one 
circumference working in the rounds or pinions of another, 
to turn the wheel. And then, in case of an equilibrium, the 
power is to the weight, as the continual product of the radii 



of all the axles, to that of all the wliccls. So, if the ptjwcr i* 
turn the wheel o, and this turn the small wheel or axle u, 
and this turn the wheel s, and this turn the axle t, and this 
turn the wheel v ; and this turn the axle x, which raise»> the 
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weight w; then p : w :: cb • de . rc : ac . bd . ef. And 
in the some proportion is the velocity of w slower than that 
of p. Thus, if each wheel be to its axle, as 10 to 1; then 
r : w ;: V*: 10^ or as 1 to 1000. So that a power of one 
pound will balance a w'eight of 1000 pounds; but then^ 
when put in motion, the power will move 1000 times faster 
than the weight. 


OF THE PULLEY. 

70. A Pulley is a small wheel, commonly made of wood 
or brass, which turns about an iron axis passing through the 
centre, and fixed in a block, by means of a cord passed round 
its circumference, which serves to draw up any weight. The 
pulley is either single, or combined together, to increase the 
power. It is also either fixed or moveable, according as it is 
fixed to one place, or moves up and down with the weight 
and power. 

71. Prop, If a power sustain a weight by means of a 
fixed pulley ; the power and weight are equal. 

For through the centre c of the pulley 
draw the horizontal diameter ab : then 
will AB represent a lever of the first kind, 
its prop ik'ing tlie fixed centre c; from 
which the points a and b, where the power 
and weight act, being equally distant, 
the power f is consequently equal to the 
weight w. * 

72. Cord. Hence, if the pulley be put 
in motion, the power p will descend as 
fast as the weight w ascends. So that 
the power is not increased by the use of 
the fixed pulley, even though the rope go over several of 
them. It is, however, of great service in the raising of 
weights, both by changing the direction of the forc*e, for the 
convenience of acting, and by enabling a person to raise a 
weight to any height without moving from his place, and 
also by permitting a great many persons at once to exert 
their force on the rope at p, which they could not do to the 
weight itself; as is evident in raising the hammer or weight 
of a pile-driver, as well as on many other occasions. 

73. Piiop. If a power sustain a weight by means of one 




156 


STATICS. 


inovcaUle pulley; the power is but half the weight, if the 
(ivrtions of the sustaining eord are parallel to each other. 

For, here ab may be con¬ 
sidered as a lever of the 
second kind, the power act¬ 
ing at A, the weight at c, 
and the prop or fixed point 
at B; and because p : w ; 

CB : AB, and <b = ^ah, 
therefore p = -^w, or w 

—■ Op 

74. Carol. 1. Hence it is 
evident, that, when the pul¬ 
ley is put in motion, the ve¬ 
locity of the power will Ikj 

double the velocity of the weight, as the jKiint i‘ moves twice 
as fast as the pvint c and w’cighl w rises. It is also evident, 
that the fixed pulley F makes no difference in the pt)wer i*, 
but is only used to change the direction of it, from upwards 
to downwards. 



75. Carol. 2. Hence we may estimate the effect of a com¬ 
bination of any number of fixed and moveable pulleys; by 
which we shall find that every cord going over a moveable 
pulley always adds 2 to the power ; since each moveable pid- 
iey’s rope l>ears an etpiui sliarcof the weight; while each ih)|h.’ 
that is fixed to a pulley, only increases the [M)wcr by unity. 



Note .—If the portions of the sustaining cords between the 
]>ulK’ys are not parallel, the fVjrces will be reduced uj)on the 
principle of art. 51. 
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OF THE INCLINED PLANE. 


76. The Ikcltned Plane, is a plane inclined to the 
horizon, or making an angle with it. It is often reckoned 
one of the simple mechanic powers; and the double inclined 
}jlane makes the wedge. It is emjdoycd to advantage in 
raising heavy bodies in certain situations, diminishing their 
weights by laying them on the inclined planes. 

77. Prop. The })ovver gained by the inclined plane, is in 
proportion as the length of the plane is to its lieight. That 
IS, when a weight w is sustained on an inclined plane ar, by 
a f)ower v acting in the direction dw, parallel to the plane ; 
then the weight w, is in proportion to the power p, as the 
length of tlie plane is to its height; that is w : r :: bc : au. 



For, draw’ ae perp. to 
the plane m., or to nw'. 

'I’hen we are to consider 
that the body w is sustained 
by three forces, viz. 1st, its 
own weight or the force of 

gravity, acting perp. to ac, or parallel to ua ; 2d, by the 
power P, acting in the direction wD, parallel to uc, or he; 
and 3dly, by the re-acllon of the ])lnne, perp. to its face, or 
parallel to the line i:a. But when a body is kept in equili- 
brio by the action ol’tliree I'orces, it has been proved, (art. 
30.) that the intensities of these forces are proportional to the 
sides of the triangle a«e, made by lines drawn in the di¬ 
rections of their actions; therefore those forces'are to one 

another as the three lines - - ab, be, ae; that is, 

the weight of tlie body w is as the line ab, 

the power P is as the line - - be, 

and the pressure on the plane as tlic line ae. 
l^ut the two triangles abe, abc are equiangular, and 
therefore their like sides proportional; that is, 
the three lines - - - - ab, be, ae. 


lave 


are to each other respectively as the three bc, au, ac, 
or also as the three > _ - ac, ae, ce, 

which therefore arc as the three forces w, p, 
where p denotes the pressure on the plane. That is, w : p 
nc : AB, or the weight is to the power, as the length of the 
plane is to its height. 

See more on the Inclined Plane in the Dynamics. 
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' 7^* ScJt^ittm. The Inclined Plane comes into use in some 
situations in which the other mechanical jwwers cannot be 
conveniently applied, or in combination with them. As, in 
sliding heavy weights either up or down a plank or other 
plane laid sloping: or letting large casks down into a cellar, 
or drawing them out of it. Also, in removing earth from a 
lower ^tuation to a higher b^ means of wheelbarrows, or 
otherwise, as in making fortiheations. See.; inclined planes, 
made of boards are employed. Hail-roads, on incliiUHl 
planes, serve often to convey coals from the mouth of a 
mine. 

Of all the various directions of drawing IkkUcs up an in¬ 
clined plane, or sustaining them on it, the most favourable 
is where it is parallel to the plane n(', and passing through 
the centre of the weight; a direction which is easily given 
to it, by fixing a pulley at u, so that a cord passing over it, 
and fixed to the weight, may act or draw parallel to the plane. 
In every other position, it would require a greateijpower to 
support the body on the plane, or to draw it up. For if one 
end of the line be fixed at w, and the other end inclined 
down towards b, below the direction wd, the body would be 
drawn <^wn against the plane, and the power must be in¬ 
creased in proportion to the greater difficulty of the traction. 
And, on the other hand, if the line were carried above the 
direction of the plane, the power roust be also increased; 
but here only in proportion as it endeavours to lift the body 
off the fdane. 

If the length bc of the plane be equal to any number of 
tunes its perp. height ab, as suppose 8 times; tiien a power 
p of 1 poqnu, hanging freely, will balance a weight w of 3 
TOunds, laid on the plane; and a power p of 2 pounds, will 
balance a weight w of 6 pounds; and so on, always 8 times 
as much. But then if they be set moving, the perp. descent 
of the power p, will be equal to 8 times as much as the perp. 
ascent of the weiglit w. For, though the weight w ascehds 
up the direction of the oblicpie plane, bc, just as fast as the 
power p descends perpendicularly, yet the weight rises only 
the perp. height ab, while it ascends up the \\h(jle length 
of the plane itc, which is three tiqies ns much; that is, for 
every f<x)t of the perp. rise of ihe weight, it ascends 8 feet up 
in the direction of tlie plane, and the power r descends just 
as much, or S feet. 
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OF THE WEDGE. 


79. The Wedge is a piece of 
wocxl or metal, in form of lialf a rect¬ 
angular PRISM. AF or BG IS the 
breadth of its back; ge its height; 
GC, BC its sides; and its end cue is 
composed of two equal inclined planes 

GCE, BCE. 


80. Prof. When a wedge is in cquilibrio; the power 
acting against the hack, is to the force acting perpendicularly 
against either side, as the breadth of the back ab is to the 
length of the side ac or bc. 

For, any three forces, which sustain one 
another in cquilibrio, arc ns the correspond¬ 
ing sides of a triangle drawn perjiendicular 
to the directions in which they act. But 
A» is perp. to the force acting on the back, 
to urge the wedge forward; and the sides 
AC, BC are perp. to the forces acting on 
them; therefore the three forces are as ab, 

AC, Be. 

81. Carol. The force on the back ab. 

Its effect in direct, uerp. to ac, ac. 

And its effect parallel to ab ; dc, 

are as the three lines which are per. to them. 

And therefore the thinner a wedge is, the greater is its 
eifect, in splitting any body, or in overcoming any resistance 
against the sides of the \/edgc?. 

SCHOLIUM. 

82. But it must be observed, that the resistance, or the 
forces above-mentioned, respect one side of the wedge only. 
For if those against both sides be taken in, then, in the fore¬ 
going proportions, we must take only half the back ad, or 
else we must take double the line ac or nc. Various other 
theories of the wedge arc given by different authors, but 
they need not here be detailed, on account of the irregulari¬ 
ties introduced by friction. 
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' In the wedge, the friction against the sides is very great, 
at least equal to the force to be overcome, because the wedge 
retains any position to which it is driven ; and therefore the 
resistance is doubled by the friction. But then the wedge 
has a great advantage over all the other powers, arising from 
the force of percussion or blow with w’hicn the back is struck, 
which is a force incomparably greater than any dead weight 
or pressure, such as is employed in other machines. And ac¬ 
cordingly' we find it produces eirects. vastly superior to those 
of any other ]>ower; such as the splitting and raising the 
largest and hardest rocks, the raising iiiul lifting the largest 
ship, by driving a wedge Ik‘1ow it, whiclt a man can tlo by 
the blow of a mallet: and thus it appears that the small blow 
of a banmier, t»n the hack of a wedge, is incomparably greati i 
than any mere j»ressurc, and will overcome it. 


OF THE Sf:ilE\V. 

83. The Screw is one of the six mechanical |x>W(ts, 
chiefly used in pressing or squeezing bodies close, tliougli 
sometimes also in raising weights. 

The screw is a spiral thread or groove cut round a cylin¬ 
der, and every where making the same angle with the length 
of it. So that if the surface of the cylinder, with this spiral 
thread on it, w-ere unfolded and stretched into a plane, the 
spiral thread w'ould form a straight inclined plane, whose 
length would be to its height, as the circumference of the 
cylinder, is to the distance between two threads of the screw : 
as is evident by considering that, in making one round, the 
spiral rises along the cylinder the distance oetween the two 
tlireads. 

84*. Prop. Tlie energy of a power applied to turn a screw 
round, is to the force with which it presses upw'ard or down¬ 
ward, setting aside the friction, as the distance between tw'O 
threads, is to the circumference where the power is applie«.b 

The screw being an inclined plane, or half wedge, whose 
height is the distance between two threads, and its base the 
circumference of the screw ; and the force in the horizontal 
direction, being to that in the vertical one, as the lines per¬ 
pendicular to them, namely, as the height of the plane, or 
distance of the two threads, is to the base of the plane, or 
circumference of the screw; therefore the power is to the 
pressure, as the distance of two threads is to that circum¬ 
ference. But, by means of a handle or lever, the gain in 
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power is increased in the proportion of the radius of the screw 
to the radius of the power, or length of the handle, or as 
their circuniferences. Therefore, finally, the power is to the 
pressure, as the distance of the threads, is to the circum¬ 
ference described by the power. 

85. Corol. When the screw is put in motion; then the 
power is to the weight which would keep it in equilibrio, as 
the velocity of the latter is to that of the former; and hence 
their two momenta are equal, wliich are produced Iw mul¬ 
tiplying each weight or jxiwer by its own velocity. So that 
this is a general property in all the mechanical powers, 
namely, that the momentum of a power is equal to that of 
the weight which would balance it in equiliorio; or that 
each ()f them is reciprocally proportional to its velocity. 


.-rHpLirM. 

8(). Hence we can easily 
compute the force of any ma¬ 
chine turned by a screw. Let 
the annexed figure represent a 
press driven by a screw, whose 
threads are each a quarter of 
an inch asunder; and let the 
screw be turned by a handle 
of 4 feet long, from a to d ; 
then, if the natural force of 
a man, by which he can lift, 
pull, or draw, be 150 pounds; and it be requiretl to deter¬ 
mine with what force the screw will press on the board at d, 
when the man turns the handle ut a and b, with his whole 
force. Then the diameter ab of the power being 4 feet, or 
48 inches, its circumference is 48 x 3T416 or I50f nearly; 
and the distance of the threads being ± of an inch; there¬ 
fore the power is to the pressure, as J to 603|; but the 
power is equal to 1501b; theref. as 1 : 6034 : : 150 ; 90180; 
and consequently the pressure at d is equal to a weight of 
90480 pounds, independent of friction. 

87. Again, if the endless screw ab be turned by a handle 
AC of 20 inches, the threads of the screw being distant 
half an inch each; and the screw turns a Uwtlied wheel £, 
whose pinion l turns another wheel f, and the pinion m of 
this another wheel o, to the pinion or barrel of which is hung 
a weight w; it is required to determine what weight the man*' 
will be able to raise, working at the handle c; supposing 

VOL. II. M 




16 S 


ITATIC8. 


the diameters of the wheels 
to be 18 inches, and those 
of the pinions and barrel 2 
inches; the teeth «ind pi¬ 
nions being all of a si 2 e. 

Here 20 x 3 141f) x 2 
= 125*664, is the circum¬ 
ference of the |x>wer. 

And 125-664 to 4^ <»r 
251*328 to 1, is thf; force 
of the screw alone. 

Also, 18 to 2, or 9 to 1, 
being the pro|)orlion of the 
w'heels to the pinions; and 
as there are three of them, 
therefore O'* to 1*, or 729 
to 1, is the power gaineil hy 
the wheels. 

Consequently 251-328 x 
729 to 1, or ia3218; to 
1 nearly, is the ratio of 
the power to the weigin, 
arising from the advanUige 
both of the screw and the 
whcMjls. 



But the |X)wcr is 15011); therefore 150 X 1832181, or 
527482716 pounds, tlie weight the uian can sustain, which 
is equal to 12269 tons w-cight. 

But the |X>wer has to overcome, not only the w-eight, hiif 
also the friction of the screw*, which is very great, in some 
cases equal to the w’cight itself, since it is sometimes sufficient 
to sustain the weight, when the |K)wer is taken off. 


88. Upon the same principle the advantage of any other 
combination of the mcchaniciil jK>w ei-s inav be compuleil: 
allowance, how-cver, Ijcing always to be made fur stifliiess of 
cords, friction, and other causes of resistance. 


ON THE CENTRE OF GRAVITY. 

89. The Centre of Gravity of a body, or of a system 
*of bodies, is a certain point within it, or conncctetl with if, 
on which the body being freely suspended, it w*ill rest in any 
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position^ and that centre will always Und to descend to the 
lowest place to which it can get, when it is not the point of 
suspension. n 

90. Prop. If a perpendicular to the horizon, from the 
centre of gravity of any body, fall within the base of the 
IkkIv, it will rest in that msition ; but if the perpendicular 
fall out of the base, the Wiy will not rest in that position, 
but will fall down. 


For, if CB lie the perp. 
from the centre of gravity c, 
within the base: then the 
body cannotfall over towards 
a; because, in tumir^on the 
point A, the centre ofgravity 
c would describe an arc 
which would rise from c to 
li; contrary to the nature of that centre, which only rests 
permanently w'hen in the lowest place. For the same reason, 
the body will not fall towards d. And therefore it will stand 
in that position. 

But if the perpendicular fall out of the base, as cb; then 
the botly will fall over on that side: because, in turning on 
the {Kiint o, the centre c descends by describing the descend¬ 
ing arc ce. 



91- Carol. 1. If a perpendicular, drawn from the centre 
of gravity, fall just on the extremity of the base, the body 
may stand; but any the least force will cause it to fail that 
way. And the nearer the perpendicular is to any side, or 
the narrower the base is, the easier it will be made to fall, or 
lie pushed over that way ; because the centre of gravity has 
the less height to rise: which is the reason that a globe is 
made to roll on a smooth plane by any the least force. But 
the nearer the perpendicular is to the middle of the base, or 
the broader the base is, the firmer the body stands. 

92. CoroL 2. Hence if the centre of gravity of a body be 
supported, the whole body is supported. And the place of 
the centre of gravity may, in many inquiries, be accounted 
the place of the body; mr into that point the whole matter 
of the body may be supposed to be collected, and therefore 
all the force also with wnich it endeavours to descend. 


93. Carol. 3. From the property which the centre of 
gravity has, of tending to descend to the lowest point, is de¬ 
rived an easy mechanical method of finding that centre. 

• -m2 
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Tbiis, if the body be hung up by 
any punt a, and a plumb lint* ab be liung 
by the same [X)int, it will pass through 
the centre of gravity; because that centre 
is not in the lowest point till it fall in 
idumb line. Mark the line ah on it. 
Then hang the btuly up by any <'ther }>oint 
D, with a plumb line i>k, uhich will :iIm> 
pass through the centre of gravity, for th«* 
same reason as before; niuT therefore thii! 
centre must lie at c where the two plum', 
lines cross each other. 



94. Or, if the boily he suspeiuled hv 
two or more cords c. f, c.ii, ice. then a 

f >lumb line from the {loint will cut the 

Kxly in its centre of gra\ ity e. 


95. Likewise, because a bod}' rests when its centre of 
gravity is supported, but not else; we hence derive another 
easy method of Hiiding that centre inechanically. For, if 
the body be laid on the eilge of a prism, or over one side 
of a table, and moved backward and ftirward till it rest, or 
balance itself; then is the centre of gravity just over the line 
of the edge. And if the body be then shifted into another 
position, and balanced on the edge again, this line will aW) 
pass by the centre of gravity; and con.sequently the inter¬ 
section of the two w ill indicate the jdacc of the centre itself. 

The place of the centre of gravity may be investigated, 
from its analogy to the centre of parallel forces; but the 
following metliod is adopted here, as in some res{U!cts easier 
of comprehension. 

96. Prop. The common centre of gravity c of any two 
bodies a, b, divides tlie line joining their respective centres, 
into two ports, which are reciprocally as the bodies. 

That is, AC : BC :: B : A. 

For, if the centre of gravity c 
be supported, the two IxhIIck a 
and B will be supported, and will 
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iTst in cqiiitibrio. But, by the nature of Uie lever, when 
two bodies are in equilibrio ab<jut a fixed point c, they are 
reciprocally as their distances from that point; therefore 

A : 11 : : CB > CA. 


97. Coral, 1. Hence ab : ac :: a -f- ii ; b ; or, the whole 
distance between tlie two bodies, is to the distance of cither 
of tiicni from the common ccnliv, »s the sum of the bodies 
is to the other body. 

98. Carol. 2. Hence also, ca . a = cb . b; or the two 
products arc equal, which are made by multiplying each 
body into its distance from the centre of gravity. 

99. Coro/.. 3. As the centre c i.s pres.sed with a force e({ual 
to both the weights a and u, while the points a and b arc 
each pressed witli the respective weights a and b ; therefore, 
if the two bodies be both united in their common centre c, 
and only the ends a and n of the line ab be sunjxjrted, each 
will still bear, or l)e pressed by the same weight A and b as 
beh)re. So that, if a weight of 1001b. be laid on a l)ar at c, 
supported by two men at a and b, distant from c, the one 4 
feet, and the other G feet; then the nearer Avill bear the 
weight of GOlb, and the farther only 40Ib. weight. Tliis 
should be noted as a {irincipie of extensive application. 


^ 

A B 



100. Con^. 4. Since the 
effect of any body to turn 
a lever about the fixed 
point is as that body and 
as its distance from that point; therefore, if c be the com¬ 
mon centre of gravity of all the bodies a, b, d, e, f, placed 
in the straight line af ; then is ca . a + cu . b s cD . D + 
c’F. . E 4- CF . f; or, the sum of the products on one side, 
ecpial to the sum of the products on the other, made by mul¬ 
tiplying each body into its distance from that centre. And 
if several bodies be in equilibrio on any straight lever, then 
the prop is in the centre of gravity, 

101. Cord 5. And though 
the bodies be not situated in 
a straight line, but scattered 
abou t in any promiscuous man¬ 
ner, the same property as in the 
last corollary still holds true, 
if peiqx^ndiculars to any line 
whatever o/’be drawn through 
the several liodics, and their common centre of gravity, 
namely, tliat ca . a + c/i. b i;. cd • d + c<? . e + c/. r. For 
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th4 bodies have the same effect on the line of, to turn it about 
the point c, whether they are placed at the points a, h, e^J\ 
or in any |>art of the perpendiculars ao, ui, ik?, r.e, ¥f. 

108. Pkop. If there be three or more btidies, and if a line 
be drawn from any one body o to the centre of gravity of 
the rest c; then the common centre of gravity e of aii the 
bodies, divides the line cd into two parts in e, which are 
reciprocally proportional as the b<Hiy d to the sum of all the 
other bodies. 


Tliat is, CE : ED : . D : A -t u &c. 

For, suppose the bodies a and n ^-3 

to l>c collected into the common A 
centre of gravity c, and let their sum 
be colled s. Then, by the last prop. 

CE : ED :: 1) : s or a r n, &c. 

Corel, Hence wc have a method of finding live com¬ 
mon centre of gravity of any number of IkkIics ; namely, by 
first finding the centre of any two of them, then the centre 
of that centre and a third, and so on for a fourth, or fifth, 
&c. 



103. Prop. If there be taken any point v, in the line 
jiassing through the centres of two bodies; then the sum of 
the two products, of each body multiplied into its dLstance 
from that ixiint, is equal to the j>roduct of the sum of the 
bodies multiplied into the distance of their common centre 
of gravity c from the same fxjint p. 

That is, PA . A + p« . H = PC . A -f B. 


For, by art. 98th, ca . a = cb . b, 
thatis,(pA — pc).A = (pc + pb).b; Q. 
therefore, by adcling, A 

PA . A ± PB . B = PC . (a -f n). 


t - f ^-P 


104. Carol. 1. Hence, the two bodies a and b have the 
same force to turn the lever about the point p, as if they 
were both placed in c their common centre of gravity. 

Or, if the line, with the bodies, move about the point p; 
the sum of the momenta of a and b, is equal to the momen¬ 
tum of the sum s or a + b placed at the centre c. 

105. Cord. 2. The same is also true of any number of 
bodies whatever, as will appear by cor. 4, art. 100. namely, 
PA . A -f PB . B + PD . D, &C. = PC . (a + B -f D, &C.) whcrc 
p is in any point whatever of the line ac. 

And, by cor. 5, art. 101, the same thing is true when tht; 
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bodies arc not placed in that line, but any wherein the per¬ 
pendiculars passing through the f)oints a, b, n, &c.; namely, 
IVI .A + 1*6 . B + pd. D, &c. = PC . (a -K n 4- D, &C.) 

106. Corol, 3. And if a plane pass through the jwiiit p 
|)crpendiciilar to the line cp; then the distance of the com¬ 
mon centre of gravity from that plane, is 

pa . A + 1*6 . B 4 vd . 1), Stc- , . , , 

Pt> —-tliat IS equal to the sum 

A 4- B f D, »tc. ’ * 

of all the moments divided by the sum of all the bodies. Or, 
if A, n, l>, Src. be the several particles of one mass or com¬ 
pound body; then the distance of the centre of gravity of 
the body, below any given pant r, is equal to the forces of 
all the particles divided by the whole mass or body, that is, 
c“<jual to all the pa . a, p6 . ii, vd . d, ke. divided by the 
body or sum of particles a, n, u, &c. 

107. Pkop. To find the centre of erravitv of any body, or 
of any system of bodies. 

Through any point p draw 
a })lanc, and let i «, p 6, ed, ivc. 
be tlie distance of the bodies 
A, B, D, &c. from tlie plane; 
then, by the last cor. the di¬ 
stance of the common centre of 
gravity from the plane, will be 

Prt . A 4 p 6 . u 4 Pi> . l>, &e. 

i*c — -;-n- 

A 4 - B 4 - t>, oic. 



108. Or, if 6 be any body, and uph any plane ; draw pab 
iicc. }>erpendicular to qu, and through a, b, &c. draw innu¬ 
merable sections of the body b parallel 
to the plane or. Let s denote any one 
of these sections, and d = pa, or i*b, &c. 
its distance from the plane or. Then 
will the distance of the centre of gra¬ 
vity of the body from the plane be 

sum of all the ds . , , 

PC = - i -. And it the 
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j 

/ 

c_ 

& / 


distance be thus found for two inter¬ 
secting planes, they will give the point 
in which the centre is placed. 

109* Bat the distance from one plane is sufficient for any 
regular body, because it is evident that, in such a figure, the 
centre of gravity is in the axis, or line passing through the 
centres of all the parallel sections. 
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' Thus, if Uie figure be a parallulugram, or a P-Ji 

cylinder, or any prism whatever; then the ^ 

aids or line, or plane ps, which bisects all the 
sections parallel to qr, will pass through the 
centre or gravity of all those sections, and 
consequenUy through that of tlie whole figure 
c. Then, ml the sections s being ei}ual, and 
the body 6 = ps . the distance of the cen¬ 
tre will be PC = 

pa . 1 4- PB . + &C. PA + Pfl f PD 8iC. PA + PB + &C. 

^ X 5 = 

0 P& . Jt PS 


But PA 4- PB 4- &c. is the sum of an arithmetical pro¬ 
gression, beginning at 0, and increasing to the greatest term 
PS, the number of the terms being also equal to ps ; there¬ 
fore the sum pa 4- pb 4* &c. = i-i’s . ps ; and consequently 


PC = 


4ps . PS 
PS 


= 4 PS; that is, ilie centre of gravity is in lltc 


middle of the axis of any figure whose parallel sections arc 
equal. 

110. In other figures, whose parallel sections arc not 
equal, but vairlng according to some general law, it will nut 
be easy to fintf the sum of all the pa . j, pb . s', pd . V', See. 
except by the general method of Fluxions; which case 
therefore will be best reserved, till we come to treat of that 
dcwtiine. It will be proper, however, to add here some ex¬ 
amples of another method of fimiing the centre of gravity of 
a triangle, or any other right-lined plane figure. 

111. Prop. To find the centre of gravity of a trianglcw 

From any two of the angles draw 

lines AD, cjn, to bisect the opjxjsite 
sides; so will their intersection g be 
the centre of gravity of the triangle. 

For, because ad bisects bc, it bisects 
also all its parallels, namely, all the 
parallel sections of the figure: there¬ 
fore AD passes through the centres of 
gravity of all the ]mrallel sections or 
component parts of the figure; and consequently the centre 
of gravity of the whole figure bes in the fine ad. Fcm* the 
same reason, it also lies in the line CE. Consequently it is 
in their common pmnt of intersection g. 

112. CoroZ. The distance of the point o, is ag ss 

and CG = : or ag = 2gd, and cg Soe. 

For, draw bf parallel to ad, and jiroducc c£ to meet it 
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iti F. Then the triangles aeg, bef are similar, and also 
ctjual, because ae = BE; consequently ao = bf. But the 
triangles cdg, cbp are also equiangular, and cb being 
= £cd, therefore bf = Sgd. But bf is also = ag ; 
consequently ao = Sod or ^ad. In like manner, co = ^oe 
or |CE. 

113. Prop. To find the centre of gravity of a trapezium. 

Divide the trapezium abcd into two 

triangles, by the diagonal bd, and find 
E, F, the centres of gravity of these 
two triangles; then shall the centre of 
gravity of the trapezium lie in the line 
EF connecting them. And therefore 
if EF be divid^, in g, in the alternate 
ratio of the two triangles, namely, 

EG : GF :: triangle BCD ; triangle abd, then o will be the 
centre of gravity of the trapezium. 

114. Or, having found the two points e, f, if the trape¬ 
zium be divided into two other triangles bac, dac, by the 
other diagonal ac, and the centres of gravity h and i of these 
two triangles be likewise found; then the centre of gravity 
of the trapezium will also lie in the line hi. 

So that, lying in both the lines, EF, Hi, it must necessarily 
lie in their intersection g. 

115. And thus we are to proceted for a figure of any 
greater number of sides, finding the centres of their com¬ 
ponent triangles and trapeziums, and then finding the com¬ 
mon centre of every two of these, till they be lUl reduced 
into one only. 


A. J> 



PROBLEMS FOR EXERCISE. 

1. Find, geometrically, the centre of gravity of a trape¬ 
zoid. 

2. Find, geometrically, the centre of gravity of a trian¬ 
gular jiyramid. 

8. Infer, thence, the centre of gravity of any pyramid. 

4. Find, algebraically, the centre of gravity of the frus¬ 
tum of a pyramid. 

5. Let^ a sphere whose diameter is 4 inches, and a cone 
whose altitude is 8 inches, and diameter of its base 3 inches, 
be fastened upon a thin wire which shall pass through the 
centre of the globe and the axis of the fx>ne; let the vertex 
ot the cone be toward the sphere, and let its distance from 
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ilie 6|>here*8 surface be inches, lieejuired the place of' 
their common centre of jsfravity. 

6. Demonstrate 1st, That the surface produced by a plane 
line or curve by revolving about an axis in the plane of that 
curve, is equal to the proilucl of the generating line or curve 
into Uie path described by the centre of gravity. 

And ^ly, That the solid produced by the revolution of 
a plane figure alx>ut an axis jx>silcd in the ))lanc of that 
figure, is ecpial to the product of tlie generating surface into 
the circumstance described by the centre of gravity. 


ON THE EQUILIBRIUM OF ARCHES. 

116. A very interesting department of the science of Sta¬ 
tics, is that u liich relates to the stability of arches, as intro¬ 
duced in the construction of hrulgcs, powder-magazines, &c. 
Uvery such structure is a system of forces, and the examina¬ 
tion of its firmness, therefore, requires tlie a|)plic.atioii of tlie 
general principles of e(juilibriuin. We shall here present a 
few useful.propositions in elucidation of the more received 
theories. 

117. Phot. The force of a voussoir de|H.‘nding on the 
inagniludc of the angle funned by its sities, the im{)i‘liing 
force, and tlie resistance to be overcome, is on the first ac¬ 
count directly as the radius of curvalute t»f the arch at tlial 
}>oint, on the second as the sijnare of tlie sine ol’ tlie angle 
included between the tangent of the curve at the given iKiint 
and the vertical passing through that point, and on the lliird, 
as the sine of the same angle. 

1. Let EABF, cabf^ be two 
similar concentric curves, 
and AB, abf two voussoirs 
similarly situated, whose 
sides perpendicular to the 
curve converge to die centre 
c. The forces of these vous¬ 
soirs considered as portions 
of wedges, are inversely as 
the sines of the half vertical 
angles (schol. art. 82.) or, 
because each wedge occupies an equal |x>rtion of its re 
spective arch, directly as the radii of curvature. 
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Sndly, Let nh lie the invariable breadth of the vouasoirs on 
the arch cabj\ the incumbent weight, which, since oh 

is supposed given, is as the breadth ZtAr, or as the sine of the 
angle hkk: by the resolution of the force into two /*h, 
iiK, the latter is the^force impelling the voussoir to split the 
nrch, which* since is given, varies as the sine of h^k, or 
/duAr; wherefore, the force impelling the voussoir is as the 
square of the sine of hak. 

6dly, The wedge impelled in a direction perpendicular to 
the curve endeavours to split the arch, and tnerefore to move 
one segment about the fulcrum c, the other about the fulcrum 
Hence the force of the voussoir acting on the levers 
ii^, being as cither of tlie perpendiculars cq, is as the sine 
of the angle J'qv or huk. 

We have supposed the centre of curvature of the arches 
at the points a, a, /t, h, to be at c: but this is merely to pre¬ 
vent the figure from being too complex, and makes no al¬ 
teration in the nature of the demonstration. 

Carol. Hence, if the lieight of the wall incumbent on any 
point H of the intrados is inversely as the cube of ilie sine of 
ImJc into radius of curvature at that point, or directly as cube 
of the secant of the angle formed by h\i and the horizon, and 
inversely as the radius of curvature, all the voussoirs will 
endeavour to split the arch with equal forces, and will be in 
perfect equilibrium with each other. 

The general expression, therefore, for the thickness on 
<»ver any point of an arch, is 

on — sec. elev". at h x — 

R 

where r — rad. of curvature at the vertex 
a ~ thickness of material there 
R =3 rad. of curvature at h. 

The radii of curvature for the different curves are deter- 
niinable by the method of fluxions, or by other means: they 
arc here supposed known. 

1. Suppose, for example, it were required to find the re- 
([uisitc thickness over any point of a circular arc, to ensure 
equilibration, the thickness a = dk, at the crown of the arch 
being given. 


Here, rad. of curv, at n 
= rad. of curv. at n 
that is R = r. 

and sec. Rii^ = sec. avc* dh. 
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Conseq. gu = sec.® dh X — = see/ wii . a, 

R 

lienee we have a convenient )<jgariihmic expresaion for com¬ 
putation; viz. 

Log. DK + ^ log. sec. DH =: log. GH. 

In this example, the curve of equilibration, gkj, runs up 
to an iiiBnite height over b, the springing of a semicircular 
arch. , But over a portion t»i‘ iK)* or J53" on each side the 
vertex, as dh, the curve Kt; of the extratlos accords very 
well with what would be reipiired for a roadway. 

Ex. 2. Determine the requisite thickness for etjuilibration 
over any point of a parabola. 


Here if o& = a:, iiii = r = 


(4a -hj j) 

m —— —^ 


2x/J 


which, at the vertex, where x vanishes 
beccHnes r {p : 


RT 5= 2j:, rh = y = th = v^Hii'‘ -i- ut* == -h 4x^ 

TH px -p 4x* w -I- 4x 
sec. THR = - = -= - 



HU 


px 


•, GH = sec.* THR . — « 

K 


_ (p + 4x) ■ 


3 


ip 


2%/p 


a = a = KD. 


p* (p -h 4x)^ 

So that the extrados is a parabola equal to the in trades, 
and every where vertically etjuidistant Ironi it. 

Ex. 3. To determine 
the requisite thickness 
over any point of a cy¬ 
cloidal arch. 

Here, putting dk = a, 

DRrrx, DC=d; we have, 

■from the known pmper- 
lies of the cycloid, the 
tangent ht parallel to 
the corresponding chord 
SD, or angle thr — 

Z DSH, so — A/dx, 

SB = v'dx — 



KQurr.iBRiuM or arches. 175 

» (jiarallu! to sr) = ho = 2sc = 2 %/</’' — dx ; r = 2cD=i2i/: 


SI) 

sec. THU = — = 
SB 

^ dx d 

dv—x ~~ '^d—x 

Gir =: sec.’ THR 

r 

— • a 

R 

3 

Qd- 

{d - 

o{d-—dxy 

} 

9,da 




DK . CD* 


f [d-xf 


(d-ry 

By com]>ntin" the value of gh for several corresponding 
values of j>r, ami cii, aiul thence constructing the cxtrados 
by )>oinrs, it will, as in the figure, ap|)car analogous to that 
for the circle, but rather flatter till it approach the extremi¬ 
ties of the arch, where the curve runs off to infinity, as in 
the case for the circle. 


Exam. 4. To determine the 
rcijuisite tliickness over any 
]K>int of an elliptical arch. 

Here, taking a:, y, and a, as 
iKjfbre, take ac — DC = r, 
HQ, = **, being per|wndicular 
to the tangent ht. Then, by 
the property of the ellipst', 



DC® : Ac “ :: CR : qr, 
t* 

or, c' : : r — .r : —(c — ac) = QR. 

c 

HQ 

Also, sec. THR = sec. hqr = — =’^4-—(c—ar) = 

^ 4Tr^ 

Radius of curvature at h = n = —r, p being the paramc- 

P 


ter to CD = 
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R = 


~iF 


/« 


= ~r^ ; anti r (rad. curv. at d) = — 


r 


Whence, lastly, on = see.* the . — . 


— L. i!_ 

~ <®(c —ar)^ c Tf’e* 

__ 

“"(c—x)’* Cr’ 

as before, a convenient expression for logfarilhmic operation. 

Here, again, computing values of on for several assunieti 
values of cr, the curve of the extratlo.s may thence be con¬ 
structed, and, like that for the cycloid, it will lie found rather 
flatter than that for the circle, but still analogous to it. 

£xam:. 5. For the Catenar}'. (See the fig. to Fxam. 1^.) 
Here, put dr = x, gr = y, dg =» z, ^ — tension at the 
vertex D when the chain hangs from a and b. Then, by 

zy 

the nature of the curve = SUx + subtang, tr = -~ 

Rad. curv. at g = —~ = r, and therefore at d where e 
vanishes r =: i. 


HT = V'HR® + RT^ 




+ 


\r 


sec. TUR 



. a 


r ^ 

cu = sec.® THR . — a* = -. t . -r-- —. 

— -- [sub.*' for its value.] 

t t 

_ {fi + 2/x 4- a**)^a _ a{t+T) __ cue 

= - _ - _o4._. 

Carol. 1C a = t, or the thickness at the crown equal to a 
line whose weight e.xpresses the tension, 

then GH = a 4- X = KD 4- dr. 


Carol. 2. If a — the exterior curve will prcx;eed 

f upwards \i,oth ways from k. 

\ downwards J ^ 
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Coi'ti. 3. If OK, the thickness at tl»e crown, be very small 
compared with then will the thickness over h be nearly 

the same throughout: thus, suppose a = then 

'=“ = “ + io^i = “ + ioooo = “ "“'■'y- 

sequently, a heavy flexible cord or chain, left to adjust itself 
into a hanging catenary, and inverted, would support itself 
upon props fjerpendicular to the tangents at A and n. 

Or K» = rt + — (« -f —)= X - 7 - = 0 —o) — ; 

' z z z 

which when a vanishes becomes — x, or fiR = gh = a. 

1 18. Prop. To pefint out the construction, and investi¬ 
gate tfie chief profMjrties of the plat-band, or “ flat arch,’’ as 
it is st)metimes called. 

Let Ru' be the pro- 
]>osed width, and K^• 
thepro|K>sed thickness 
of a plat-band. As¬ 
sume a }x>int p in the 
inferior prolongation of 
Kk the middle of the 
structure; and, sup¬ 
posing ab, bCy cd, 

&c. the pro}>osed thicknesses at l)ottoni, of the truncated 
wedges of which the plat-band is to be constituted, Jet 
straight lines iv/'a', paa, vbn, pre, &c. be drawn, they will 
respectively show the directions in which the mutually abut¬ 
ting faces of tlie several wedges are to be cut, so that the 
whole shall be an etjuilibrated structure. 

Now, 1st, If ok = a'k^ be taken to represent half the 
7i'cig'hi of -the central wedge, then perpendicular to it will 
represent the horizontal thrust throughout the plat-band, 
and consequently, the thrust^ shoot, or drift, acting at R 
or u'. 

2dly, Therefore, by assuming p nearer or farther from 
rr', the thrust may be diminished or increased at pleasure. 

3dly, No one of the wedges has a greater tendency to fall 
downwards than another; for those tendencies are through¬ 
out as their weights, each being represented by the successive 
lines ab, be, cd, &c. on both sides the key-stone. The 
former arc as the differences of the tangents ka, kb, kc. See, 
to the radius pAt; and the latter are as the areas of the trajie- 
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Koids abBA, 6t*CB, &c, which ore as + ab to 6c + BC, oi 
as aby to 6e; the common height of alt the trapezoids beiiij 
equal to kx, 

4lhly, The presnurc on each joint of the plat-band i! 
propoHumal io the surface of that joint. For, pressure oi 
aK to pressure on 6 b, as pa to p6, that is, as ah to 6fi; am 
so throughout. The pressures being exerted perpendicu 
larly to the respective surfaces, are evidently measured bj 
lines in the directions of those surfaces (art. 32.) when w< 
have assumed a horizontal line for the measure of gravity 
and a vertical line to measure the horizontal thrust. 

6tl)ly, Hence also it follow.s that in this construction th( 
pressure upon each square inch ofjoint, is n constant quantit} 
throughout; being the same upon every square inch of tlu 
face in direction «a, as u})on every square inch of face ii: 
direction 6 b, in direction re. See, to the extreme abutlnent^ 
HT, r't'. 

These properties will not be found co-exislent in any othci 
equilibrated structure. 

119. Scholium. Yet this construction has a limitalior 
which it is highly important to observe. To ensure stability, 
the distance of Uie centre of gravity of the semi-vault from 
the vertical pk, must exceed kv, the distance from the same 
vertical to the intersection of rv (a perpendicular to the 
abutment tk) witli the top tt' of the plat-band. Unless 
this condition lie fulfilled, perjiendiculars cannot be let fall 
from the centre of gravity upon both tr and ix.k ; or, in other 
words, the semi-vault cannot be sustained by means of the 
two surfaces tr, and Kk alone. 

Let Bk = A'r' = 6, ink = A*, and ts=/, being the tangent 
of the ulterior angle of slope to the radius rs = k. Then 
the distance of the centre of gravity of the semi-vault kA.'RT 
from the middle, kA:, of the key-stone M'ill be 

_ 3ht + Ql- 
~ 124 + 6 ^ 

X* 

Farttier, we have / : 4 :: 4 : Dv = —r-* 

* ‘ i 


Ar* th—k- 


Therefore kv = kd — dv = 4 — — — - 

Hence, to ensure stability, we must have 
, , + th-k’ 

1. + ICii . >■ 


124 + 6 ^ 


t 
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Or, taking the limit of tottering equilibrium, we have 

2. ^ - 40 i -i = 0: 

from which when two of the three letters are known the tliird 
may be found. 

Suppose, for example, that a plat-band were constructed 
upon an equilateral triangle, or such that angle rpr' = 60*. 
Then ts = ^ = tan. 30° to rad. k 4;. Or, if kA? = A*, be 
taken = 1, then t = tan. 3C° = J- ^-^3. 

Hence Vr -1) ^^3 + 6A = 0. 

From this equation A, in the case of the limit is found 
= ^ v'37 + a/3 = 3-759G. 

Consequently, in the proj>oscd case, rr' = 2A must Ik‘ 
less than 7*519*2, or than 7^ times the thickness, kAt, of the 
key-stone. • 

Of the Equilibrium of V^aultSy 7effarding- the Tenacity of 

Ce.maits. 

0 

1120. When the operation of cements is taken into the 
consideration, the conditions to ensure equilibrium are 
more easily investigated than when the gravitating tendency 
of the superincumbent matter is alone regarded. If the co¬ 
hesive energy of the cement were insuper^le, the arch might 
then be considered as one mass, which would be every where 
secure, whatever its form might be, provided the piers or 
abutments were suIBciently strong to re.sist the horizontal 
thrust. And, although this property cannot safely be im¬ 
puted to any cement (strong as many cements are know'ii to 
be), yet, in a structure, whose component parts are united 
with a very powerful cement, the matter above an arch will 
not yield, as when the whole is formed of simple wedges, or 
as when it would give way in vertical columns, but by the 
separation of the entire mass into three, or at most, into four 

e icces: that is, either into the two piers, and the whole mass 
Btween them, or into the two piers, and the including mass 
splitting into two at its crown. It may be advisable, there¬ 
fore, to investigate the conditions of equilibrium for both 
these classes of.dislocalions. 

121. Prop. Suppose that the urch Tff^F^ tend to fall 
vertically in one mass, by thrusting out the piers at the joints 
of fracture, vf ry'; it is required to investigate the equa¬ 
tions by which the equilibrium may be determined. 

Let 2a denote the whole weight of the arch lying be¬ 
tween vf and py', a the centre of gravity of one half of that 
VOL. II. N 
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,arch, the centre of gravity 
of tlic whole lying on cv; 
let p be the weight of one of 
the piers, reckoned as Iiigii 
os ¥j\ and g' the place of its 
centre of gravity. 

Now, Kv, F v', being re¬ 
spectively perpendicular to 
tJ"', the weight 2 a may 
l)e understood to act from v, 
in the directions vf, vf', and 
pressing u}Km the two joints 
i;/^. Tile horizontal thrust 
which it exerts on F, will be 

= a tan. fvi = a col. fci = . 


V 





ci 

FI 


and at^he same lime 


the vertical effort will =: a. 

Now, the first of these forces tends to thn^^t out the .solid 
AF horizontally, an effort which is resisted by friction ; and 
^since it is known that, certerh parihu.s, the IViction varies as 
the pressure, that Is, here, as the weight, we shall have for 
the resisting force,,/'- a -t f . i>. Equating this with the 

above expression, a . we obtain for the first eejuation 

of equilibrium 

/. P = A (~ -/) (,.) 


Moreover, the horizontal thrust that tends to overturn the 
pier AF about the angle a, must be regarded as acting at 
the arm of lever fe, and, therefore, as exerting altogether 

Cl 

the energy, a . . Ft. This is counteracted by the ver- 

tical stress a, operating at the horizontal distance ae, and 
by the weight p, acting at the distance ad ; dg' being the 
vertical line passing through the centre of gravity, o', of the 
pier. Hence we have 

,v ci 

't / a . - . FE = A . AE 4- P . AD ; 

FI 

and, after a little reduction, there results for the second 
equation of equilibrium: 
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122. Prop. Suppose that each of the two halves A:f, kv’, 
of the arch, tend to turn about the vertex /*, removing the 
points F, and f' : it is required to investigate the conditions 
of equilibrium in that case. 

Referring the tveight, a, of the semi-arch from its centre 
of gravity to the direction of the verticay oint A*k, its energy 

is represented liy a ^; and the resulting Jiorizontal 


tlirust at A is, evidently, a 


FH FI 

‘Ti 


A 


Fli 

kl' 


The vertical 


stress is = p + A; and therefore the friction is represented 
by^. p +y*. A. liquating this with the above value of the 
horizontal thrust, that the pier af may not move horizon¬ 
tally, we have * 


FH 




(*•) 


Then, considering the arch and piers as a polygon capable 
of moving about the angles a, f, k, f', a^, we must, in order0 
to equilibrium, balance the joint action of p and the semi¬ 
arch a at the point f, witli tlie liorizontal thrust bcforcmcn- 
tioned, acting at the arm of lever ef. Thus we shall have 


p 


FH 

ad -h a . AE A . ^ . EF : 


from which, after due re¬ 


duction, there results 



123. Carol. Hence it will be easy to examine the stability 
of any arcli whose parts are cemented as in the hy[X)thcses 
of these two propositions. Assume different |X)ints such as 
in the arch, for which let the numerical values of the 
equations (i.) and (ii.) be computed. To ensure stabilit}", 
the first members of those equations, which represent the re¬ 
sistance to motion, must exceed the second members; the 
weakest points will be those in which the excess of the first 
above the second member is the least. 

If the dimensions of the arch were given, and the thick¬ 
ness of the pier required, the^same equations would serve for 
its determination *. 


* The principles adopted in the two last propositions are due 
to Do la Hire, and Coulomb, respectively. For a more com- 

N 2 
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DYNAMICS. 

124. That department of mechanics wliich relates to the 
circumstances and effects of bodies in motion (art. 5.) is of 
great extent, and very comprehensive application. A 
selection of its most interesting topics will here be presented ; 
but numerous other problems which, while they fall within 
its scope, require the aid of the fluxi<»nal analysis, will lie 
solved in the collections at the end of this and of the third 
volume. 


GENERAL LAWS OF MOTIQN, &c. 

125. Prop. Tiif. quantity of matter, in all iKxUes, is in 
the compound ratio of their magnitudes and densities. 

That is b is as md ; where o denotes the brnly or quan¬ 
tity uf matter, m its magnitude, and d its density. 

For, by art. 10, in bodies of equal magnitude, the mass or 
quantity of matter is as the density. But, the densities re¬ 
maining, the mass is as the magnitude; that is, a double 
magnitude contains a double ciuantity of matter, a triple 
magnitude a triple quantity, and so on. Therefore the mass 
is in the compound ratio of the magnitude and density. 

Coroh 1. In similar bodies, the masses are as the densities 
and cubes of the diameters, or of any like linear dimensions. 
—For the magnitudes of bodies are as the cubes of the dia¬ 
meters, &c. 

Corol. 2. The ma.sses arc a.s the magnitude.*; and specific 
gravities.—For, by art. 10 and 17, the densities of bodies 
are as the specific gravities. 

126. Scholium. Hence, if b denote any body, or the 
quantity of matter in it, m its magnitude, d its density, g its 
specific gravity, and a its diameter or other dimension; then, 
a (pronounced or named as) being the mark for general 


prehensive view of this interesting subject, the student may 
consult Hutton’s Tracts, vol. i„ the Appendix to Bossiit’s Me¬ 
chanics, and Berard's Treatise on the Statics of Vaults and 
Domes. 'I he pressure of earth, and the strength of materials, 
will be treated in a subsequent part of this volume. 
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proportion, from this proposition and its corollaries we have 
these general proportions: 

b CX md O mg OC 


h b 

w a ^ a — a a’. 


d a 


m 


Ct g CX 


mtr 


a 


i » 


Of — or fn CX —f- 
a d 


127. Prop. The momentum, or quantity of motion, ge¬ 
nerated by a single impulse, or any momentary force, is as 
the generating force. 

That is, m is as^; where m denotes the momentum, and 
y* the force. 

For every effect is proportional to its adequate cause. So 
that a double force will impress a double quantity of nu)- 
tion; a triple force, a triple motion; and so on. That is,^ 
the motion impressed, is as the motive force which pro¬ 
duces it. 

128. Prop. The momenta, or quantities of motion, in 
moving bodies, are in the compound ratio of the masses and 
velocities. 

That is, m is as bv. 

For, tlie motion of any body being made up of the mo¬ 
tions of all its parts, if the velocities be equal, the momenta 
will be as the masses; for a double mass will strike with a 
double force; a triple mass with a triple force; and so on. 
Again, when the mass is the same, it will require a double 
force to move it with a double velocity, a triple force with a 
triple velocity, and so on; that is, the motive force is as the 
velocity; but the momentum impressed, is as the force 
which produces it, by art. 127; and therefore the momen¬ 
tum is as the velocity when the mass is the same. But the 
momentum was found to be as the mass when the velocity 
is the same. Consequently, w'hen neither are the same, the 
momentum is in the compound ratio of both the mass and 
velocity. 

Olhcrttnse ; m : w :: b : 6, when v is constant : 
and m v : r, when b is constant: 

therefore, m ju, :: bv : w'hen both vary. 

129 . Prop. In uniform motions, the spaces described ai'e 
in the compound ratio of the velocities and the times of their 
description. 
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'Fhat U, « is as tv. 

For, by the nature of uniform motion, 

s : T /, when v is constant: 

and s V r, wiien t is conj^nt: 

therefore s ; tv /v, when both vary. 

CorcA, 1. In uniform motions, the time is as the space 
directly, and velocity reciprocally; or as the space divided 
by the velocity. And when the veloc^ily is the same, the 
time is as the space. But when the space is the same, tlie 
time is reciprocally as the velocity. 

CoroL 2. The velocity is as the space directly and the 
time reciprocally; or as the s|>ace divided by the time. And 
when the time is the same, the velocity is as the space. But 
when the space is the same, the velocity is reciprtxmily as 
the time. 


Scfiolium. 


* 130. In uniform motions generated by momentary impulse, 

let b = any body or quantity of matter to lie moved, 
y = force of impulse acting on the body 6, 

V — the uniform velocity generated in o, 
m — the momentum generated in A, 
s = the space described by tlic Ixidy b, 
t — the time of describing llie space s with the veloc. v. 

Then from the last tlirec propositions and corollaries, we 
have these thrte general proportions, namely,a m, m a 
and 8 CX ii>; from which is derived the following table of 
the general relations of those six quantities, in uniform mo¬ 
tions, and impulsive or percussive forccjs: 

^ O tn CX ov o: 


m CX J Cx bv CX 

. f 

b a -- a — a — a 

s 


vd 


ft tvi 

aiv cx y o j. 


V CX r cx 



bs hs 

t CX CX -j CX —. 

By mealOs of which, may Ik? resolved all questions relating 
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to uniform motions, and the effects of momentary or im¬ 
pulsive forces. 

ISl. Prop. The momentum generated by a constant and 
uniform force, acting for any time, is In the compound ratio 
of the force and time ot‘acting. 

That is, m is as ft. 

For, supposing the time divided into very small parts, by 
art. ISir, trie momentum in each particle of time is the same, 
and therefore the whole momentum will be as the whole 
time, or sum of all the small parts. But by the same prop, 
the momentum for each small time, is also as the motive 
fi>rce. Consequently the whole momentum generated, is in 
the compound ratio of the force and time of acting. 

Qorol. 1. The motion, or momentum, lost or destroyed in 
any time, is also in the compound ratio of the force and 
time. For whatever momentum any force generates in a 
given time; the same momentum will an equal force destroy 
in the same or equal time; acting in a contrary direction. 

And the same is true of the increase or decrease of motion, 
by forces that conspire w'ith, or opjiose the motion of bodies. 

Corol. 2. The velocity generated, or destroyed, in any 
time, is directly as the force and time, and reciprocally as 
the bcxly or mass of matter.—For, by this and art. 128, the 
compound ratio of the body and velocity, is as that of the 
force and time; and thereiore the velocity is as the force and 
lime divided by the body. And^f the body and force be 
given, or constant, the velocity will be as the time. 

132. Prop. The spaces passed over by bodies, urged by 
any constant and uniform Jbrees, acting during any times, 
are in the compound* ratio ol’ the forces and squares of the 
times directly, and the Ixidy or mass recipnically. 

Or, the spaces are as the squares of the times, when the 
force and body are given. 

That is, s is or as when f and h are given. For, 

let V denote the velocity acquired at the end of any time 
by any given body A, when it has passed over the space s. 
T hen, because the velcxiity is as the time, by the last corol.^ 
therefore ^-v is the velocity at {t, or at the middle point ol 
the time; and as the increase of velocity is uniform, the 
same space s will be described in the same time t, by the 
velocity Iv uniformly continued from beginning to end. 
But, in uniform motions, the space is in the conupound ratio 
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oi the time and vekxrity; therefore is as \iVf or indeed s = 

' ft 

But, by the last corol. the vdocity r is as or as 


the force and lime directly, and as the body reciprocally. 

fp 

Therefore s, or \tVy is as; that is, the space is as the force 


and a^uare of the time directly, and as the body reciprocally. 
Or a is as P, the square of the time only, when b andy*are 
given. 

CoroL 1. I'hc s[>ace s is also as /r, or in the compound 
ratio of the lime and velocity ; b and f being given. For, 
t = \tv is the space actually described. But tv is tiic space 
which might be described in the same time with the last 
velocity o, if it were uniformly continued for the same or an 
equal time. Therefore the space or which is actually 
described, is just iialf the space fu, which w.^uld be described 
with the last or greatest velocity, uniformly continued for an 
equal time t. 

CoroL 2. The space s is also as o'*, the square of the ve¬ 
locity ; because the vclircity v is as the time t. 


Sc/tolium. 

183. The last four propositions give theorems for resolv¬ 
ing all questions relating to motions uniformly accelerated. 
Thus, put b = any body*‘or quantity of matter, 
f = the force constantly acting on it, 
t = the time of its acting, 

V = the velocity generated in the time t, 
a = the space described in that time, 
m = the momentum at the%nd of the time. 

Then, from these fundamental relations, m Qc bv, m a fi^ 

9 a iVy and v a — ^ we obtain the following table of the 
general relations of uniformly accelerated motions: 


m 

a 

I/O 

a 

ft 

a 

b8 

t 

a 

> 

u 

a 

fpv 

s 

Ot */bfs OC 


a 

m 


A 


mt 




fHS 
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P 

k 


a 

a. 


a 


a 


a 

a TT-a 



V 

V 
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ms 

P 

Jtv 
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bv 


mv 


ms 


fji* 


iki* 

bs 

a 

T 

a 

7' 

a 

a 

a 

Fo 

a 

bs 


a — 
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8 




in 


ms 


fs 


.P 
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//• mt mo m* m*v 

s a tv a*^ a -r- cx- — a -?■ a , > a -tt a 


m 


, s m 
t 

« / 


a 


5ir 

a 


f kf f 

bs , ms 


a^, &c. 
bfv 


f ^ 

134. From the above relations those quantities are to be 
left out which are given, or which are proportional to each 
other. Thus, if the body or quantity of matter be always 
the same, then the space described is as t|;^e force end square 
of the time. And if the body be proportional to the rorce, 
as all IkkIics are in res|)ect to their gravity; then the space 
described is as the square of the time, or square of the velo- 

city; and in this case, if f be put = the acceleratii^ 

force; then will 


5 a It* a Ff* a 


F 


V a — Of F/ a f 
% 


t a 


s 

V 


V 

a— a 

p 


ON THE COLLISION OF BODIES. 

135. Prof. If a body strike or act obliquely on a plain 
surface, the force or energy of the stroke, or action, is as the 
sine of the angle of incidence. 

Or, the force on the surface is to the same if it had acted 
perpendicularly, as the sine of incidence is radius. 

Let AB express the direction and 
the absolute quantity of the oblique 
force on the plane de ; or let a given 
body A, moving with a certain ve¬ 
locity, impinge on the plane at b ; 
then its force ivill be to the action 
on the plane, as radius to the sine 
of the angle abd, or as ab to ad or bc, drawing ad and BC 
perpendicular, and Ac parallel to de. 

For, by art, 29, the force as is equivalent ^ the two 
forces AC, cb; of which the former ac does no*ct on the 
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plaife, because it is parallel to it. The plane is therefore 
only acted on by the direct force cb, which is to ab, as the 
sine of the angle bag, or abd, to radius. 

Corel. 1. If a body act on another, in any direction, and 
by any kind of force, the action of that force on the second 
body, is made only in a direction perpendicular to the sur* 
face on which it acts. For the force in ad acts on de only 
by the force cb, and in that direction. 

Carol. 2, If the plane db be not absolutely fixed, it will 
move, after the stroke, in the direction per|)cndicular to its 
surface. For it is in that direction that the force is exerted. 

136. Prop. If one body a, strike another body b, which 
is either at rest or moving towards the body a, or moving 
from it, but with a less velocity than that of a ; then the mo¬ 
menta, or quantities of motion, of the two iKnlies, estimated 
in any one direction, will be the very same after the stroke 
that they were before it. 

For, because action and re-action are always c<|ual, and 
in contrary direction.s, art. 20, whatever nionienliim llie one 
body gains one way by the stroke, the other must just lose 
as much in the same direction; and therefore the quantity 
of motion in that direction, resultiag from the motions of 
both the bodies, remains still the same as it was before the 
stroke. 

137. Thus, if A with a momentum 

of 10, strike b at rest, and coinniuni- --o-^ 

cate to it a momentum of 4, in the -A. B 

direction ab. ^ 

a momentum of 6 in that direction ; which, together with the 
momentum of b, viz. 4, make up still the same momentum 
between them as before, namely 10, 

138. If B were in motion before the stroke, with a mo¬ 
mentum of 5, in the same direction, and receive from a an 
additional momentum of 2. Then the motion of a after 
the stroke will be 8, and that of b, 7 ; which iHjtween them 
make 15, the same as 10 and 5, the motions before the 
stroke. 

139. Lastly, if the bodies move in opposite directions, and 
meet one another, namely, a with a motion of 10, and b, of 
5; and A communicate to B motion of 6 in the direction 
AB of its motion. Then, before the stroke, the whole mo¬ 
tion from both, in the direction of ab, is 10—5 or 5. But, 
after the ypake, the motion of a is 4 in the direction ab, 
and the mSon of b is 6 — 5 or 1 in the same direction ab ; 



COLLIiilON OF BODIES. IS7 

therefore the sum 4 + or 5, is still the same motion from 
both, as it was befenre. 

140. Prop. The motion of bodies included in a g^ven 
space, is the same with regard to each other, whether that 
space at rest, or move uniformly in a right line. 

For, if any force be equally impressed both on the body 
and the line on which it moves, this will cause no change in 
the motion of the body along the right line. For the same 
reason, the motions or {ill the other bodies, in their several 
directions, will still remain the same. Consequently their 
motions among themselves will continue the same, whether 
the including space be at rest, or be moved uniformly for¬ 
ward. And therefore their mutual actions on one another, 
must also remain the same in both cases. 

141. Prop. If a hard and fixed plane be struck by either 
a soft or a hal’d unelastic body, the body will adhere to it. 
But if the plane be struck by a perfectly elastic body, it will 
rebound irom it again with the same velocity with which it 
struck the plane. 

For, since the parts which are struck, of the elastic body, 
suddenly yield and give way by the force of the blow, and 
as suddenly restore themselves again with a force equal to 
the force which impressed them, by the definition of elastic 
Inidies; the intensity of the action of that restoring force on 
the plane, will be equal to the force or momentum with which 
tlic body struck the plane. And, as action and re-action 
are equal and contrary, the plane will act with the same force 
on the iKxly, and so cause it to rebound or move back again 
with the same velocity as it had before the stroke. 

But hard cr soft Ixidios, being devoid of elasticity, by the 
definition, having no restoring force to throw them off again, 
they must necessarily adhere to the plane struck. 

142. Cni'ol 1. The effect of the blow of the elastic body, 
on the plane, is double to that of the unelastic one, the ve¬ 
locity and mass being equal in each. 

For the force of the blow from the unclastic body, is as 
its mass and velocity, which is only destroyed by the resist¬ 
ance of the plane. But in the clastic body, that force is not 
only destroyed and sustained by the plane; but another also 
equal to it is sustained by the plane, in consequence of the 
restoring force, and by virtue of which the body is thrown 
back again with an equal velocity. And therefore the in¬ 
tensity of the blow is doubled. 

14S. Carol. 2. Hence unelastic bodies lose, by their col- 
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fisfon, only half the motion lost by elastic bodies; their mi^ 
and velcxnties being equal.—For the latter communicate 
double the motion of the former. 

144 Paor. If an elastic body a imping|e on a firm plane 
0£ at the point b, it will rebound from it in an angle equal 
to that in which it struck it; or the angle of incidence will 
be equal to the angle of reflection ; namely, the angle abd 
equal to the angle fbe. 

Let AD express the force of 
the body a in the direction ab ; 
which let be resolved into the 
tw'o AC, CB, parallel and per¬ 
pendicular to the plane.—Take 
BE and CF equal to ac, and 
draw BF. Now action and re-action l>eing equal, the plane 
will resist the direct force cb by another Br equal to it, and 
in a contrary direction; whereas the other ac, being pa¬ 
rallel to the plane, is not acted on or diniinishetl hy it, but 
still continues as before. The body is thcrelore reflected 
from the plane by two forces bc, be, jx;rpendicular and pa¬ 
rallel to the plane, and therefore moves in the diagonal bf 
by comjxisition. But, because ac is equal to be or cf, and 
that BC is common, the two triangles bca, bcf are mutually 
»milar and ec;|ual; and consequently the angles at a and f 
are equal, as also their equal alternate angles add, fbe, 
which are the angles of incidence and reflection. 

145. Prop. To determine the motion of non-elastic bodies, 
when they strike each other directl}', or in the same line of 
direction. 

Let the non-elastic body b, mov¬ 
ing with the velocity v in the di- 0 Q 

rectum b5, and the body b with B h ^ 

the velocity v, strike each other. . 

Then, because the momentum of any moving body is os 
the mass into the velocity, bv = m is the momentum of 
the body b, and hv = m the momentum of the body b, 
which let be the less powerful of the two motions. Then, 
by art. 136, the bodies will both move together as one mass 
in the direction bc after the stroke, whether before the 
stroke the body b moved towards c or towards B. Now, 
according as that motion of b was from or towards b, 
that is, whether the motions were in the same or contrary 
ways, the momentum after the stroke, in direction bc, wifi 
be the sqm or diifcrence of the momentums before the 
stroke; namely, the momentum in direction bc will bc 
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BY -f- dv, if the bodies moved the same way, or 
Bv — Iv, if they moved contrary ways, and 
Bv only, if the body d were at rest. 

Then divide each momentum by the common mass of 
matter b -f 6, and the quotient will be the common velocity 
after the stroke in the direction bc ; namely, the common 
velocity will bc, in the first case, 

BV-f Av . , BV—dv , . , BV 

- —7—, in the 2d-r—, and in the 3d- r. 

B \-d * B+i * b+6 


Coral. V 


bv+Au V—1,1 

--7— = ——T X the veloc. lost by b. 

B +0 B + o 


146. For example, if the bodies, or weights, b and b, be 
as 5 to 3, and their velocities v and v, as 6 to 4, or as 3 to 2, 
before the stroke; then 15 and 6 will be as their momen- 
tums, and 8 the sum of their weights; consequently, after 
the stroke, the common velocity will be as 


15 + 6 
8 

15-6 

8 


21 

= or 2*. in the first case, 

9 

= -^ or 1-^ in the second, and 


— - - - or in the third. 

147. Prop. If two perfectly elastic bodies impinge on one 
another, their relative velocity will be the same both before 
and after the impulse; that is, they will recede from each 
other with the same velocity with which they approached 
and met. 

For the compressing force is as the intensity of the stroke ; 
which, in given Ixidies, is as the relative velocity with which 
they meet or strike. But perlectly clastic bodies restore 
themselves to their former figure, by the same forcq,by which 
they were compressed ; that is, the restoring force is equal 
to the compressing force, or to the force with which the 
bodies approach each other before the impulse. But the 
bodies are impelled from each other by this restoring force; 
and therefore this force, acting on the same bodies, will pro¬ 
duce a relative velocity equal to that which they had before: 
or it will make the bodies recede from each other with the 
same velocity with which they before approached, or so as to 
be equally distant from one another at equal times before and 
after the impact. 
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148. Remark, It is not meant by this proposition^ that 
each body will have the same velocity afler the impulse as it 
had before; for that will be varied according to the relation 
of the masses of the two bodies; but that tlie velocity dF the 
one will be, after the stroke, so much increased, and the 
other decreased, as to have the same difference as before, in 
one and the same direction. So, if the elastic body b move 
with a velocity v, and overtake the elastic body h moving the 
same way with the velocity v% then their relative vel<K*ity, 
or that with which they strike, is v ^ v, and it is with this 
same velocity that they separate from each other after the 
stroke. But if they meet cfich other, or the body b move 
contrary to the body ji ; then they meet and strike with the 
velocity v -f- ana it is with the same velocity that they 
separate and recede from each other after the stroke. But 
whether they move forward or backward after lltc impulse, 
and with what particular velocities, are circumstances that 
depend on the various masses and velocities of the bodies 
before the stroke, and which make the subject of the next 
proposition.—It may further l>e remarked, that the sums of 
the two velocities, of each body, l)efore and after the stroke, 
are equal to each other. Thus, v, v being the velocities 
before the impact, if x and ^ be the corresponding ones after 
it; since v — v — y — ar, therefore v -f a: - 7? 4 - y. 

14i). Prop. To determine the motions of elastic bodies 
after striking each otheV directly. 

Let the elastic body n move in 
the direction bo, with the veloctiy 
V; and let the velocity of the other 
body 6 be in the same line; which latter velocity v will he 
positive if b move the same way as n, hut negative if b move 
in the opposite direction to d. Then their relative vol<x:ity 
in the direction bc is v — t?; also the momenta before the 
stroke are bv and bv, the sum of which is bv + bv in the 
direction 

Again, jput x for the velocity of n, and y for that of 6 , in 
the same airection bc, after the stroke; then their relative 
velocity rs y — ar, and the sum of their momenta -RX-^-hy in 
(he same direction. 

But the momenta before and after the collision estimated 
in the same direction, are equal, by art. 136, as also the re¬ 
lative velocities, by the last prop. Whence arise these two 
equations; 

viz. Ry bv = Bx + by, 
and V — 1’ = y — x\ 
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the resolution of which equations gives 

(b-5)v+26w , , . „ 

X — -T-, the velocitv or b, 

B -f-D 

— (b— 6)r + 2Bv , , . 

y = B ' 6 ’ velocity ot h. 

Or, X = V - ;^(t - »), and = o + - »). 

26 

So that the velocity lost by b is — r), 

2fl 

and the velocity gained by 6 is ^ (v — v); 

which two velocities arc in the ratio of 6 to b, or reciprocally 
as the two bodies themselves. 


Carol. 1. The velocity lost by b drawn into b, and the 
velocity gained by b drawn into 6, give each of them 

—^(v — i'), for ihe momentum r^ained by the one and 
It -f 6 ® » 


lost by the other, by the stroke ; ivhich increment and de¬ 
crement being ccjual, they cancel one another, and leave the 
same momentum vv-j-bv after the impact, as it was before it. 

Carol. 2. Hence also, bv- q bv^ — + 6y% or the sum 

of the vires vivarum is always preserved the same, both be¬ 
fore and after the impact. For, since 
Bv -f 6r = DU’ -b 6/y, 
or BV ~ Ba^ = bf/ — 6r, 

and V 4- x ~ these twoequas. multiplied, 

give Bv^ — B*r‘= bi/^— bv", 

or BV- + bv' =Ba:*q- 6y% 
the equation of the so called living forces. 

Coral. 3. But if v be negative, or the body 6 moved in 
the contrary direction before collision, or towards «; then, 
changing the sign of v, the same theorems become 

(b-6)v— 26i’ 1 • /. 

X = B + 6 '* velocity of b. 


(b- -6)u -h2bv 


the vcloc. of 6, in the direction bc. 


^ B-f-6 

And if 6 were at rest before the impact, making its velocity 


i; = 0, the same theorems give 

b —6 - 2b 

X = —r- 7 V, and y = 


b+6 


B + 6 


v, the velocities in this case. 
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And, in thtg case, if the two bodies b and b be <rauaT to 

* 2b 2b 

each other; then b— 6 =0, and = ~ := 1; which give 

X as 0, and ^ sss v; that is, the body b will stand still, and 
the other bc^y b will move on with the whole velocity of the 
former; a thing which we sometimes see happen in playing 
at bilHards; and which would happen much oftener if the 
balls were perfectly elastic. 


Scholium. 


150. If the bodies be elastic only in a partial degree, the 
sum of the momenta will still be the same, both Ix^ore and 
after collision, but4iie velocities after, will l)e less than in the 
case of perfect elasticity, in the ratio of the imperfection. 
Hence, with the same notation as before, the two equations 
will now be Bv 4- = Bx + 5^, 


and V — 


m 

V - —(y — 
n 


where mjpn denotes the ratio of perfect to imperfect elas« 
tocity. And the resolution of these two equations, gives the 


following values of x and viz. 

m-t-n b 


X = V — 


m 




m+n 

b4 6' ' 

for the velocities of the two bodies after impact in the case 
of imperfect elasticity : and these would iK'coine the same as 
the former if n were = m. 

Hence, if the two bodies b and b be equal, then 
m+n ^ , wi+n. 

where the velocity lost by b is just equal to that gained by b. 

And if in this case b was at rest before the impact, or v = 0, 

then the resulting motions would be 

m-^n , f»4n 
X = — V, and y = - v 


2m 


2m 


which are in the ratio of w» — « to «i 4 n. 

Also, if»» = «, or the Ixxlies perfectly elastic, then x = 0, 
and^ = v; or B would be at rest, and b goon with the first 
motion of B. 

Further, in this case also, the velocity of b before the im¬ 
pact, is to that of b after it, as v to —^ ” v, or as 2##i to 
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m 4- «. But, if the bodies l>e now 8iip])osed to vibrate in 
circles, as pendulums, in which case the chords (c and c) of 
the arcs described are known to be proportional to the velo* 
cities; then it will be S/w : m it :: c : c; hence m : n :: 
c : 2c — c. So that, by measuring these chords, of the arcs 
thus experimentally described, the ratio of m to n, or the 
degree of elasticity in the bodies, may be determined. 

151. Pnop. The greatest velocity which can be generated 
by the propagation of motion through a row of contiguous 
perfectly elastic bodies, will be when those bodies are in 
geometrical progression. 

First, take three bodies, a, x, and c: then (art. 149) the 

M A €£ 

velocity communicated from a to x = ——, a being the 

A 'f' X 

velocity of a ; and w hen the body x impinges upon c at rest 
with this velocity, the vel. communicated to c will 

_ 2x 2Art 4Aax 

“ x + e A+X ~ (a + x)(x + c) 

4Aa 4 a« 

~ (a 4-x -f l)(x -l-t’) “■ A + x4-(Ac4-x)+t' 

This fraction is evidently a max. when its dcnuminnlor is a 
min. that is, since a and c are given, when x* = ac, or wdien 
X is a mean proportional between A and c. 

For the .same reason the velocity communicated from the 
second botly through c the third, to a fourth, d, will be 
greatest wdien c is a mean proportional betw'cen the second 
and fourth. Like reasoning w'ill evidently hold for a series 
of perfectly elastic bodies. Further, if the number of bodies 
in the geometrical progression be increased without limit, the 
quantity of motion comnuinicatetl to the last, from a given 
quantity of motion in the fir.st, however small, may also be 
increased without limit. 

152. Prop. If bodies strike one another obliquely, it is 
proposed to determine their nuitions after the slrtike. 

Let the two bodies b, 5, 
move in the obrujuc directions 
BA, 5a, and strike each other 
at A, with velocities wdiich arc 
in pioportion to the lines jia, 

5a ; to find their motions after 
the impact. Let cam repre¬ 
sent the plane in which the 
bodies touch in the point of 
concourse; to wdiich draw the perpendiculars iic, 5d, and 
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complete the rectangles ce, df. ^Then the moticMi in ba is re¬ 
solved into the two bc, ca ; and the motion in h\ is resolved 
into the two 6 d, da ; of which the antecedents nc, are 
the velocities with which tliey directly m<^et, and the conse- 

3 iients CA, DA, are parallel ; therefore hy these the bodies 
o not impinge on each other, and consequently the motions, 
according to these directions, will not he changed by the im¬ 
pulse; so that the velocities with which the bodies meet, arc 
as BC and bn, or their equals ea and fa. The motions there¬ 
fore of the bodies b, 6, directly striking each oilier with the 
velocities ea, fa, aviH be determined by art. 145 or 149, ac¬ 
cording as the lK>dies are elastic or nou-eiastic; which licing 
done, let ag be the \elocit 3 ^, so determined, of one of them, 
as A; and since there remains also in the Ixidy a force of 
moving in the direction parallel tf> be, with a velocity as he, 
make ah equal to be, and complete the rectangle gh ; then 
the two motions in au and ag, or in, arc conqioundod into 
the diagonal ai, which therefore will bc the path and vel(K‘ity 
of the body b after the stroke. And after the same manner 
is the motion of the other body h determined after the impact. 

If the elasticity of the bcxlics l>e iin|>ciTect in any gi\en 
degref?, then the rpiantity of the corresponding lines must he 
diminished in the same })ro|X3rtion. For the full considera¬ 
tion of this branch of the inquiry the student is referred 
the Treatises of Meclianics by Gregory and Hruige. 

Problems for Exercise on Collision. 

Exam. 1. A cannon ball weighing 12lbs. moving w'itfi a 
velocity of 1200 feet |H?r second, meets nnotlier of ISIbs. 
moving with a velocity of 1000 feet ]ier second. Required 
the velocity of each after impact, sup[x>.sing both to be-non¬ 
elastic. 

Exam. 2. b and b are as 3 to 2, and the velocity of b is 
to that of h as .5 to 4. Tlicy arc jicrfeclly bard, and move 
Ijcfore impact in the same direction; what are the velocities 
lost by B anti gained by b P 

Exam. 3. b and b are perfectly elastic, and move in op¬ 
posite directien.s. b is tnple of b, but b's velocity is double 
that of B. How do those bodies move after impact ? 

Exam. 4. A body whose elasticity is to perfect elasticity 
as 15 to 16, falls from the height of 100 feet upon a 
perfectly hard horizontal plane. It then relxiunds and 
falls again, and so on, always in a vertical direction. It 
is required to 6nd the whole space described by the body 
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before its motion ceases^ as weU as the entire time of its 
motion. 

£xam. 5. Investigate what luust be the force uf elasticitj, 
so that the sums of the products formed by multiplying each 
body into any assumed power, «, of its velocity, may not be 
altered by the impact of the two bodies. 


THE LAWS OF GRAVITY; THE DESCENT OF 
HEAVY BODIES; AND THE MOTION OF 
PRO.IECTILES IN FREE SPACE. 

153. Piiop. All the properties of motion delivered in 
art. 132, its corollaries and scholium, for constant forces, arc 
true in the motions of bodies freely descending by their own 
gravity; namely, that the velocities are as the times, and 
the spaces as the squares of the times, or as tlie squares of 
the velocities. 

For, hinee the force of gravity is uniform, and constantly 
the same, at all places near the earth’s surface, or at nearly 
the same distance from tlic centre of the earth; and since * 
this is tlie force by which bodies descend to the surface; 
they therefore descend by a force wliich acts constantly and 
equally; consequently all the motions freely produced by 
gravity, are as above specified, by that proposition, Iscc. 

sc IIOLII'M. 

154;. Now it has been found, by numberless experiments, 
Jiat gravity is a force of such a nature, that all bodies, whether 
light or heav}', fall vertically through equal spaces in the same 
time, abstracting from tlie resistance of the air; as lead or 
gold and a feather, which in an exhausted receiver fall frenn 
the top to the bottom in the same time. It is also found 
that the velocities acquired by descending, are in the exact 
proportion of the times of descent: and further, that the 
spaces descended are proportional to the squares of the tin»cs, 
and therefore to the squares of the velocities. Hence then 
it follows, that the weights or gravities, of bodies near the 
surface of the earth, are proportional to the quantities of 
matter contained in tlioni; and that the spaces, times, and 
velocities, generated by gravity, have the relations contained 
in the three general prciportions before laid down. Further, 
as it is found, by accurate experiments, that a body in the 

o 2 
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latitude of London) falls nearly iG-r^ in the first second 
of fiine, and consequently that at the end of that time it has 
acquired a velocity double, or of 32^ feet by corol. 1, art. 182; 
therefore, if denote 16^'^ feet, the space fallen through in 
one second of lime, or ^ the velocity generated in that time; 
then, because the velocities are directly proportional to the 
times, and the spaces to the squares of the times; therefore 
it will be, 

as 1" : f :: g* : = V the velocity, 

and 1* : ; biT • ^ space. 

So that, for the descents of gravity, we have these general 
equations, namely. 
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Hence, because the times arc as the velocities, and the 
spaces as the squares of either, therefore, 

if the times l>e as the numbs. 1, 2, 3, 4, 5, &c. 

the velocities will also be as 1, 2, 3, 4, 5, &c. 

and the spaces as their squares 1, 4, 9, 16, 25, &c. 

and the space for each time as 1, 3, 5, 7, 9, &c. 

namely, as the scries of the odd numliers, which arc the 
differences of the squares denoting the whole spaces. St> 
that if the first series of natural numbers be seconds of time, 
namely, the times in seconds, 1", 2', 3" 4^', &c. 

the velocities in feet will be 62^, 64 j, 96^, 128|, &c. 
the spaces in the whole timCs 16,',, 64-^, 1441, 257^, &c. 
and the space for each second 16-,\-, 48^, SO 112,-\, &c. 
of which spaces the common difference is feet, the na¬ 
tural and obvious measure of g-, the force of gravity. 

165, These relations, of the times, ve¬ 
locities, and spaces, may be represented 
W certain lines and geometrical figures. 

Thus, if the line ab denote the time of any 
body’s descent, and bc, at right angles to it, 
the velocity gained at the end of tnat time; 
by joining Ac, and dividing the time ab into 
any number of parts at tlie {X)ints a, by c\ 
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then shall ad, be, cf^ parallel to bc, be the velocities at the 
points of time, a, b, c, or at the ends of the times, Aa, Ab, 
AC ; because these latter lines, by similar triangles, are pro¬ 
portional to the former ad, be, cf, and the times arc propor¬ 
tional to the velocities. Also, the area of the triangle abc 
will represent the space descended by the force of gravity 
in the time ab, in which it generates the velocity bc ; be¬ 
cause that area is equal to ^ab x bc, and the space descended 
is j = ^tv, or half the product of the lime and the last 
velocity. Anti, for the same reason, the less triangles And, 
Abc, Acf, will represent the several s|)aces described in the 
corresponding times Aa, hb, ac, and velocities ad, be, cf ; 
those triangles or spaces being also as the squares of their 
like sides Aa, hb, ac, which represent the times, or of ad, be, 
ff, which represent the velocities. 

lo6. But as areas are rather unnatural 
representations of the spaces passed over 
by a body in motion, which are lines, the 
relations may better bc represented by 
the abscisses and ordinates of a parabola. 

Thus, if pq be a parabola, pr its axis, 
and lift its ordinate; and va, vb, pc, &c. 
parallel to rq, represent the times from 
the beginning, or the velocities, then ae, hf, &c. parallel 
to the axis pb, will represent the spaces described by a fall¬ 
ing body in those times; for, in a parabola, the abscisses vh, 
P7, p^’, &.C. or ae, hf, eg, &c. which are the spaces describeil, 
are as the squares of the ordinates he, if, kg, &c. or pa, vb, 
VC, &c. which represent the times or velocities. 

157. And because the laws for the destruction of motion, 
arc the same as those for the generation of it, by equal forces, 
but acting in a contrary direction; therefore, 

l.y/, A body thrown directly upward, with any velocity, 
will lose equal velocities in equal times. 

2d, If a body bc projected upward, with the velocity it 
acquired in any time by descending freely, it will lose all its 
velocity in an equal time, and will ascend just to the same 
height from which it fell, and will describe equal spaces in 
equal times, in rising and falling, but in an inverse order; 
and it will have ^uaT velocities at any one and the same point 
of the line described, both in ascenefing and descending. 

3d, If bodies be projected upward, with any velocities, the 
height ascended to, will be as the squares of those velocities, 
or as the squares of the times of ascending, till they lose all 
their velocities. ‘ 
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153. In solving problems, wlierc a body, instead of being 
p<frmitle(l to fall freely, is projected vertically upwards or 
downwards with a given velocity, it will assnst the compre¬ 
hension of what takes place, to ascertain what results i^om 
the ori^;ifial projection, and what from the force of gravity. 
Thus, if a body ho projectctl with a voU>city v it will, in the 
lime tf descrilie the space tc (art. lii*)) apart from the opera¬ 
tion of gravity or any other i'wrco. llionding this with the 
preceding expression for the spaci* tloscribotl by n falling 
hodv, wo have 

s iv 

in which the lcn>.i'r sign imisl bo on ployod when the projec¬ 
tion is vertically ilounzcarcht, the upper when tho projection 
is vertically vp’uxtrtJs. 


EXERCISES ON KI.SING AND CALLING BODIES. 

1. Find the space descendvtl \ortically by a Ixxly in 7 
seconds of lime, and the vchxily acquired 't 

Ans. 738 ,*j, space; velocity. 

2. Required the time of generating a velocity of 100 feel 
|x?r second, and tlic wh»>Ie space clescendetl. 

Ans. S'VvV* time, space. 

3- Find the time of descending 400 feet, and the velocity 
at the end of that time. 

Ans. 4 time; IGO^^, velocity. 

4, If a body fall freely for /5 ', bow far will it descend 
during the last second of Its motion ? 

5. If an arrow be pro|>ellc{l vertically upwards from a 
bow with a velocity of 96[ feet per second, how high will 
it rise, and how long will it be before it returns again to tlic 
ground ? 

G. If a ball be j>rojectcd vertically doxeuwards with a ve¬ 
locity of 100 feet per second, how far will it have descended 
in three scctinds ? 

7. If a ball lie projected upwards with a velocity of 100 
feet per second, how far will it havQ arisen in three seconds.^ 

8. If a ball be projected ycriically. upwards with f velo¬ 
city of 44 feet jK»r second, will it be above or below thejjoint 
of projection in four seconds, the force of gravity tending 

^ali the time to draw it downwards P 

9. A dr<;p of rain falls through i76|'4 feet in the last 
second ; how high is the .cloud fcom which it descended? 

10. A hoiJy failing freely was observed to pass 4brough 
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spaces BB, CF, DO, bco. described in the same times bj the 
aix:eleratinff force of gravity, are as the squares of the times; 
consequently the perpentliciihir descents are as the squares 
of the spaces in ad, that is be, cf, do. Sec. are respectively 
proportional to ab% acS ad’, &c. ; wliich is the profierty of 
the parabola by thcor. 8, Con. Sect. Therefore the patn of 
the projectile is the parabolic line aefg, &c. to whicti ad is 
a tangent at the point a. 

159. Corol. 1. The horizontal veU>city of a projectile, is 
always the same constant quantity, in every point of the 
curve; because the horizontal motion is in a constant ratio 
to the motion in ad, which is the uniform projectile motion. 
And the projectile velocity i^ in projHjrtion to the constant 
horizontal velocity, as radius to tJie cosine of the angle dah, 
or angle of elevatuin or depression of the piece above or 
below the horizontal line ah. 


160. Carol. 2. The velocity of the projectile in the ilirec- 
tion of the cur\’e, or of its tangent at any jx/int a, is as the 
secant of its angle bai of direction aliove the horizon. For 
the motion in the iiorizontal direction ai is constant, and ai 
is to AB, as radius to the secant of the angle a ; therefore the 
morion at a, in ab, is everywhere as the secant of the 
angle a. 


161. Carol, 3. The veUxrity in the direction dg of gravity, 
or perpendicular to the horizon, at any point g of the curve, 
is to the first uniform )>ro|octile velocity at a, or |K>int of 
contact of a tangent, as 2gd is to ad. For, the times in ad 
and DG being equal, and the velocity aetjuired by freely de¬ 
scending through DG, being such as would carry the body 
unifornily over twice dg in an equal time, and the spaces 
described with uniform motions being as the velocities, there¬ 
fore the space ad is to the space 2ug, as the projectile velo¬ 
city at A, to the perpendicular velocity at g. 


162. Prop. The velocity in the direction of the curve, at 
any point of it, as a, is equal to that which is generated by 
gravity in freely descending through a s^iace which is equal 
to one-fourth m the parameter of the diameter of the para¬ 
bola at that point 

Let PA or A B be the height 
due to the velocity of the projec¬ 
tile at any point a in the direc¬ 
tion of the curve or tangent ac, 
or the velocity acquirecTby fall¬ 
ing through that heiglit; and 
complete the parallelogram 
ACDB . Then is c;n = ab or a r. 
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the height due to the velocity in the curve at a ; and eh is 
also the lieight due to the perpendicular velocity* at n, which 
iTUist be equal to the former; out by the last corol. the vefo- 
city at A is to the perpendicular velocity at d, as ac to 2cb; 
and as ttiese velocities are equal, therefore ac or bu is equal 
to ScD, or 2ab ; and hence ab or ap is equal to ^bb, or ^ of 
the parameter of the diameter ab, by corol. to theor. 13 of 
the parabola. 

163. Corol. 1. Hence, and from cor. 2, 
theor. 13 of the parabola, it appears that 
if from the directrix of the parabola which 
is the path of the projectile, several lines 
HE be. drawn perpendicular to the direc¬ 
trix, or parallel to the axis; then the ve¬ 
locity ol the projectile in the direction of the curve, at any 
|>oint K, is always equal to the velocity acquired by a body 
falling freely through the perpendicular line he. 

164. Corol. 2. If a body, after falling through the height 
PA (last fig. but one), which is equal to ab, and when it 
arrives at a, have its course changed, by reflection from an 
clastic plane ai, or otherwise, into any direction ac, without 
altering the velocity ; and if ac be taken =■ 2 ap or 2 ab, and 
the parallelogram be completed ; then the body will describe 
the [Kirabola passing through the point d. 

165. Corol. 3. Because Ac =2ab or 2cd or 2ap, therefore 
AC* = 2ap X 2cd or ap . 4cd ; and, because all the perpen¬ 
diculars EF, c», GH, are as ae‘’, ac% ag‘^; therefore also 
AP . 4ef = AE*, and ap . 4eH = ag^, &c. ; and because the 
rectangle of the extremes is equal to the rectangle of the 
means of four proportionals, therefore always 



it is AP : AE : : AE : 4 ef, 
and AP : AC : : AC : 4cd, 
and AP ; AG : : AO : 4gH; 
and so on. 



166. Prop. Having given the direction, and the impetus, 
or altitude due to the first velocity of a projectile; to deter¬ 
mine the greatest height to which it will rise, and the random 
or horizontal range. 
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Let AP be the due to the 

projectile velocity at a, ao the di¬ 
rection, and AH the horizon. On 
AO let fall the perpendicular fq, 
and on ap the perpendicular aa; so 
shall AR be equal to the greatest alti¬ 
tude cv, and 4qr equal to the hori* 
zontal range am Or, having drawn 
PQ. perp. to AO, take ag = 4aq, and tiraw gh perp. to ah ; 
then AH is the range. 

For, by the last corollary, ap ao : ; ac ; 4oii; 

and, by similar triangles, ap ao : : aq : on, 

or - - - AP AG : : 4 aq : 4on ; 

therefore ag = 4Aa; and, by similar triangles, ah ^ 'Uir. 

Also, if V be the vertex of the parabola, then ab or [ac, 
= Sao, or AQ = qb; consequently ar = nv, which is =cv 
by the property of the [mrabola. 

167. Carol. 1. Because the angle 
Q is a right angle, which is the angle 
in a semicircle, therefore if, on ap 
as a diameter, a semicircle be de¬ 
scribed, it will pass through the 
point Q. 

168. Carol. 2. If the horizontal 
range and the projectile vehnaty be 
given, die direction of the piece so as to hit the object ii, 
will be thus easily found: Take a t> = ^aii, draw oq per¬ 
pendicular to AH, meeting the semicircle, desciibcd on the 
diameter ap, in q and 9 ; then aq or Ag will be the direction 
of the piece. And hence it appears, that there are two di¬ 
rections Au, Ab, which, with the s^une ])rojectllc velocity, 

ive the very same horizontal range ah. Anti these two 
irections make equal angles gAD, qap, with ah and ap, be¬ 
cause tlie arc pq = the arc Ag. 

169. Carol, 3. Or, if the range ah, and direction ab, be 
given; to £nd the altitude and velocity or im{ietus. Take 
AD = I AH, and erect the perpendicular dq, meeting ab in 
q; so shall dq be equal to the greatest altitude cv. Also, 
erect ap peipendicuiar to ah, and qp to aq; so shall ap be 
the height due to the velocity. 

170. Coral. 4. When the body is projected with the same 
velocity, but in different directions: the horizontal ranges 
AH will be as the qincs of double the angles of elevation.— 
Or, which is the same, as the rectangle of the sine and co- 





PHOJUCTILES. 


mt 

sine of elevation. For ad or na, which is i» the 

sine ut‘ the arc aq, which measures double the angle oad of 
elevation. 

And when the direction is the same, but the velocities 
different; the horizontal ranges are as the square of the 
velocities, or as the height Ar, which is as the square of the 
velocity ; for the sine ad or Ra or ^ah is as the radius or as 
the diameter ap. 

Therefore, when both arc different, the ranges are in the 
ronipound .ratio of the squares of the velocities, and the sines 
of double the angles of elevation. 

171. Corol. 5. The greatest range is when the angle of 
elevhtion is 45®, or hall a right angle; for the double of 45 
is 90, which has the greatest sine. Or the radius os, w'hich 
is I of the range, is the greatest sine. 

And hence the greatest range, or that at an elevation of 
45®, is just double the altitude ap which is due to the velo¬ 
city, or e<iual to 4vc. Consequently, in that case, c is the 
locus of the {mrabola, and ah its parameter. Also the ranges 
are equal, at angles equally above and below 45®. 

I7ii. Curnl. 6. When the elevation is 15®, the double of 
which, or 150*’, has its sine equal to half the radius; conse- 
(jucntly then its range will be equal to ap, or half the greatest 
range at the elevation of 45®; that is, the range at 15®, is 
cijual to tlie impetus or height due to the projectile velocity. 

173. Corol. 7. The greatest altitude cv, being equal to 
AR. is as the versed sine of double the angle of elevation, and 
alsf) .IS AP or the square ol' the velocity. Or as the square 
of the sine of elevation, and the square of the velocity; for 
tlie square of the sine is as tlic versed sine of the double 
angle. 

174. Corol. 8. The time of flight of the projectile, which 
is equal to the time of a body mlling freely through OH or 
4vv, four times the altitude, is therefore as the square root 
of tile altitude, or as the prqjectile velocity and sine of the 
elevation. 


SCHOLIUM. 

175. From the last proposition and its corollaries, may be 
deduced the following set of theorems, for finding all the 
circuu)stances of prmectiles on horizontal planes, having any 
two of them given. Thus, let s, c, denote the sine, cosine, 
and tangent of elevation; s, v the sine and versed sine of 
the double elevittioii; r ihc horizontal range; T the time of 
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_ V the jrfojectUe vdodty; h the greatest height of the 
projectile; ^ = 3^-^ feet, and a the impetus, or the altitude 
due to the velocity v. Then, 

8a»= 

g ig t t t 

V =v'fc^g-= = v-fc = ^ =-7 


^SV _ a 

— = 2s %'— = 

ig \g 


H = os’ 


2sc 
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— — —2 

i rM/* ^ 


-yxv = ^ 


ig<^ 
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tfV* 

3g ~ 4g 

And from any of these, the angle of direction may he 
found. Also, in these theorems, ff may, in many cas(>s, be 
taken = 32, without the small fraction which will be near 
enough for common use. 

176. Prop. To determine the range on an oblique plane; 
having given the impetus or velocity, and the angle of direc¬ 
tion. 

LiCt AE be the oblique plane, at a given an^^le, either above 
or below the horizontal plane ah ; ag the direction of the 

S iece, and ap the altitude 
ue to the projectile velocity 
at A. 

By the last proposition, 
find the horizontal range ah 
to the given velocity and di¬ 
rection ; draw he perpendi¬ 
cular to AH, meeting tne ob¬ 
lique plane in e ; draw ef 
parallel to ag, and fi paral¬ 
lel to HE; so shall the projectile pass through i, and the 
range on the oblique plane will be ai. As is evident by 
thcor. 16 of the Parabola, where it is proved, that if ah, at 
be any two lines terminated at the curve, and ir, he parallel 
to the axis; then is ef parallel to the tangent ag. 

177. Otherwise, without the Horizontal Range. 

Draw PQ pcip. to AG, and qd perp. to the horizontal 
plane af, meeting the inclined plane in x; take ae = 4>ak, 



* This time, with 30° elevation, is just equal to the time of 
perpendicular ascent, with the same velocity v. 
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draw EP parallel to ag, and fi parallel to ap or na; so shall 
Ai be the range on the oblique plane. For ah = 4ad, 
therefore £h is parallel to fi, and so on, as aboTe. 

Otherwise, 

178. Draw rq making the angle ap^ = the angle gai; 
then take ag = 4Ay, and draw oi perp. to ah. Or, draw 
qk perp. to ah, and take ai = 4aA:. Also kq will be equal 
to cv the greatest height above the plane. 

For, by cor. 2, art. 164, ap ag ag 4gi; 

and by sim. triangles, ap ag a^t gi, 

or - - - AP , AG .. 4Ag . 4 gi ; 

therefore ag = 4Ay; and by sim. triangles, ai = 4aA;. 

Also, qk, or ^gi, is = to cv by thcor. 13 of the Parabola. 




179. Corot. 1. If AO be drawn perp. to the plane ai, and 
Ai’ be bisected by the }x?rpcndicular sto; tfien with the 
centre o describing a circle through a and p, the same will 
also pass through q, because the angle gai, formed by the 
tangent ai anil ag, is equal to the angle Apy, which will 
therefore stand on the same arc Aq. 

180. Carol. 2. If there be given the range ai and the ve¬ 
locity, or the impetus, the direction will hence be easily 
found thus; Take hk — ^ai, draw kq perp. to ah, meeting 
the circle describetl with the radius ao in two points q and 
q ; then Aq or vq will be the direction of ^e piece. And 
hence it appears that there are two directims, which, with 
the same impetus, give the very same range ai. And these 
two directions make equal angles with Ai and ap, because 
the arc vq is equal the arc Aq, They also make equal angles 
with a line drawn from a through s, because the arc sq is 
equal the arc sq. 

181. Corol, 3.^ Or, if there be given the range ai, and the 
direction aj; to find the velocity or impetus. Take Ak = 
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^Ai, and erect kq perp. to ah, meeting iW line of direction 
in q ; then draw making the z a^p = z Akq ; so sliall 
AP be the impetus, or the altitude due to the projectile 
velocity. 

182. Corol. 4>. The range on an oblique plane, with a 
given elevation, is directly propt>rtional to the rectangle of 
the cosine of the direction of tlic piece alxive the horizon, 
and the sine of the direction above the oblique plane, and 
reciprocally to the square of the cosine of the angle of the 
plane above or below the horizon. 

For, put s = sin. Z qAi or ap^, 

c = cos. Z qAR or sin, pa^, 
c = cos. z lAH or sin. Akd or A.kq or a^p. 

Then in the triangle APq^ c : s :: ap Aq; 
and in the triangle Akq, c : c :: Aq Ak \ 
theref. by composition, ap ak = ‘ai. 

cs 

So that the oblique range ai = — x 4Ar. 


183. The range is the greatest when aX- is the greatest; 
that is, when kq touches the circle in the middle ]>oint s ; 
and then the line of direction passes through s, and hi^'ots 
the angle formed by the oblique plane and the vertex. Alscj, 
the ranges are equal at equal angles n!>ovc and behnv this 
direction for the maxiinuni. 


184. Cored. 6. The greatest height nr k<i of the pro¬ 


jectile, above the plane, is equal to ~ ; x ai’. And iliereforc 

it is as the impetus and square of the sine of direction alcove 
the plane directly, and square of the cosine of the plane’s in¬ 
clination reciprocally. 

For - c (sin. aop) : s (sin. ap^) :: ap : Aq, 
and c (sin. Akq) : s (sin. k\q) :: Aq i kq, 

theref. by comp, c-'; a-*:: ap : kq. 


185. Coral, ^ The time of flight in the curve Am is = 
2^ AP 

— —, where -Is = 16t-V feet. And therefore it is as the 

ig 

velocity and sine of direction above the plane directly, and 
cosine of the plane's inclination reciprocally. For tlie time 
of describing the curve, is equal to the time of falling freely 

4 #* . 

through Gi or iikq or — x ap. Therefore, the time being 
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as the square root of the distance, 

9s 2s 

\^ig : — yAP : : 1" : 


AP 


the time of flight. 


SCHOLIUM. 


18G. From the foregoing corollaries may be collected the 
following set oi' theorems, relating to jirqjects made on any 
given inclined planes, either above or below the horizont^ 
plane. In which the letters denote as before, namely, 
c =s cos. of direction above the horizon, 
c — cos. of inclination of the plane, 
s — sin. of direction above the phuic, 

R — the range on the oblique plane, 

T the time of flight, 

V the projectile velocity, 

H the greatest height above the plane, 

a the impetus, or alt. due to the velcxiity v, 

g = 32;^ feet. Then, 



cs 

9cs „ 


4«c 


11 = 

— 4rt 



- ■■ ' 

H. 


c® 


9s 

8 


H = 

A* 

s'y'^ 

SR 

_ s 


■ a = 

9gc‘ 

4c 

8 

T-. 


o 

' 2c5 

gc 

= T 

2s 

2c 
~ s 



Us 

sv 

SR 

= 2 

11 

T = 

- \/“ 

= ■ ” = 








4^ 


And from any of these, the angle of direction may be f(>und. 

187. Geometrical constructions of the principal cases in 
projectiles in a non-resisting medium, flow' readil)' from the 
properties of the parabola; and in many cases those con¬ 
structions suggest simple modes of computation. The fol¬ 
lowing problems will serve by way of exercise. 

1. Given the impetus and elevation; to And, by construc¬ 
tion, the range, on a horizontal })laiie, thl*^ greatest height, 
and thence the time of flight. 


2. Given the impetus, and the range, on a horizontal 
plane ;i.o And, by construction, the elevation, and the greatest 
height. 

.3. Given the elevation, and the range on a horizontal 
plane; to And, .by construction, the impetus, the greatest 
keight, and thence by computation, the time. 

4. Given the impetus, tlie ]X)int and direction of projection. 
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>to find die place where the ball will fall upon any plane given 
in position. 

5. Given the impetus and the point of projection, to find 
the elevation necessary to hit any given point; and to show 
the limits of possibility. Both construction and mode of 
computation are required. 


PRACTICAL GUNNERY. 

188. We have now given the whole theory of projectiles, 
with theorems for all tne cases, regularly arranged for use, 
both for oblique and horizont^ puuies. But, before they 
can be applied in resolving the several cases in the practice 

gunneiy, it is necessary that some more data be laia down, 
as derived from good experiments made with balls or shells 
discharged from cannon or mortars, by gunpowder, under 
different circumstances. For, without suem experiments and 
data, those theorems can be of very little utility in real 
practice, on account of the imiierfections and irregularities 
in the firing of gunpowder, and the expulsion of balls from 
guns, but more especially on account of the enormous re¬ 
sistance of the air to all projectiles made with any veUx-ities 
that are considerable. As to the cases in which projcx:tiles 
are made witt|, small velocities, or such as do nut exceed ^0, 
or 300;,^ or feet per second of time, they may lx* re¬ 
solved tolerably near the truth, c.sfx*cially for the larger 
'^ells, by the parabolic theory, laid down above. But, in 
cases of great projectile velocities, that theory is quite in- 
adeqdbte, without the aid of several data drawn from many 
and good experiments. For so great is the effect of the re> 
instance of the air to projectiles cd’ considerable velocity, that 
some of those which m the air range only between 2 and 3 
miles at the most, would in vacuo range about ten times as 
far, or between 20 and 30 miles. 

The effects pf this resistance arc also various, according to 
the velocity, the diameter, and the weight of the projectile. 
So that the experiments made with one size of hall or shell, 
will not serve lor another size, though the velocity should oe 
the same; neither will the experiments made with one vc- 
loci^, serve for other velocities, though the ball Iks the same. 
And therefore it is plain that, to form proper rules fbr prac¬ 
tical gunnery, we ought to have gcx)d experiments made %viih 
each size of mortar, and with every variety of charge, from 
the least to the greatest. And not only so«> but these ought 
also to be repeated at many different angles of elevation, 
namelv, for every single degree between 30® and 60° elevation, 
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and at intervals of 5^ above 60® and below 80®, from .the ver¬ 
tical direction to point blank. By such a course of eitperi- 
ments it will be found, that the greatest range, instead of 
being constantly that at an elevation of 45®, as in the parabolic 
theory, will be at all intemicdiate degrees between 45 and 80, 
being more or less, both according to the velocity and the 
wei^t of the projectile; the smtuler velocities and larger 
shells ranging farthest when projected almost at an elevation 
of 45®; whUe the greatest velocities, especially with the 
smaller shells, range fartliest with an elevation of about 30®, 
or little more. 

189* There have, at different times, been HEiade oeitain 
small parts of such a course of experiments as is hinted at 
above. Such as the experiments or practice carried on in 
the year iT78, on Woolwich Common; in which all the 
sizes of mortars were used, and a^variety of small charges of 
powder. But they were all atuhe elevation of 45°; conse¬ 
quently these are defective in the higher charges, and in all 
the other angles of elevation. 

Other experiments were also carried on in the same place 
in the years 1784 and 1786, with various angles of elevation 
indeed, but with only one size of mortar, and only one 
charge of ixiwder, and that but a small one too: so that ali 
those nearly agree with the parabolic theory. Other experi¬ 
ments have also been carried on with the ballistic pendulum, 
at different times; from which have been ob|ained some of 
the laws for the quantity of powder, the weight and velocity 
of the ball, the length of the gun, &c. Namely, that the 
velocity of the ball varies as the square root of the charge 
directly, and as the square root of the weight of ball reci- 

f )rocaliy ; and that, some rounds being fired with a m4^ium 
ength of one-pounder gun, at 15® and 45® elevation, and 
with 4, 8, and 12 ounces of powder, gave nearly the velo¬ 
cities, ranges, and times of flight, as they are here set down 
in the following table. But good experiments are wanted 
with large balls and shells. 


Powder. 

Elevation 
of gun. 

Velocity 
of ball. 

■ 

Time of 
flight. 



feet. 

feet. 



15® 

800 

4100 

9" 


15 

1230 

5)00 

12 

8 

15 

1640 

6000 

I4f 

12 

15 

1680 

6700 

IH 


45 

860 

5100 

21 


VOI.. II. 
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190. But os we are not yet provided with a sufficient 
nuinber and variety of expenments, on which to cstalilish 
true rules for practical gunnery, independent of the parabola 
theory, we must at present content ourselves with the data of 
some one certain experimental range and time of flight, at a 
given angle of elevation; and then, by help of these, and the 
rules in the parabolic theory, determine the like circumstances 
for other elevations that arc not greatly dificrent from the 
former, assisted by the following practical rules.— 

191. SOME PRACTICAL RULES IN GUNNERY. 

I. To Jind the Velocity of any Shot or Shell, 

Rule. Divide double tlie weight of the charge of powder 
by the weiglit of the shot, in lbs. Extract the s<]uarc 
root of the quotient. Multiply that riH)l by KJOO, and the 
product will be the velocity in feet, or the nmnlicr of feet the 
shot passes over per secontl, nearly. 

Or say —As llie r<K>t of the weight of the shot, is to the 
root of double the weight of the powder, so is 1600 feet, to 
the velocity *. 

II. Given the Ranffe at One EJotxttion; to Jind the Range at 

Another Elevation. 

Role. As the sine of double the first elevation, is to it.s 
range; so is the sine of double another elevation, to its 
range. 

III. G iven the Rnngrc^fir one Charge; to Jind the Range 
Ji>r Another Charge, or the Charge Jor Another Hange. 

Rule. The ranges have the same proportion as the 
charges ; that i-s as one range is to its charge, so is any other 
range to its charge: the elevation of the piece being the same 
in both cases. 


* In more recent experiments earned on at Woolwich, by 
the Editor of the present edition, in conjunction with the select 
committee of artillery officers, it ha.s been found that a charge 
of a third of the weight of the hall, gives, at a medium, a velo¬ 
city of 1600 feet: gunpowder being much improved in its 
manufacture since the time when Sir Tho. Blomficld and Dr. 
Hutton made their experiments. Putting b for the weight of 


3 c 

the ball, and c for that of the charge, v = 1600 Is now 

found a good approximative theorem for the initial velocity. 
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192. Example 1. If a ball of lib. acquire a relodtv of 
1600 feet per second, when £red with 8 ounces of powder; 
it is required to find with what velocity each of the several 
kinds of shells will be discharged by the lull charges of 
powder, viz. 


Nature of the shells in inches 13 

Their weight in lbs. - - 196 

Charge of powder in lbs. 9 

“To 

90 

4 

8 

48 

2 

64 

16 

1 

4* 

? 

f 

T 

Ans. The velocities arc - 485 

477 

462 

566 

566 


Exam. 2. If a shell be found to range 1000 yards when 
discharged at an elevation of 4*5'^; how far will it range 
when the elevation is SO'* IG', the charge of powder being 
the same? Aiis. 2612 feet, or 871 yards. 

Exam. 3. The range of a shell, at 45^* elevation, being 
found to be 3750 feet; at what elevation must the piece be 
set, to strike an object at the distance of 2810 feet, with the 
same diarge of jiowder? Ans. at 24‘‘ 16', oral 65® 44^. 

Exam. 4. With what impetus, velocity, and charge of 
powder, must a 13-inch shell be fired, at an elevation of 
32® 12', to strike an object at the distance of 3250 feet? 

Ans. impetus 1802, veloc. 340, charge 41b. 7-jOZ. 

Exam. 5. A shell being found to range 3500 feet, when 
discharged at an elevation of 25® 12'; how far then will it 
range at an elevation of 36° 15' with the same charge of 
powder? Ans. 4332 feet. 

Exam. 6. If, with a charge of 91b. of powder, a shell 
range 4000 feet; what charge will suffice to throw it 3000 
feet, the elevation being 45® in both cases ? 

Ans. 6^1b. of powder. 

Exam. 7. What will be the time of flight for any given 
range, at tlie elevation of 45®, or Sor tlie grftitest range ? 

Ans. the time in secs, is ^ the sq. root of the range in feet. 

Exam. 8. In what time will a shell range 3250 feet, at 
an elevation of 32®? Ans. 11^ sec. nearly. 

Exam. 9* How far will a shot range on a plane which 
ascends 8® 15', and another which descends 8° 15'; the im¬ 
petus Wing 3000 feet, and the elevation of the piece 32® BIV r 

Alls. 4244 feet on the ascent, 
and 6745 feet on the descent- 

Exam- 10. Hojw much powder will throw a 13-inch shell 

r 2 
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4244 ^bet on on inclined pkine, which ascends 15’, the 
elevation of the mortar being 35J® 3(1' ? 

Ans. 7'37e51b. or 71b. Coz. 

Exam. 11. At what elevation must a 13-inch mortar be 
pointed, to range (i745 feet, on a plane which descends 8“ 15'; 
tine cliarge V^lb. of powder ? Ans. 3i?* 41'J,. 

Exam. 12. In wlml time will n 13-iiich shell strike a plane 
which rises 8® 3()', when elevattxl 45“, and discharged with 
an impetus of 2304 feet r Ans. 14J^ seconds. 


THE DESCENT OF BODIES ON INCLINED 
PLANES AND CURVE SURFACES.—THE MO¬ 
TION OF PENDULUMS. 

193. Phop. If a weight w' be susuiincd on an inclined 
plane ab, by a jjower p, acting in a direction wr, parallel t(* 
the plane. Then 
The weight the lK>dv, w'. 

The sustaining power r, and 
The pressure on the plane, p, 
are respectively as 

For, draw' cd perpendicular 
to the plane. Now here are 
three forces, keeping one an¬ 
other in equilibrio; namely, tlie 
weight, or force of gravity, act¬ 
ing perpendicular to ac, or pa¬ 
rallel to bo; the power acting 
parallel to db; and the pressure 
perpendicular to ab, or fiarallel to nr : but when three forces 
keep one another in ccjuiiibrio, they are proportional to the 
sides of the triangle cbd, made by lines in the direction of 
those forces, by art. 30; thei*erore those forces are to one 
another as bc, bd, cd. But the two triangles abc, cbd, arc 
equiangular, and have their like sides proportional; there¬ 
fore the three bc, bd, cd, are to one another respectively as 
the three ab, bc, ac ; which therefore are as the threcibroes 
w, P,/J. 

Carol. 1. Hence the weight w, power r, and pressure 
p, are respectively as radius, sine and cosine, 
of the plane’s elevation ba<' aliove the horizon. 


The length ab, 

T1 )c height nr, and 
The base ac, 
of the plane. 
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For, since the sides of triangles are as the sines of their 
opposite angles, therefore the three ab, bc, ac, 
are respectively as - - sin. c, sin. a, sin. b , 

or as > - - - radius, sine, cosine, 

of the angle a of elevation. 

CorcH. 2. The power or relative weight that urges a body 

BC 

w down the inclincnl plane, is = — x w; or the force with 

which it descends, or endeavours to descend, is as the sine 
of the angle a of inclination. 


Carol. 3. Hence, if there be two 
planes of the same height, and two 
bodies be laid on them which are 
proportional to the lengths of the 
planes; they will have an equal ten¬ 
dency to descend down the planes. 

And consequently they will mutually sustain each other if 
they bc connected by a string acting parallel to the planes. 



Coj'ol. 4. In like manner, when 
the power v acta in any other di¬ 
rection w'hatcver, wp; by draw’- 
ing CDE j>erpendicular to the di¬ 
rection wr, the three forces in 
eijuilibrio, namely, the weight w, 
the jK»wer p, and the pressure on 
tlie plane, will still bc respective!}' 
as AC, CD, AD,drawiiperpendicular 
to the direction of those forces. 



194. Prop. The velocity acquired by a body dcscendiug 
freely down an inclined plane ah, is to the velocity acquired 
by a body falling perpendicularly, in the same time; as the 
licight of the plane uc, is to its length ab. 

For the force of gravity, both per¬ 
pendicularly and on the plane, is con¬ 
stant ; and these two, by corol. 2, art. 

193, arc to each otlier ns ab to bc. 

But, by art. 131, the velocities gene¬ 
rated by any constant forces, in the 
satne^ime, arc as those forces. Therefore the velocity down 
BA is to the velocity down bc, in the same time, as the force 
on BA to the force on bc : that is, as bc to ba. 

Corol. 1. Hence, as the motion down an inclined plane is 
produced by a constant force, it will bc a motion uniformly 
accelerated; and therefore the laws before laid down for 
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accelerated motiaus in generalf hold gutxl for motions on 
inclined planes; such, for instance, as the following: That 
the velocities are as the times of descending from rest; that 
the spaces descended are as the sc|uares of the velocities, or 
squares of the times; and that if a body be thrown up an 
inclined plane, with the velocity it acquired in descending, 
it will lose all its motion, and ascend to the same height, in 
the same time, and will rejiass any point f>f the plane with 
the same velocity as it passed it in descending. 

Carol. 2. Hence also, the sjMice descended along an in¬ 
clined plane, is to the S[>ace descended [>erj)endienlarly, in 
the same time, as the height of the plane CD, to its length 
AB, or as the sine of inclination to radius. For the s])aces 
described by any forces, in the same time, arc as the forces, 
or as the velocities. 

Corol. 3. Consequently the velocities aiiil spaces dcsccnde<l 
by bodies down different inelined jilanes, are as the sines of 
elevation of the planes. 

Corol. 4. If CD be drawn perpendicular to ab ; then, 
while a body falls freely through the j>crpendleular space 
BC, another l>ody will, in the same time, descend dtnvn the 
jmrt of the plane bd. For, by similar triangles, 

BC : BD :: BA : lie, that is, a.s the space descended, by 
corol. 2. 

Or, in any right-angled triangle bdc, 
having its liypomenusc bc jK'rjKmdicular 
to the horiztm, a body will descend down 
any of its three sides, bd, bc, dc, in tlwi 
same time. And therefore, if on the dia¬ 
meter BC a circle be described, the lime of 
descending down any cliords bd, be, bf, 

DC, EC, FC, &C. will be nil cc^ual, and each 
equal to the time of falling freely through 
the perpendicular diameter bc. Also the 
velocities acquired in descending down the chords bd, be, 
BF, liC, arc to one another as the lengths of those chords. 

195. Prof. The time of de.scending down the inclined 
plane ba, is to the time of falling tlirough tlic height of the 
plane bc, as the length ba is to the height bc. 

Oraw CD per}iendicular to ad. 

Then the times of describing bd and 
BC are equal, by the last corol. Call 
that time /, and the time of describing 
BA call T. 

Now, because the spaces described 
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hy constant ibrcoB, arc as the squares of the times; therefore 
/* : T* :: BD : ba. 

Hut the three bd, dc, ba, are in continual proportion; 
therefore bd : ba : : BC® : BA"; 
hence, by equality, i x*':: bc®: ba'', 
or - - < : T :: BC : ba. 

Coral. Hence the times of descending different planes, of 
the same height, arc to one another as the lengths of the 
planes. 

196. Prop. A body acquires the same velocity in descend¬ 
ing down any inclined plane ba, as by falling perpendicular 
through the height of the plane bc. 

For, the vehxjjties generated by any constant forces, arc 
in the eoinponnd ratio of the forces and times of acting. 
i>nt if we put 

F to denote the whole force of gra\ity in bc, 
f the force on the j)lane ab, 
t the time of de.scrihing bc, and 
T the time of descending down ab ; 
then by art. 193, F : f : : ba : bc ; 
and by art. 19o, t : x :♦ bc : ba ; 
tlieref. by comp, vt :f’i' :: 1 : 1. 

TJiat is, the conij)onnd ratio of the forces and times, or 
ilje ratio of the veiiK-ities, is a ratio of equality. 

C'Airol. 1. Hence the velocities acquired, by bodies descend¬ 
ing down any planes, from the same height, to the same 
horizontal line, are equal. 

Coral, a. If the velt>cities he equal, at any two ecpiaJ 
altitudes, n, i-:; they will be equal at all other equal alti¬ 
tudes A, c. 

Coral. 3. Hence also, the velocities acquired by de¬ 
scending down any planes are as the stpiare roots of the 

heights. 
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197. We may here introduce some useful formula*, re¬ 
lative to motions along inclined planes, aiialogims to those 
already given for bodies falling freely (art. 151, 158.) 

1. Let g, as before = 32^ feet, s the space along an in¬ 
clined plane whose inclination is r, t the time, u the velocity; 
then 


!.<?■= 4g^'*sin. 



2g sin. i 


Itv 



JDrKAmcs. 


Hr 

T 




• St. V ^ gl sin. I = \/( 9 gs sin. *) = 


3, i 


2a 


I 


g sm, » 

II. Suppose V to be the velocity with winch a Unly ip* 
projected up or down the plane; then, wc have 

4. V = V + sin. i 

K 4^,4- • V'^ + 

5. S ZZ V/ ^ Igt sin. * = —-:-r. 

S£g sin. * 

Making t> = o, in oqua. 4, and the latter member of cHjua. 
5 ; the first will give the time at which the btxly wifi cease 
to rise, the latter the space. 

III. If R be a constant resistance to motion on a horiron- 
tal plane, then 

6 . V — \ — Kt 


_ - B 

7. 4. = vf - 4Kf* = — 

* 2u ’ 

where, making v — o, we find when the motion ceases. 

198. The first eight of the following problems will .serve 
to exemplify these theorems, 

1. How far will a body descend from quiescence in 4 
seconds, along an inclined plane whose length is 400 and 
height 800 feet ? 

2. What velocity will such a body have acquired when it 
has reached tl>e bottom a of the plane .J* (fig. to art. 194.) 

3. Suppose AD = DB, in what time will the body pass over 
each of those portions ? 

4. How long would a l}ody be in falling down 100 feet of 
a plane whose length ab is 130 feet, and height bc 69? 

5. If AB = 90, and iic = 25 feet, what velocity would a 
body acquire in falling through 70 feet ? 

C. A body is prmected up an inclined plane, whose icngtli 
is 10 times its height, with a vehxrity of 80 feet per sc'cond; 
in what time will its velocity he destroyed, and it cease tu 
ascend ? 

7. Suppose that at the moment a body is projected up ab 
iritli the velocity acquircnl by falling down it, another Ixidy 
begins to fall down it, where will they meet, the length of 
AB being given ? 

8. Given ab = 90, bc = 60 feet. And suppose two bo- 
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dies to be let fall the same moment, one vertically, the other 
down the plane da ; what distance no will the latter have 
moved, when the former has descended to c ? 

9- Ascertain, geometrically, the position of the right line 
of quickest descent, from a given point to a given plane. 

10. Find, geometrically, the slope of a roof, down which 
rain may descend quickest. 

199- Prof. If a body descend down any number of con¬ 
tiguous planes, ad, bc, cd ; it will at last acquire the same 
velocity, as a body falling perj>endicularly through the same 
height ED, supposing the velocity not altered by changing 
Irom one plane to another. 

Produce the planes DC, cb, to 
meet the horizontal line ea pro- a tc £y 

duced in f and o. Then, by cor. 

1, last art. the velocity at n is the 
same, vrhether the body descend 
through AB or fb. And therefore 
the vcK>city at c will be the same, 
whether the body descend through adc or through fc, 
which is also again the same as by descending through gc. 
Consequently it will have the same velocity at D, by descend¬ 
ing through the planes ad, dc, cd, as by descending through 
the plane gd ; supposing no obstruction to the motion by the 
IxKly impinging on the planes at b and c : and this again, is 
the same velocity as by descending through the same per- 
|)endicu]ar height ej>. 



Carol. 1. If the lines aBcd, &c. be supposed indefinitely 
small, they will form a curve line, which will be the path of 
the hotly; from which it appears that a body acquires also 
the same velocity in descending along any curve, as iu falling 
|E?rpendicuIai*ly througli the same height. 

Carol. 2. Hence also, bodies acquire the same velocity by 
descending from the same height, whether they descend 
perpendicularly, or down any planes, or down any curve or 
curves. And if their velocities be equal, at any one height, 
they will be equal at all other equal heights. Therefore 
the velocity acquired by descending down any lines or curves, 
arc as the square roots of the perpendicular heights. 


Carol. 3. And a body, after its descent through any curve, 
will acquire a velocity which will carry it to the same height 
through an equal curve, or through any other curve, either 
by running up Uie smooth concave side, or by being retained 
e 
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Also, the vekiciCics will l)c equal, at all equal altilucies; ami 
the ascent and descent will be {x'rfbrmed in the Mune tiuie, 
if the curves be the same. 

200. Prop, 'The times in which bodies descend through 
similar parts of similar ciirx'cs, abc, abcy placed alike, are as 
the square roots of their lengtlis. 

That is, the time in ac is to the time in acy as -v^ac Lu 

x'iiC. 

For, as the curves are similar, tliey may 
be considered os made up of an equal l>_. a \ 
iiuuil>er of corresponding parts, which are 
every where, each to eacdi, promirtiuiial to 
the whole. And as they are placetl alike, 
the corresponding small similar parts will C 
also be parallel to each other. Hut the 
time of uescribiiig each of these pairs of correspontliiig pa¬ 
rallel parts, by art. 191', cor. 1, are as tlie .Mpiare roots »>f 
their lengths, which, by the supjjosition, are as ^ At to 
ihc nx)ts of the whole curves. Therefore, the whole tiinei> 
arc in tlie same ratio of v^ac to 

C'orol. 1. Iiecau.se the axes nc, i>f, of similar curves, are 
as tlie lengths of the similar parts ac, ac ; lliereibre the times 
tif descent in the curves ac, (u\ are as to i>r, or tlie 

square roots of their axes. 

Coral. 2. As it is the same thing, whether the botlles run 
dolKn the smooth concave side of the curves, or he made to 
describe those curves by vibrating like a pentiiiiiini, the 
lengths being DC, vc; therefore the titties of the vibration 
of })eodulums, in similar arcs of any curves, are as the square 
roots of the lengths of the pendulums. 

SCUOLIUM. 

201. Having, in the last corollary, mentioned the pendu¬ 
lum, it may not be improper here to add some remarks con¬ 
cerning it. 

A simple j>endulum consists of a snndl 
ball, or other heavy l)ody u, hung by a 
fine string or thread, moveable alxmt a 
centre a, and describing the arc cb i» ; by 
which vibration the same motions hap- 
|>en to this heavy Itxly, as would happen 
to any liody descending by its gravity 
along the spherical superficies cud, if 
that sujK'rficics were perfectly liard and sniuoth. If the 
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pendulum be carried to the situation ac, and then let fall, 
the ball in descending will describe the arc cd ; and in the 
]K)int 11 it will have that velocity which is acquired by de¬ 
scending through CB, or by a body fulling freely througli eb. 
This vdocity will be sufficient to cause the nail to ascend 
through an equal arc un, to the same height D from whence 
it fell at c; having there lost all its motion, it will again be¬ 
gin to descend by its own gravity; and in the lowest point b 
it will acquire the same velocity as before; which will cause 
it to re-ascend to c; and thus, by ascending and descending, 
it will jierforiii continual vibrations in the circumference cbd. 
And if the motions of pendulums met with no resistance 
from the air, and if there were no friction at the centre of 
motion a, the vibrations of pendulums would never cease. 
Hut from tlicsc obstructions, though small, it happens, that 
tlie velocity of tlie hall in tile point n is a little tiiminished 
in every vibration ; and consequently it does not return pre¬ 
cisely to the same points c or d, but the arcs described con- 
timiuiiy become shorter and shorter, till at length they arc 
insensilile; unless the motion be assisted by a mechanical 
contrivance, as in clocks, called a maintaining power. 

Our present investigations relate to the simple pendulum, 
above described : the considcratitin of compound pendulums 
retjuires the previous knowledge of tlie centre of oscillation. 

Puoi*. When a pendulum \ibratcs in a circular arc, 
the velocities acquired in the lowest point, are as the chords 
ol‘ the semi-arcs described. 


For, the velocity at v of a body 
that has descended through any arc 
AP, is equal to the velocity at P of a 
body that has fallen freely through 
the versed-sine np (art. 199, cor. U.) 

Hence, velocity at p after descent 
through arc ap, is to velocity at p 
.after descent through arc a^p, as ^/NP to v'Nh’, that is 
(Geom. ih. 87) as chord ap to cliord^A'p. 

Carol. If, tlicreforc, we would impart to a body a 
given velocity, v, wc have only to compute the height np, 



such that NP = “ = through the point n 


draw the horizontal line na ; then aa'p an arc (of any circle 
passin^r through p) is one, through which when a body has 
fallen it will have acquired the proposed velocity. This is 
extremely usefuf in ex^ierimeuts on collision. 
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dOd. Piiop. To invefitigate th« tiuio of vibratioti of a fieii- 
dulum of given length, in an iiulcfinitely small arc. 

Now, in estimating the time of 
an oscillation in an indeBiiitely 
small circular arc, let it lie re¬ 
collected that tlic excess of such 
an arc above its chord, being 
incomparably less than itself, may 
be neglected; so that we may 
consider the souare of such an 
arc (like that of* its chord, Geom. 
th. 87) as equal to the rectan¬ 
gle under the versed-sine and the 
diameter. 

Indeed, if instead of indefinitely small arcs we took arcs 
of or SCf, and compared tlie rcs}>ective tUffercnccs of their 
squares and those of their chords, wc should find that the 
error would not exceed the 2900()dth pjirt of either result. 

Thus, arc* 5(y - arc* 4<y = 145444* - 
= 261799 X 29089 

while chord® SO' — chord'*' 40^ = 145442^ — 116354' 

= 261796 X 29088. 

Let, then, dpb represent such a very short <»scillation of a 
f>cndulum whose length, I, is sp, s l)eing the point of suspen¬ 
sion. 

Then, versin. kp = arc* dp -r- 2/ 
versin. xp = arc* .<\r -i- 2/. 



I>uS _ AP^ 

Their diff. kn =- ^ -; which is the altitude througli 

which a hotly must fall to acquire the velocity at A, Putting 
this value of the altitude in the usual expression for falling 

DP^ - AP®, 


bodies, v =* V{2gs), it becomes v = v" (2^ 


Hi 


) 


= V-y • -t/Cop* — AP«). This will be the velocity with 

which the pendulum will describe an exceedingly minute 
{x>rtion of the arc, such as a a'. 

Draw, horizontally, dp = arc dp; with dp as radius de¬ 
scribe the quadrilateral arc dcc'a ; laake da = da, aa' — aa', 
and draw ac, a'dy parallel to ru. 

Then, vel. at a 

= ^/(DP*-AP*)= v/y. A/(dp —ap*) = ac v/y. 
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But| since time of describing a space as aa' = aa\ is in- 

versely as the velocity, or t ^ —, we have 

* i 1 , ^ fx ad I cd I 

e through a a' (or aa) — — V — = — —, 

® ' aegevg 

ad cd 

(because, by sim. Iri. — = —). 

' * acev 

The same reasoning applies for every minute successive 

portion, such as aa', of the semi-arc described by the pendu¬ 

lum: and when the ball has descended from n to p, the cor¬ 
responding arc to cir its ecjual is the quadrant dedo, : the ex¬ 
pression for tlic time, therefore, becomes, in that case, 

. dc<i I semicircum. I I 

V — a /”" — 

PQ g diain. S S 

The time of ascending through pb = pd is, manifestly, 
equal to the above: therefore, ultimately, the time of com- 
j)lete oscillation through dpb, is, 

I 

t = (1). 

e 

Clonsequently, tJic times of oscillation are as the square 
roots of the lengths qf tlte pendulums^ the force of gravity 
remaining the sjunc. 

201-. For the same reason that we have the above equa. 
when / is the length of the pendulum, and g the lineal mea- 

sure of the force of gravity, we have d — v in any 

other ]>lacc where g' measures the force of gravity, and F is 
the length of the pendulum. 

Consequently, in gentrol, 

I V 

t \ t d : */ r• • • • • (^)* 

/ g 

If the force of gravity be the same, we have 

t : t' : : .(3). 

If the same pendulum be actuated by different gravitating 
forces, we have 

t'.dw x/- x/~ :: x/g' : (4-). 

When pendulums oscillate in equal times in different places, 
we have 

g'i^ F .(5). 

Other theorems may readily be deduced. 
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8()6. If cither g or I he dctcrminwl bv cxixTiment, the 
ciiiia.'l. for t will give the other. Thus, if (j?, «r the space 
tat ion through by a heavy body in P of lime, be found, then 
this theorem will give the length of the seconds ului^. 
Or, if the length of the seconds pendulum be obsiP?ed by 
experiment, which is the easier way; this theorem will give 
g. Now, in the latitude of l^ondon, the length of a pemlii- 
lum which vibrates seconds, has liecn found to be 39^ inches; 


and this being written for I in the theorem, it gives -ir 


\ 


g 


— 1'^: and hence is found Ig — = 4"*^* x = 193‘()7 

inches = I6j'f feet, for the dcsc*ent of gravity in 1"; which 
it has also been found to be very exactly, by many accurate 
experiments, I = 4-^x •202G4'; ^ = lx 4’9348. 


SCHOLIUM. 

206. Hence is found the length of a pendulum that slinil 
make any number of vibrations in a given time. Or, the 
numlier of vibrations that shall be made by a peiululmn (jf 
a given length. Thus, suppisc it were reijuired to find the 
length of a half>seconds fiendulum, or a qiiurter-seconds 
pendulum; that is, a pendulum to vibrate twice in a second, 
or 4 times in a second. Then, since the time of vibration is 
as the square root of the length, 

therekMre 1 : 4 : v^394 : \/ K 

" 39* 

or 1 : 4- : : 394- * ~ inches nearly, tlu* 

length of the half-seconds pendulum. 

And 1 : ; : 39i : 2/^ inches, the length of the quarter- 

seconds pendulum. 

Again, if it were required to find how many vibrations a 
pendulum of 80 inches long w'ill make in a minute. Here 

89'- 

v^SO : v/ 39| : : GO' or 1' : go = - > 

41'95987, or almost 42 vibrations in a minute. 

207. For miliuiry men it is a good practice to have a 
|>ortable pendulum, made of painted tape with a brass bob 
at the end, so that the whole, except the boh, may he rolled 
up within a box, and the whole enclosed in a shagreen case. 
The tape is marked 200, IW, 180, 170, IGO, &c. 80, 75, 70, 
65, 60, at points, which being assumed respectively as ptiints 
of suspension, the pendulum will make 200,190, &c. down 
to GO vibrations in a minute. Such a jKirtahlc pendulum is 
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highly useful in experiments relative to falling bmlice, tlie 
velocity of sound, ike. 

For the comjiarison of the times of oscillation in inde¬ 
finitely small arcs of circles, in finite arcs of circles, and in 
cycloidbl arcs, the student may turn to probs. 13 and 14, at 
tile end of this volume, and prob. 42 at tlic end of vol, in. 


CENTRAL FORCES. 


208. DcJ*. 1. Centripetal force is a force which tends con¬ 
stantly to solicit or to impel a body towards a certain fixed 
{Kiint or centre. 

2. Centrifugal force is that by which it would recede 
from such a centre, were it not prevented by the centripetal 
force. 

3. Tliese two forces are, jointly, called central forces. 

20i>. Prop. If a body, m, drawn continually towards a 
fixetl point, c, by a constant force, <p, and projected in a di¬ 
rection, Mil, perpendicular to cm, describe the circumference 
of a circle about the centre c, the central force is to the 
weight of the body, as the altitude due to the velocity of pro¬ 
jection, is to half tlie radius cm. 

Let r be the velocity of pro- 
iection in the tangent Mn, and 
r the radius cm. Independently 
of the action of the central force, 
the body would describe, along 
.”Mn, during the very small time 
/, a s])acc -MN = iVi and would 
recede from tlic point c by the 
ijuantity in, which may, without 

error, be regarded as ecjual to gm, when tlic arc mi is ex¬ 
ceedingly small. If, therefore, the body instead of moving 
in the tangent, were kept in the circumference by the central 
force tp, its operation in the time f, w'ould (art. 130) be equal 
to lyt ', and at the same time = mg. But by the nature of the 

. , Ml® mn'* . 1 11 V 

circle MG = — = (in an extremely small arc) = 



by the above. 


t-v- 


Making, therefore, it reduces to 
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, Putting a for the altitude due to the relfKiily since (hy 
art. 154) t * = Sag, we have <p = —^ ; whence there re- 

‘ T 


suits 

(p : g :: a : 

Thus far, we have, in reality, considered only the unit of 
mass; but, if we multiply the first two terms of the alKJve 
proportion by the mass of the l>ody, the whole w'ill still re¬ 
main a correct proportion, and the general result may be 
thus enunciated: viz. 

The centripetal force of any l)ody, if it be free, or its 
centrifugal force, if it be retained to the centre c, by a thread 
Q>r otherwise), is to tlie weight of that body, as the height 
due to the velocity is to the half of the radius c:u- 

210. Hence, it ap})ear.s that, so long as and r remain 
constant, the velocity r will be constant. 

211. If both members of the equation 1 be multiplied by 
the mass m of the body, and we put F to represent the ceii- 

trifugal force of that mass, "we shall have f= In like 


manner, if f' is the-centrifugal force of another lK)dy which 
revolves witli the velocity t/in a circle whose radius is r', we 
shall have 


F : r' 



( 2 ). 


212. If T and denote the times of revolution of the two 


bodies, because v 


2irr - , 2rr^ 

-, and tr = -j-, we have 

T T 



213. If the times of revolution arc equal, we shall have 

F:F'::/*:r'. (4). 

214. And, if we assume x® : :: r* : r”, as in the plane¬ 

tary motions, the proportion (3) will become 

F : f' : : r'* : .(5). 


SCHOLIUM. 

215. The subject of central forces is too extensive and 
momentous to be adequately pursued here. The student 
may consult the treatises of mechanics by Gregory and 
Pmsaofh and those on fluxions by Simpsony Dealtryy &c. 
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We feihaii siaiply'prosent in tliis place, one example' connected 
witli practical mechanics. 

ICxAM. Investigate the characteristic property of a conical 
pendulum applied as a regulator or governor to steam- 
engines, &c. 

This contrivance will hw 
readily comprehended from the 
marginal tigure, where au is a 
vertical shaft capable of turn¬ 
ing iVeely U|K>ii the sole a. 
ri>, < F, are two bars which 
move I’reely upon the centre c, 
and carry at their lower ex- 
(li'initieik two equal weights, 

F. o : the bars ri), rr, are 
uniti'd, by a projier articulation, 
lo tile bars, u, w Inch latter are 
aliaehed (o a ring, i, capable of 

sliding up and tlown the verliail shaft, Ati. When this shaft 
aiul conneetcti apparatu'j are niatle to revolve, in virtue of the 
eenlril'ugal fbree the lialls r, «, Hy out more and more from 
jiO, as the rolatorv velocity increases: if, on the contrary, 
tile rotatory v'eloeily slackens, the balls descend and approach 
.\(i. The rin<r i ti,sri}i(h‘ in the former case, descnuls in the 
latter : and a lever connected with i may be made to correct 
appnipriatcly, the energy of the moving }X)wer. Thus, in 
the steam-engine, the ring may be made to act on the valve 
by which tile steam is ailmittetl into the cylinder; to augment 
its opening when the motion is slackening, and reciprtx;ally 
iliminish it when the motion is accelerated. 

'riie eonstrueiion i.>, often, so nuHllfieil that the flying out 
of the halls causes the ring i to be depressetl, and vice xxrsii i 
Imt the general jirinciple is the same. It I'Q. = Ft = Di* 
^ ni, tlieii I, V, are always in some one horizontal jiiaiio : 
but that is not essential to the construction. 

Now, let t dtluiLe the lime of one revolution of the shaft, 
j* the variable lu»rizonlal distance of each hall from that 
.shaft, ir as usual — then will the velocity of each 

ball be = —and (art. ^209.) its centrifugal force 


^ jc = 1^.^. The balls licing oi)cratcd upon 

simultaneously by the centrifugal hweeand llicforccofgravity, 
of which one operates horizontally, the other vertically, the 

o 
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resultant of tlie two forces is, evidentl}^, always in the actual 
position of the handle cd, cv. It follows therefore, that the 
ratio of the gravity to the centrifugal force, is tliat of cos. 
ica to sin. icq, or that of the vertiem distance of a below c 
to its horizontal distance from a«. Call the former d, the 
latter being .r: 

then d . X 

theref. ^ ~ = ~ and < ~ - = I'lOTB-f s d. 

4ir'‘x X g 

Hence, the jx*ricKlic time varies as the scpiarc root of the 
altitude of the conic pendulum, let the radius of tlie base he 
what it may. 

Hence, also, when ica = ici* = 45'', the centrifugal ftn’ce 
of each ball is eijual to Its weiglit. 


ON THE CENTRES OF PEUCt SSION, 
OSCILLATION, AM) GYRATION. 

21(j. T'he Centre Pcrcussivn of* a laxly, t>r a system of 
botlies, revolving alxuit a or axis, is that point, which 

striking an immoveable object, the wliole mass shall not in¬ 
cline to eilljer side, but rest, as it were, in equilihrio. without 
acting on the centre of suspension. 

217. Phe Centre of Oscillation i.^. tliat }></mt, in a body 
vibrating by its gravity, in wliicli if any hotly be placed, or 
if the whole n»ass be collected, it will perform its vibrations 
in the same time, and with the same angular velocity, as the 
whole body, about the same ]K)int or jixis of stisj)en>ion. 

218. T//e Centre of Gyration is that point, in which if 
the whole mass be collected, the same angular velocity will 
Ixi generated in the same time, by a given force acting at any 
place, as in the body or system itself. 

219 . Tlie anfrular motion of a Ixaly, or .system of Ixxlics, 
is the motion of a line connecting any jx/nit and the centre 
or axis of motion ; and is the same in all parts of’ the same 
revolving body. And in different unconnected bodies, each 
revolving about a centre, die an^mlar velocity is as the ab¬ 
solute velocity directly, and as the distance from the centre 
inversely; so that, if their absolute velocities be as their radii 
or distances, the angular velocities will be equal. 
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Piioi*. I'o find the centre ol* percussion of a body or 
system of bodies. 

Let lljc body revolve about an axis 
passing tlirough any ]x)int s in the line 
SCO, ])assing through the centres of gra¬ 
vity and ]H.'rciissiun, g and o. Let mn 
be the section of the body, or the plane 
in whicli the axis sco moves. And con¬ 
ceive all the particles of the body to be 
reduced to this plane, by perpendiculars 
let fail fi'oin them to tlie plane: a siip- 
{Kisitioii which will not affect the centres 
0 , o, nor the angular motion of the hotly. 

Let \ be the place of one t>f the particles, so rctluccd ; 
join sA, and draw ai* perpendicular to as, and Art perpendi- 
eular to st;o ; then ap will be the direction of a’s niotWi as 
it revolves about s ; and the whole mass being stopj>cd at o, 
the body a will urge the |x>int p, forward, with a force pro¬ 
portional to its quantity of matter and velocity, or to its 
matter anti distance from the point of suspension s ; that is, 
as A . SA; and the eflic^cy of this force m a direction per¬ 
pendicular to so, at the jxiint r, is as a . Srt, by similar tri¬ 
angles; also, the effect of this force on the lever, to turn it 
about o, Iwing as the leiigtli of the lever, is as a . sn . po = 

A . sa . (so —• sp) = A . srt . so — A . srt . sp = A . srt . so 

A . SA-. Ill like manner, the forces of li and c, to turn 
the sj-stem about o, are as 

a . s6 . so — !i . su‘, and 
c . St* . so — c . 80“^, &e. 



But, since the forces on the contrary sitles of o tlestroy 
one auotlier, by the definition of tliis force, the sum of the 
positive parts of these quantities must be equal to the sum 
«»f tile negative parts, 

that is, A . Srt . so + B . sZ* . so 4- c . sc . so, &c. - 

A . SA* + D . SB- Pc. sc iJee; and 

A . SA* -f B . SB- -f- C . sr*, &c. 


lienee so = 


. Srt -h B . s/i + c . St, iiC.’ 


which is the distance of the centre of jicrcussion below the 
axis of motion. 

And here it must be observed that, if any of the points 
A, b, &c. full on the contrary side of s, the corresjx>nding 
procluct A . Srt, or b . si, &c. must be made negative. 

221. Coral. 1. Since, by art. 105, a f u -P c, &c. or the 
body b X he distance of the centre of gravity, sg, is = a . 
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K<> + B . + c . SC, See. which is the denominator of the 

vulue of so; Uiereforc the distance of tlic centre of jiercus- 

A . SA* 4- B . SB- + C . sc- See. 

SG X iKxiy b 

222, Corol. 2. Since, by Geometry, theor. 36, 37, 

it is SA’' = SG'^ -f- GA** — 2 sG . Grt, 

and RB’' = SO'* -f OB'* 4- 2sa - cb, 
and sc^ = so* -h oc- + 2 r(; . oc, &c.; 
and, by cor. 5, art. 101, the sum of the last terms is nothing, 
namely, — 2 sg . oa -H 2 sg . oO 4 2sg . c.c ice. — (J; 

therefore the sum of the others, or a . sa - 4- n . sb^ &c. 

is = (a -r B &c.) . so® 4- A . ga“ 4- B . c;B‘ 4- c . oc* 6tc. 

or = ft . 50^ 4- A . GA^ 4- B . GB* 4- c . GC* icc; 

which being substituted in the numerator of the foregoing 
value of 80 , gives 

ft . SG* 4- A . GA* f B . Gn' 4 Isrc. 

so = - . , 

ft . .SG 

GA* 4- n . GU^ 4 C . Gt* ikv. 
or so = sr. J- , 

ft . .KO 

223. Corol. 3. Hence the distance of the centre of per¬ 
cussion always exccetls tlie distance of the centre of gravity, 

- , . , A . <.A- 4 B . GB &C. 

and the exeess is alwavs go =-;-. 

ft . SG 


224. And hence* al.so, .sg 


(JO 


A . (;a- 4* B . GB- Sec. 
the body ft 


that is 6G . GO is always the same con.stant (pianlity, wl>ere- 
cver the point of suspension 8 placed; since tlie [>oint g 
and the bodies a, b, &:c. arc constant. Or vjo is always 
reciprocally as so, that is go is less, as s(} is greater; and 
conse(|uently the jx>int o rises upwards and approaches to¬ 
wards the point g, as the point s is removed to the greater 
distance; and they coinciefe when so is infinite. But when 
.s coincides with o, then go is infinite, or o is at an infinite 
distance. 


225. Prop. If a body a, at the distance sa from an axis 
passing through s, perpendicular to the plane of the paper, 
be made to revolve about that axis by any force acting at v 
in the line sp, perpendicular to the axis of motion: it is re¬ 
quired to determine the quantity or matter of another body, 
Q, which being placed at p, the point where the force acts, it 
shall be accelerated in the same manner, ns when a revolved 
at the distance sa ; and consequently, that the angular velo¬ 
city of A and Q about g, may be the same in both cases. 
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By the nature of the lever, sa ; sp :: 

— . f^ the effect of the force/, acting at p, A. 

on tlic body at a; tluit is, the force,/’acting al 

p, will have the* ^aine effect on the body a, as 

sp . 1 > 

the force - J\ acting directly at the jioinl a. 

SA 

But as ASP revolves altogether about the axis at s, the abso¬ 
lute velocities of the points a and s, or of the bodies A and 

o, will be as the radii sa, sp, of the circle described by them. 
Here then we have two bodies a and q, which being urged 

SP 

directly by the forces f and —acquire velocities which are 

SA*^ 

as SP and sa. And since the motive forces of bodies are as 
their mass and v'clocity: therefore - - _ - 

SP , - , sa“ 

— f : f :: A . SA : u • sp, and sp- ; sa^ . : a : o = —r, -A, 

SA*' •' ’ sp- 

wliich therefore expresses the mass of matter which, being 
placed at p, would receive the same angular motion from the 
action of any force at p, as tlie body a receives. So that the 
resistance of any body a, to a force acting at any point p, is 
directly as the square of its distance sa from the axis of mo¬ 
tion, aiul reciprocally as the square of the distance sp of the 
|ioint wliere the force acts. , 

S226. C’oroZ. 1. Hence the force which accelerates the point 

y, gps» 

P, is to the force of gravity, as -;; to 1, or m f . sp- 

A . SA * 

to A . SA®. 

2i37. Corc^. 2. If any number of bodies 
A, B, c, be put in motion, about a fixed 'v 
axis passing through s, by a force acting 
at p; the point p will be accelerated in ^ 

the .same manner, and consequently the / I 

whole system will have the same angular ^ -I ‘ 

velocity, if instcn<l of the iKxlies a, b, c, 
placed at the distances sa, sb, sc, there be substituted the 

SA“ Sli'^ SC^ 

bodies “^a, “'.c; these being cyllected into the point 

p. And hence, the moving force being yj and the maltcr 

A , SA® + B , SB- -f- c . sc- 

inoved being 

~ *.» 1*' 


therefore 
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of bodies, is ns 


For the ab^o- 


f . si*^ 

. --, . -; is the acceleratinff force ; which 

therefore is to the accelerating force of gravity, asy’. sr* to 

A . SA® 4- B . SB-' 4- C . SC®. 

228. Cord. 3. The angular velocity of the whole system 

/' • SP 

of bodies, is ns -^—:-For the ab.'.o- 

SA'- -f « . sa* -f c . sr® 

lute velocity of the point r, is as the accelerating force, or 
directly as the motive force j\ and inversely as the mass 

• hut the angular velocity is as the absolute velo- 

city directly, and the radius sr inversely; therefore the .an¬ 
gular velocity of i*, or of the whole system, which is tlic same 

.1 • . / • 

thing, is as-::---. 

229 . Prop. To determine the centre of oscillation of any 
comjiound mass, or body mn, or of any system of bodies 
A, B, c. Sec. 

Let MN be the plane of vibration, to which let all the 
matter lie reduced, oy letting fall |)erpendiculars from every 
particle, to this plane. l.,et 

G be the centre of gravity, ,-v. 

and o the centre of oscilla- V 

tion ; through the axis s -y _S VA 

draw sr.o, and the horizon- \ 

tal line .s< 7 ; then from every / .V 1 ! 

particle a, b, c, &c. let fall ' ' 1 

perpendiculars A a, Ap, bA, n< 7 , -Af 1 ^ 

cr, rr, to these two lines; and / ' / 'A 1 \ 

join SA, SB, sc; also, draw* Ml ■ ! \ 

CTO, on, perpendicular to sg. f /o \ j 'h^- 

Now the forces of the weights \ ‘ 

A, B, c, to turn the body \ X ^ 

about the axis, are a . s/>, b . /VJ,. 

ag, — ( . sr; therefore, by / 
cor. 3, art. 228, the angular 

• A . sn -f n . S(7 —c . sr 

motion generated by all these forces is- 7 ---- - 

Also, the angular veioc. any particle p, placed in o, generates 




_NV 

1 


'y-. 


, he- 


in the system, by its weight, is --; or — or -, lie- 

^ p . so- so- sc . so 

cause of the similar triangles sow, so??. lint, by the pro- 
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the vibrations arc pcrfornieci alike in both cases, and 

tlierefore these two expressions must }yc equal to each other, 

, . sm A . s;» + iJ . — t: . «.?• 

that IS,-=------ ; and hcncc 

SG . SO \ . SA'^ -i II . SJI -! sc 


hm A . SA** 4 Ji . s« c . .sc 

so = — X-—-- . 

SG A . fip 4- « . Sy — C . sr 

Rut, by cor. 2, art. 105, the sum a . sp 4 « . — c . sr = 

(a -f B + c) . sm ; therefore the distance so = - - - 

A . SA® 4- B . SB'* + c . sc* A . SA* + B . SB® + C . SC® 
SG . (a 4- B 4- c) A . S« 4- B . s/> 4- c . sc 

by art. 107, which is the distance of the centre of oscillation 
o, below tlie axis of suspension ; where any of the products 
A . s^, B . s5, must be nefrative, when a, 5, &c. lie on the 
either side of s. Ko that this is the same expression as that 
for tlie distance of the centre of percussion, found in art. 220. 

H (Mice it apjiears, that the centres of percussion and of 
oscillation, are in the very same point. And therefore the 
})ropcrties in all the corollaries there found for the former, 
are to be here understcKKl of the latter; and it will be neces¬ 
sary to mark them carefully, as they arc of great practical 
utility. 

230. Carol. 1. If be any particle of a body h, and d its 

distance from the axis of motion s; also g, o the centres of 
gravity and oscillation. Then the distance of the centre of 
oscillation of the body, from the axis of motion, is - - - 

sum of all the pd' 

so =-;—;—i —7 . 

s<; X tlie body 0 

231. Cored. 2. If b denote the matter in any compound 
Ixidy, whose centres of gravity and oscillation are G and o; 
the body p, which being placed at i*, where the force acts as 
in the last proposition, and which receives the same motion 


^»om that force as the compound body 5, 


SG . so , 
IS 1* =-. b. 

&v' 


For. by corol. 2, art. 222, this body p is = . - - - 

A . SA- 4- B . SB* P c . sc® ^ ^ 

-. But, by corol. 1, art. 221, 

sp* 

SG 80 . 5 = A 8A'* 4- B . SB® 4" i therefore 

8G . so 


p = 


.sr 


. h. 


SCHOLIUM. 

232. By the method of Fluxions, the centre of oscillation, 



DYNAMIC'S. 




Iot a regular body, will be found from cor. 1. liut for an 
irregular one; suspend it at the given point; and hang up 
also a simple pendulum of such a length, that making tlicm 
both vibrate, they may keep lime together. Then the 
length of the simple pendulum is erpial to the distance of 
the centre of oscillation of the body, Iwlow the point ol‘ sus¬ 
pension. 

233. Or it will lie still better found thus: Susptmd the 
ImhIy very fret'Iy by the gi\en point, and make it vibrate in 
very small arcs, counting the numlxT of vibrations it makes 
in any time, as a minute, l)y agcnnl stop watch; and let that 
minibcr of viimttions made in a minute W called ;/: 'J'licn 


ihall the distance of tlte centre of osi'illation.be so ~ — 

7in 

inches. For, the length of the pendulum vibrating seconds 
or 60 limes in a minute, being 39^ inches; and the lengihs 
of jxjudulums 1 eingrcciprwaily as the scpiarc of the number 
of vibrations made in the same lime; thereiorc - - - - 

no 00«x39: l40vS.5l) , , ... 

«': 60“:: o94 :-=-: the length oi the ix'ii- 

“ tin ini * 

didum which vibrates w time.s in a minute, or the distance 

of the centre of oscillation below the axis of nnition. 

Or, so = 39[ t'y in inches, t being the time of one oseil- 
lation in a very small arc. 

SS-i. The foregoing determination of the |)oint, into wliieli 
all Ute matter of a Ixxly being collected, it shall oscillate in 
the same manner as before, only respects the case in wbic !i 
the bexJv is put in motion by the gravity ol’ its own particles, 
and the |X)int is the centre of oscillation: but when thebiMly 
is put in mobon by some other extraneous fora*, instead of 
its gravity, and made to rot.ate instead of oscillate, then the 
point is different from the former, and is called the (’entre ol' 
Gyration; wditcli is determined in the following manner: 

235. I’eop. To determine the centre of gyration of a com¬ 
pound Ixxly or of a system of lx)dies. 

Let u be the centre of gyration, or 
the {xjiut into which all the ))urticlcs a, 

B, c:, &c. being collected', it shall re¬ 
ceive the same angular motion from a 
force f acting at i’, a.s the whole system 
receives. 

Now, by cor. 3, art. 22S, the angu¬ 
lar vcl(x;ity generated in the system by 

f * SP 

the force/, is as- t-~ -—» 

A . saM-I j. sir cSrc. 
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and by the same, the angular velocity of the system placctl 

in K, Is -—;-^— — -;; then, bv making tliesc two ex- 

(A + B -i-c £cc.) . SK' • 

pressions etjual to each other, the equation gives 


A . SaH-B * ««’ fC . SC' - , , 

siJ = ./-, for the distance of the 

A + n-f c 

centre of gyration below the axis of motion. 


236. Corffl. 1, Because a . sa® I- n . sn^ &c. = sa , so . w, 
where g is the centre of gravity, o the centre of oscillation, 
and w the weight of the body a -!- n f r &c.; therefore sn- = 
.so . Sf); that i.s, the distance of the centre of gyration, from 
the point of suspension, is a moan proportional between those 
of gravity and oscillation. 

237- Coro!. 2. If p denote any particle of a body w, 
at d distance f rom the axis of motion ; then SR- 

sum of all the pd^ 
body w 

Or, if f be put for sr, the distance of the centre of gyra¬ 
tion from the point of susjieiision, wf' = a . sa'-’ \- B . s«’ 
\ c . .sc'- 4" = sum of all the 
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238. By means of the theory of the centre of g^’ration, 
and the values off thence deduced in the note to prop. 2, 
chap. xi. vol. iii. the pluenomena of rotatory motion become 
connected with tho.se of accelerating forces: for then, if a 
weight or other moving power u act at a radius r to give 
rotation to a body, weight w, and dist. of centre of gyration 
from axis of motion = ‘f, we shall have for the accelerating 
force, the expression 

_ rr* 

f = 


o ^ 


and consequently for the space descended by the actuating 
weight or power p, in a given time t, we shall have tlie usual 
formula 

« = 

introducing the above value of^i 

239. For applications of these formuhe and their obvious 
motlifications, as they are exceedingly u.scful in rotatory mo¬ 
tions, tlie student may solve the following problems. 
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'ProOfevis illHStrn.tive of the Pt inciple of the V,enire of 

G-yrn/um. 

1 . Suppose a cyliudor that wci«j;hs lOOlbs. to turn uj>on a 

horizontal axis, ami imni^ine motion to be communicatod by 
a weight of lOlbs. attaciicil to a cord wliich coils u|K>n the 
surface of the cylinder: how far will that weight descend in 
10 seconds ? Ans. i^(J8'055 f. 

2. J^equired the actuating w'eight such that when attached 
in the same way to the same cylinder, it shall descend IG-i-f 

* SW’ 

feet in 3 seconds. r := - -=r (»'. 

3. Another cylinder, which weighs iJOOlbs. is actuated in 

like manner by a weight i»f dOlbs. How far will the weight 
descend in 6 seconds.^ Ans, 133-fi feet. 

4. Suppose the actuating weight to be 30 pounds; and 

that it descends through 4H feet in 2 seconds, Mhat is the 
weight of the cylinder ? Ans. 20lbs. 

5. Suppose a cylinder that weigh.s SOlbs. to have a weight 
of 301bs. aituatlng it, by means of a cord coiled about the 
surface of the cylinder; what velocity will the descending 
weight have acquired at the end of the first second ? 

Ans. 24J. 

6. Of w’hat weight will the axis be relieved in the case of 
the last example, when the system is completely in motion ? 

Ans. 22jihs. 

7. A sphere, w, whose radius is three feet, and weight 

oOOlbs. turns upon a horizontal axis, being put in motion 
by a weight of 20lbs. acting hy means of a string that goes 
over a wheel whose radius is half a foot. How long will the 
weight, p, be in descending 50 feet ? Ans. 33^". 

8. Of what weight will the axle be relieved as soon as 

motion is commenced ? Ans. ^-^^'’i-lbs. 

9. If in example seventh the radius of the wheel l>e ecjual 
to that of the .sphere, what ratio will the accelerating force 
bear to that of gravity ? 

10. A paraboloid, w, whose weight is SOOlbs. and radius 
of base 20 inches, is put in motion upon a horizontal axis 
by a weight p of I51bs. acting by a cord that passes over a 
wheel whose radius is 6 inches. After p has descended for 
10 seconds, suppose it to reach a horizontal plane and cease 
to act, then how many revolutions would the paralioloid 
make in a minute f 



H\I-LISTIC PKKDUr.lJM. 


265 


IJALLISTIC PENDUIATM. 

i^40. Prop. To explain the construction of ilio liallistir 
Pentkilum, and show its use in determining the velocity with 
which a cannon or other hull strikes it. 

The ballistic pendulum is a heavy block 
of wood MN, suspended vertically by a strong 
horizontal iron axis at s, to which it is con¬ 
nected by a firm iron stem. This problem 
is tlie application of the precc<ling articles, 
and was invented by Mr. Robins, to deter¬ 
mine the initial veWities of military pro¬ 
jectiles ; a circumstance very useful in that 
science; and it is the best method yet known 
for determining them with any degree of 
accuracy. 

I^et G, It, o be the centres of gravity, gyration, and oscil¬ 
lation, as determined by the foregoing propositiqjM ; and let 
p be the {xiint where the ball strikes the face ortbe pendu¬ 
lum ; the momentum of which, or the product of its w'cight 
and velocity, is expressed by the 
foregoing propositions. Now^, 

Put p — the whole weight of the pendulum, 
h — the weight of the ball, 
g = SG the distance of the centre of gravity, 
o = so the distance of the centre of oscillation, 
r = SK = v/go the distance of centre of gyration, 
i = sp the distance of the point of impact, 
r = the velocity of the ball, ■ * 

7 / = that of the point of impact P, 
e = chord of the arc described by o. 

Ry art. 2;35, if the mass be placed all at ii, the pendu¬ 
lum will receive the same motion from the blow in the point 

- SR* , ffO , 

p : and as si»* : se * \ : p i . p or-^p or^p, (art. 236), 

the mass w’hich being placed at P, the pendulum will still 
receive the same motion as before. Here then are two 

go 

(piantities of matter, namely, b and the former moving 

with the velocity v, and striking the latter at rest; to deter¬ 
mine their comnjon velocity r/, witli which they will jointly 


forcc^/^ acting at p, in the 
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imvtxni forward to^ctbcT after the stroke. In which ease, 
tiy tfic law of the impact of non-elastic bodies, we ha^ _ 

7 1 lie 1 

—p 0:0 u, and theiviore v = -the ve* 

11 ' Oil 

locity of the ball in terms of u, the velocity of the point p, 
and the known dimensions and weight.s of the bodies. 

But now to determine tlie value of «, we must have re¬ 
course to the angle through which the pendulum vibrates; 
for when the |)CDduluin descends again to the vertical posi¬ 
tion, it will have acquired the stune velocity with which it 
began to a.scend, and by the laws of falling bodies, the velo¬ 
city of the centre of oscillation is such as a heavy Ixxly 
would acquire by freely falling through the versed sine of 
the arc describinl by the same centre o. But the chord of 
that arc is c, and its radius is o; and, by the nature of the 
circle, the chord is a mean proportional bctwx'cn the versed 


cc 


sine and diameter, therefore 2o : c : c 7 j—i^hc versed sine 
of the arc described by o. Then, by the laws of falling IkkIics 


V16 


I ♦/ 

I > • A / a • 

' 2o * • 


32^ 


Qa 


, the velocity acquired by the 


point o in descending through the arc whose chord is c, 

where a = 16,V ft'et: and therclbre o : i :i c —, 

ooo 

which is the velocity w, of the point p. 

Then, by substituting this value for ?/, the velocity of the 

ball, before found, becomes v = x c —. So 

bto 

that tlie velocity of the ball is directly as the chord of the arc 
described by the pendulum in its vibration. 


SCHOLIUM. 

241. In the foregoing solution, the change in the centre 
of oscillation is omitted, which is caused by the bail lodging 
in the point p. But the allowance for that small change, 
and that of some other small quantities, may be seen in rny 
Tracts where all the circumstances of this method are treated 
at full length. 

For an example in numbers, suppose the weights and 
dimensions to be as follow : namely, 



C 
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p = .5701b. Then 

b = ISoz-Udi^Wi x9f3"+7Bl-x»4|.x570 

= 11311b. iio ^ ^ i-isi X 94X 84-J. 


= 784, inc. 
= 84*^ inc. 


18-73 


= 056 - 56 , 
2a 


193 


= 7-0liBfeet| 

• = A"'! = V iTaa = »1337- 

c = 18*73 me.' o 7005 42-39 

Therefore 650-56 x 21337, or 1401 feet, is the velocity, 

per second, witli which the ball moved when it struck the 

pendulum. 

242. When the impact is made upon the centre of oscil¬ 
lation, the computation becomes simplified. 

In that case, since the wljolc mass, p, of 
the pendulum, may be regarded as concen¬ 
tered at o, and the ball, 5, strikes that point, 
we shall have bv = (5 + p)v '; v being the 
velocity of tlie ball before the impact, and 
v' that of the ball and pendulum together, 
after the impact. Now, if the centre of 
oscillation o, alter the blow, describes the 
arc oo', before the motion is destro\ed, the 
velocity i' will be equal to that acijuired by 
failing through the versed sine vo, of the 
arc oo' or angle s to the radius so. 15iit, if the time t o£ a 
very minute oscillation of the pendulum be known or in- 
ferreil from that in an a>t-ertained arc (vol. iii. p. 357), we 
have (art. 233), Sv) 39^^'^ inches = 3^|<* feet. 

Home VO — so nat. versin s, 

= 3'2t>04^,/* versin s, 

and (art. 154) = A^(64 j- x 3*26044^‘^ versin s) 

= 14*48286# versin s. 

Cijnscq. V — ^■ • = - . 14*48286# x/versin s. 

This mode of comjjutatioii, with a slight and obvious 
cliange, applies to qu. 48 of the Practical Exercises in Na¬ 
tural Philosophy. 



OF HYDROSTATICS. 

248. HYDttOSTATics is the science which treats of the 
pressure, or weight, and equilibrium of water and other 
fluids, especially‘those that are non-elastic. 
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S44. A fluid is elastic, when it can 1 m> rednocd into u lcs»i 
ijiilk by compression, and whtcii rcsu>res itself to its former 
bulk again when tlie pressure is removed; as air. And it 
is non-elastic, when it is not compressible or expansible, as 
water, &c. 

24(5, Prop. If any part of a fluid l>e raised higher tlian 
the rest, by any force, and then left to itself; the higher 
parts will descend to tlie low'cr places, and Uic fluid will not 
rest, till its surface be ([uitc even and level. 

For, the parts of a fluid being easily moveable every way, 
the higher parts will descend by their suj>crior gravity, and 
raise the lower parts, till the whole come to rest in a level or 
horizontal plane. 

Carol. 1. Hence, water that comm uni- 
cates with other w’atcr, by means of n close 
canal or pipe, will stand at the same height 
in both places. Like as water in the two 
legs of a syphon. 

Corol. For the same reason, if a fluid 
gravitate towards a centre; it will ilisjioHC 
Itself into a spherical figniv, the centre of 
which is the centre of force. Like the sea 
in resjHKit of the earth. 



246. Prop. When a fluid is at rest in a vessel, the liaw; 
of which is parallel to the horizon ; eijual parts of the base 
are ctjually presst'd by the fluid. 

For, on eveiw equal part of this ba.se there is an etjiial 
column of the fluid sup|)ortcd by it. And as all the columns 
are tif equal height, by the last projiosition they are of cipial 
weight, and therefore they press the base equally ; that is, 
ev]ual parts of the base sustain an equal pressure. 

Coroh 1. All j)arts of the fluid press equally at the same 
defith. For, if a plane parallel to tlie horizon Ik? conceived 
to !)e drawn at that tlcpln ; then the pressure l>eing the same 
in .any part of that plane, by the profK.>»iLion, therefore 
the parts of the fluid, instead of the piunc, susLuiii the same 
pressure at the same depth. 

Carol. % The prc.ssiire of the fluid at any depth, is as the 
depth of the fluid. Fur the pressure is as tlie weight, and 
ttie weight is as the height of the fluid. 

Corol. llic pressure of tile fluid on any horizoutol sur- 
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iiicc or plane, \» eipial to the weight of a column ul' the fluid, 
whose base is equal to that plane, and altitude is its depth 
l)elow the upper surface of the fluid. 

247. Piioi*. When a fluid is pressed by its own weight, 
or by any other force ; at any point it presses equally, in all 
directions whatever. 

This arises from the nature of fluidity, by which it yields 
to any force in any direction. If it cannot recede from any 
force applicKl, it will press against other parts of the fluid in 
the direction of that force. And tlie pressure in all direc¬ 
tions will be the same: for if it were less in any part, the 
fluid would move that way, till the pressure be equal every 
way. 

Coral. 1. In a vtssel containing a fluid; the pressure is 
the same against tlie bottom, as against the sides, or even 
upwards at the same deptli. 

Cot'ol. 2. Hence, and from tlie 
last pro{)osition, if aiud be a 
vessel of water, and there be taken, 
in the base produced, 1>E, to repre¬ 
sent the pressure at the bottom; 
joining ae, and tlrawlng any ]ia- 
rallels to the base, as fo, hi ; tlicn 
shall Ft. 'rejjresciit the pressure at 
the depth ag, and in the pressure at the depth Ai, and so 
on ; hecause the jinrallels - fg, hi, ed, 
hy sini. triangles, ;ue as the depths ag, ai, ai> ; 
which are as the jiiessuros, hy the proposition. 

And lienee the sum of all the fq, in, &c. or the area of the 
triangle ade, is as tiic jircssiire against all the points o, i, 
Nte. that is, against the line ad. Hut as every point in the 
line CD is pressed with a force as de, and that thence the 
pressure on the whole line CD is as the rectangle ed . dc, 
wh'lc tliat against the .side is as the triangle ade or ^da . de ; 
therefore the pressure on the horizontal line dc, is to the 
pressure against the vertical line da, as dc to {-da. And 
lienee, if the vessel be an ujiright rectangular one, the pres¬ 
sure on the bottom, or whole weight of the fluid, is to the 
pressure against one side, as the base is to half that side. 
Therefore the weight of the fluid is to the pressure against 
all the four upright sides, as the base is to half the upright 
surface. Anti the same holds true also in any upright vessel, 
whatever the sides be, or in a cylindrical vessel. Or, in the 
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,cylinder, the weiglit of the fluid is to the pressure aj^ainst 
the upright surface, as tlic radius of the base is to double the 
altitude. 

Also, when the rectangular prism becomes a cube, it ap¬ 
pears that the weight of the fluid on the base, is double llie 
pressure against one of the uj>right sides, or half the pressure 
against the whole upright surface. 

CoroL 3. The pressure of a fluid against any upright 
surface, as the gate of a sluice or canal, is etjiial to half the 
weight of a column of the fluitl whose hasc is ecpial to the 
surface pressed, and its altitude the same as the altitude of 
that surface. For the pressure on a horizontal base equal 
to the upright surface, is ctjual to that coiiiinn; and the 
pressure on the upright surface, is but half that on the base, 
of the same area. 

So that, if b denote the breadth, and the depth of such 
agate or upright surface; then the pressure against it, is 
equal to the wciglit of the fluid whose niagnituile is \b(l’ = 

* AB . AD*. Ilcnce, if the fluid he water, a cubic foot of 
wliich weighs 10()0 ounces, or (I ’l poiind.^; and if the depth 
AD lie 12 feet, the breadth au 20 feet; then the content, 
or [ab . AD’*, is 1410 feet; and the ]>iv>sure is 1440000 
ounces, or liOOOO {Xiunds, or 40'^- tons weight nearly. 

21r8. Prop. The pressure of a fluid on a surface any way 
immersed in it, wheliier perpendicular, or horizontal, or oli- 
ii(j|ue, is equal to the weight of a column of the fluid, who.se 
base is equal to the surface pressed, and its altitude equal to 
the depth of tlie centre of gravity of the surface pressed below 
the top or surface of tlie fluid. 

For, conceive the surface pressed to lie divided into innu¬ 
merable sections parallel to the hori/on ; and let s denote 
any one of those horizontal sections, also d its distance or 
depth below the top surface of tlie fluid. Then, by'art. 246, 
cor. 3, the pressure of the fluid on tiie section is e(|uui to the 
weight of ds; consequently the total pressure on the whole 
Surface is equal to all the weights ds. But, if b denote the 
whole surface pressed, and ^ llie depth of its centre of gi*a- 
vity below die top of the fluid ; then, by art. 108, bg is equal 
to the sum of ail tlie ds. Consequently the whole pressure 
of the fluid on the body or surface b, is equal to the weight 
of the bulk bffof^ the fluid, that i.s, of the column whose base 
is the given surface by and its height is g the depth of the 
centre of gravity in the fluid. 

240. PiioP. The pressure of a fluid, on the base of the 
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vessel in which it is contained, is as the base and perpendi¬ 
cular altitude; whatever be the Hgurc of the vessel that con¬ 
tains it. ^ 

If the sides of tlie base be upright, so that 
it be a prism of a imiforin width throughout, 
then the case is evident; for then the base 
supfiorts the whole fluid, and the pressure is 
just equal to the weight of the fluid. 

But if the vessel be wider at top than bot¬ 
tom ; then the bottom sustains, or is pressed 
by, only the part contained within the up¬ 
right lines aCi do; because the parts Aca, 
bd6 are supported by the sides ac, ud; 
and those parts have no other effect on the 
part adoc than keeping it in its position, by 
the lateral pressure against ac and in, which 
does not alter its perpendicular pressure ilovvnwards. And 
thus the pressure on the bottom is less than the w-eight of 
the contained fluid. 

And if the vessel be widest at bottom ; then 
the bottom is still pressed witfi a weight which 
is equal to that of the whole upright column 
abDC. For, as the parts of the fluid arc in 
cquilibrio, all the parts have an equal pressure 
at the same depth ; so that the parts within cc 
and dn press equally as those in tW, and there¬ 
fore equally the same as if the sides of the vessel had gone 
upright to a and b, the defect of fluid in the parts Aca and 
«d 6 lieing exactly compensated by the downward pressure 
or resistance of the sides ac and bd against the contiguous 
fluid. And thus the pressure on the liase may be made to 
exceed the weight of the contained fluid, in'any proportion 
whatever. 

So that, in general, be the vessels of any figure whatever, 
regular or irregular, upright or sloping, or variously wide 
and narrow in aifferent parts, if the bases and perpendicular 
altitudes be but equal, the bases always sustain the same 
pressure. And as that pressure, in the regular upright 
vessel, is the whole column of the fluid, which is as the base 
and altitude; therefore the pressure in all figures is in that 
same ratio. 

Corel. 1. Hence, when the heights arc equal,' the pressures 
are as the bases. And wlicn the bases are equal, the pres¬ 
sure is as the height. But when Ijoih the heights and bases 
are eaual, the prussnres arc equal in all, tliough their con¬ 
tents be ever so difleront. 

VOL. II. 
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Conti 2. Tlie pressure on the base of any Tcssel is the 
sanu' as on that of a cylinder, of an equal base and hcii^ht. 

CoroL 3. If there be an inverted syphon, , j ^ 

»>r iK'nt IuIk*, ABC, containing two different 
fluids CD, ABD, that balance each other, or P 

rest in equilibrio; then their heights in the H 

two legs, AE, CD, above the point of meeting, i 

will be reciprocally as their densities. 1 

For if they do not meet at the Ixjttoni, the .... yi) 

part BD balances the part be, and therefore ^ ||@ 

the part cd balances the part ak ; that is, the 
weight of CD is equal to the weight of ae. 

And as the surface at d is the same, where 

they act against each other, tliereforc ae : cn density of 

CD : den.sity of ae. 

So, if CD be water, and ae quicksilver, which is near 14 
tintes heavier; then CD will be = 14 ae; that is, i^AE be 
1 inch, CD will be 14 inches; if ae be 2 inches, cd will be 
28 inches; and so on. 

250. Prop. If a Ixxiv be immersed in a fluid of the same 
density or specific gravity; it will rest in any place where 
it is nut. lint a liody of greater density will sink ; and one 
of a less density will rise to the top, and float. 

The l) 0 (ly Ixing of the same den¬ 
sity, or of the same weight with the 
like bulk of the fluid, will press the 
fluid under it, just as much as if its 
space were filled with the fluid itself. 

The pressure then all around it w'ill 
be the same as if the fluid were in 
its place; consequently there is no 
force, neither upw^ard nor down- . 
ward, to put the Ixxiy out of its £=“ 
place. And therefore it will remain 
wherever it is put. 

But if the b^y be lighter; its pressure downward will be 
less than before, and less than the water upward at the same 
depth ; therefore the greater force will overcome the less, and 
push the Ixidy upward to a. 

And if the l>ody be heavier than the fluid, the pressure 
downward will be greater than the fluid at the same depth ; 
therefore the greater force wdll prevail, and carry the body 
down to the bottom at c. 

Carol. 1. ,A body immersed in a fluid, loses as much 
weight, as an equal bulk of the fluid weighs. And the fluid 
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^aina Uie same weight. Thus, if the body be cquAl den¬ 
sity with the duiti, it loses all its weight, and so requires no 
force but the fluid to sustain it. If it be heavier, its weight 
in the water will be only the difierence between its own 
weight and the weight of the same bulk of water; and it re¬ 
quires a force to sustain it just equal to that difference. But 
if it be lighter, it requires a force equal to the same difference 
of weights to keep it from rising up in the fluid. 

Carol. 2. The weights lost, by iniraerging the same body 
in different fluids, are as the specific gravities of the fluids. 
And bodies of equal weight, but different bulk, lose, In the 
same fluid, weights which are reciprocally as the specific 
gravities of the bodies, or directly as their bulks. 

Carol. 3. The whole weight of a body which will float in 
a fluid, is equal to the weight of as much of the fluid, as the 
immersed part of the body displaces when it floats. For the 
pressure under the floating body, is just the same as so much 
of the fluid as is equal to the immersed part; and therefore 
the weights are the same. 

Carol. 4. Hence the magnitude of the whole body, is to 
the magnilutle of the part immersed, as the specifle gravity 
of the fluid, is to that of the body. P'or, in bodies of equal 
weight, tlie densilies, or specific gravities, are reciprocally as 
their magnitudes. 

Carol. 5. And because, when the weight of a body taken 
in a fluid, is subtractetl from its weight out of the fluid, the 
difierence is the weight of an equal bulk of the fluid; this 
therefore is to its weight in the air, as the specific gravity of 
the fluid is to that of the body. 

Therefore, if w be the weight of a body in air, 
w its weight in water, or any fluid, 
s the specific gravity of the body, and 
s the specific gravity of the fluid; 
then w — zii : w ;; j? ; 8, which proportion will give cither of 
those sjiecific gravities, the one from the other. 

Thus s = ^the specific gravity of the body ; 

and t --s» the specific gravity of the fluid. 

So that the specific gravities of bodies, are as their weights 
in the air directly, and their loss in the same fluid inversely. 

Carpi. 6. And hence, for two bodies connoted together, 
or mixed together into one compound, of different specific 

a 2 
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graviftcs, vre have the following equations, denoting their 
weights and S]>eciric gravities, ns ludow, viz. 
ti = weight of the lieavior body in air, } 
h = weight of the same in water, 

L = weight of the lighter hotly in air, 

/ = weight of the same in w ater, 
c = w'eigl\t of the com|Kiund in air, 
c = weight of the same in w-atcr. 


te = the specific gravity of water. Then, 


I s iis spec, gravity; 
^ Its sjK'c. gravity ; 
^y'its spec, gravity; 


1st, (h — A)s = HK-, 
2d, (l — /)S = LK’, 

3d, 0* - c)f— err, 

4th, ii + 

Sth, h "f* 


6th,-1- 

8 


L = C, 

/ =r, 
L C 

« ./ 


From which cipiations may be 
found any of the above quantities, 
in terms of the rest. 

Thus, from one of the first three 
equations, is found the specific gra¬ 
vity of any Inidy, as s — ~^»hy 

dividing the ahsohite weight of the 
liody by its loss in water, and multiplying by the specific 
gravity of water. 

But if the l>odv l he lighter than water; then I will he 
negative, anti we mii'^t divide by l + / in‘«load of L — and 
to find I w'c must have recourse to thccomjiound mass c ; and 
because, from the lih and 5th equations, l— /-=t. —c — 

H — A, therefore s — -,-i dial is, divide 

- f) - (» - 

the absolute weight of the light hotly, l)\ i!;e diderence he- 
tw’een the losses in water, of the conipoumt .and heavier hotly, 
and multiply by the specific gra\ify ol‘ ualer. Or ilms, 
S/*T- 

X = —as found f rom the last et{uatit)n. 

CS-IlT 

Alst) if it were required to find the quantilie.s of two 
ingredients mixed in a conipountl, tlie 4th and Gtli equations 
would give their values as fbllow.s, viz. 

(/-'Os , {•‘'“/)S 

H = —,--c, and L = y - - uc, 

the quantities of the two ingredients ii anil l, in the com¬ 
pound c. And so for any other demand. 

Prop. To find the specific gravity of a body. 

251. Case i.— JV^en the body is heavier than water: weigh 
it Iwlh in water anti out of water, and take the difference, 
which will be the weight lost in water. Then, by curol. 6, 

art. 250, s = ^where b is the weight*of the body out of 
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water, b its weight in water, s its epcciiic gravity, and w the 
specific gravity of water. That is, 

ils the weight lost in water. 

Is to the whole or absolute weight, 

So is the specific gravity of water. 

To the specific gravity of the body*. 

Kxamplk. If a piece of stone weigh 101b, but in water 
only C^-lb, required its sjiecific gravity, that of water being 
KKK)? Ans. 3077. 

252. Case ii.— JV/wn the body is lighter them water^ so that 
it will not sink: annex to it a piece of another body, heavier 
than w'ater, so that the mass compounded of the two may 
sink together. Weigh the denser body and the compound 
mass, separately, both in water, and out of it; then find how 
much eacli lo.ses in water, by subtracting its weight in water 
from its weight in air; and subtract the less of these re¬ 
mainders from the greater. Then say, by proportion, 

As the last remainder. 

Is to the weiglu of the light body in air, 

So is the ''])i'cilic gravity of water. 

To the specific gravity of the body. 


LK.’ 


Tliat is, the specific gravity is # = - 7 - jx 

' ^ (c — e) - (h — * 

by cor. (>, art. 2o0. 

K.wmpli:. Sup[)Ose a piece of elm weighs 15lb. in air; 
and that a piece of copper, which weighs 18!b. in air and 
101b. in water, is affixed to it, and that the c()mfX)und weighs 
Olh. in water; retjuired the specific gravity of the elm 

Ans. 600. 

253. ('ase hi. — J'^or u ft uid of any sort .—Take a piece of 
a body of known specific gravity ; weigli it both in and out 
of the fluid, finding the loss of weight by taking the differ¬ 
ence of tlic two; then say. 

As the whole or absolute weight, 

Is to the loss of w eight. 

So is tlie specific gravity of the solid, 

To the specific gravity of the fluid. 

B — b 

That is, the spec. grav. w = — 

Example. A piece of cast iron weighed 34'61 ounces in 
a fluid, and 40 ounces out of it; of w’hat specific gravity is 
that fluid? Ans. 1000. 


* In tlie Lectures on Natural Philosophy, in the Royal Mil. 
Academy, (a>ates’s Hydrostatic ittcelynrd is employed for this 
purpose. It is an mmrovement upon the one described in Gre¬ 
gory’s Mathematics lor Practical Men. 
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'd54>.. Prop. To find the quantities of two ingredients in 
a^ivcn comjxniud. 

Take tlie three diflerences of every pair of the three spe¬ 
cific gravities, namely, the specific gravuiei» of the compound 
and each ingredient; and miiUipIy eacli specific gravity by 
the difference of the otlicr two. Tlien say, by proportion. 
As the greatest protluct, 

Is to the whole weight of the compound. 

So is each i>f the oilier two products, 

To the weights of the two ingredients. 

That is, H = — the one, and l — ^ 

(s - 5)/ (s ~ 

the other, by^cor. 6, art. i^50. 

Example. A composition of lliilb. iK'ing made of tin 
and copper, whose specitie gravity is found to be 8784; re¬ 
quired the quantity of each ingredient, the f-jx'cific gravity 
of tin being 78^20, and that of copper OiWO ? 

An.^wer, there is lOOib. of copper / • .i 

, ’ I in the comixjsuion. 

and consequently 121b. ol tin. ) * 


SCIIOLllM. 


255. The sjK?eifir gravities of sever.al sorts of matter, as 
found from experiment", are expres^etl by the numbers an¬ 
nexed to their names in tlie i’ollowing Tables. 

TABLES Oi- SIMXliK GRAVITIES. 


SOLIDS. 


Platina - - 20,722jHar Iron - - 7,788 

Gold, pure, hammered 19,«>b2 Pure Cornish Tiu - 7,291 

Guinea of George III. 17,629 Do hardened - 7,2J>9 

Tungsten - - 17,60()lCast Iron - - 7,297 

Mercury, at 329 Falir. 13,598 Zinc . - - 6,862 

Eead - - 11,352 Antimony - - 6,712 

Palladium - - 11,300 Tellurium - - 6,115 

ilhudiuin - - ll,(>00,CI»roniium - - 5,900 

Virgin Silver 10,741 Spar, heavy - 4,4il0 

Shilling of George III. 10,534 Jargon of Ceylon - 4,416 

Bismuth, nuilten - 9,822 Oriental Ruby - 4,283 

Copper, wiredrawn 8,878[Sappbirc, Oriental - 3,994 

Bed Copper, molten 8,788 Do. Brazilian - 3,131 

Molybdena - - 8,611 Oriental Topaz - 4,019 

Arsenic - - 8,308 Oriental Beryl - 3,549 

Nickel, molten - 8,279 Diamond from 3,501 to 3,531 

Uranium 8,lOOjEnglish Flint-Glass 3,329 

Steel - from 7,707 to 7,816 Tourmalin - - 3,1,05 

Cobalt, molten - 7,812'Asbestos - - 2,996 
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MarbicygreeiiyCaropan Alabaster 1,874 

-Parian - 2,837|Alimi 1,720 

-Norwegian - 2,728 Copal, opaque - 1,140 

-- grtHjn, Egyptian 2,66*8 Sodium - - 973 

Emeralcl - 2,775 Oak, Iieart of, - 950 

Pearl - - 2.752 Giinjjowtler, about - 937 

Chalk, British 2,784 Ice - - 930 

Jasper - 2,710 Potassium - - ' 860 

Coral - - 2,680 Beech 852 

Rock Crystal - 2,653 Ash 845 

Knglish Pebble - 2,619 Apple-Tree 793 

Limpid Feldspar - 2,564 Orange-Woo<l 705 

Glas.s, green - - 2,6452 l*ear-Tree 661 

-wliite - - 2,H92 Linden-Tree 604 

-bottle - - 2,7351 Cypress - 598 

IWcelaine, Clfm.a 2,5585j(‘etlar 561 

-Limoges 3,5111 550 

Native Sulphur 12,033 Poplar 538J 

Ivory - - l,917(Cork 240 

LKiL'IDS. 

Sulphuric Aeitl - 1,841.Olive Oil - - 915 

Nitrous Acid - l,550j]Muriatlc Fther - 874 

Water I ron] llicDcad Sea 1,240,Oil of Turpentine - 870 

Nitric Acid - - l,218'Li(juid Bitumen - 848 

Si'a-W’^ater - - 1,02()!Alcohol, abstjiute - 792 

Milk . - - 1,030 Sulphuric Ktlier - 716 

Distilled Water - 1,000'Airat the Earth’s Surface, 

Wine of Boiirdeaux 994j about - - 

Burgundy Wine - 9911 


Since a cubic foot of water at the temperature 40’ 
Falirenheit, weighs 1000 ounces avoirdupois, or 62^ pounds, 
the numbers in the preceding Tables exhibit very nearly the 
respective weights of a cubic foot of the several substaiiccs 
tabulated. 

256. Prop. To find the magnitude of any body, from its 
weight. 

As the tabular specific gravity of the body, 

Is to its weight m avoirdu|X)is ounces. 

So is one cubic foot, or 1728 cubic inches, . 

To its content in feet, or inches, respectively. 

Exam. 1. Required the content of an irregular block 
of green marble, which weighs 1 cwt. or 112ib? 

, Ans. 1160-6 cubic inches. 
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CxAM. 3. How uiony cubic inches of gmifwwder are tiiere 
in Jib. weight ? Ans. 29^ cubic inches nearly. 

Exam. 3. How many cubic feet are there in a ton weight 
of dry oak ? Sf>ec. grav. 92.5. Ans. 384'^-* cubic feet. 

257. Prop. To find the weight of a b<xly from its mag¬ 
nitude. 

As one cubic foot, or 1728 cubic inebes, 

Is to the content of the body, 

So is the tabular specific gravity. 

To the weiglit of the body. 

Exam. 1. Itequirecl the weight of a block of marble, 
whose length is 63 feet, and breadth and thickness each 12 
feet; being the dimensions of one of the stones in the w'alls 
of Balbeck ? 

Ans. 683-,ton, which is nearly equal to the burden of 
an East-India ship. 

Exam. 2. Wliat is the weight of 1 pint, ale measure, ol* 
gunpowder? Ans. 19 oz. nearly. 

Exam. 3. What is the weight of a block tjf dry oak, 
w’hich measures 10 feet in length, 3 feel broad, and 2', feet 
deep or thick ? Ans 4335l-4lb. 


BUOYANCY OF POXTOONS. 

GENKKA:. SCHOMl'M. 

258. The principles established in art. 250 have an in¬ 
teresting ajiplication to military men, in the use of |X>ntoons, 
and the buoyancy by which they bcixnne serviceable in the 
construction of tcmjxirary bridges. \V hen the dimensions, 
magnitude, and weight of a pontoon are known, that weight 
can"readily be deducted from the weight of an equal bulk of 
water, and the remainder is cvuiently the weight which the 
pmtoon will carry before it will sink. 

Pontoons as usually constructed, arc prisms whose vertical 
sections are equal trapezoids, as exhibited in the marginal 
figure. 

Suppose AB = I. ^ 

CD = / ” 

Ai =kB=4(L —0 = ^ 

Uniform width of the yjontoon =5: all in feet and parts. 
Suppose al.w ri. = d, depth of the part immersed; w = 
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weight in avoirdupois pounds of the water displaced; and c 
= 62[lbs. weight ot*a cubic foot of rain water. Then, by 
the following expressions, which are left for the student to 
investigate, d may be found when w and the rest are given, 
and zc* may be found when d and the rest are given ; also the 
maximum value of w. 


1 . 


o 

3 . 



TCf when a max. = bci) {I + S) = \hcD (l + /) 



Kx. 1. Given ab =21 [ feet, cD = 17^ feet, ci = 2^ feet, 
^> = ‘1[ feet. Required the weight of the pontoon and its 
load, when it is immersed to the depth cl of I-[ feet. 

Ans. 8287j^lbs. nearly. 

Kx, 2. Supjwsc the weight of such a pontoon to be 9001bs. 
what is the greatest weight it will carry ? Ans. 12014,*^lbs. 

Kx. .'3. Su})|K»se the v eight of the above pontoon and its 
load to be G(XM)!bs. how deep will it >it)k in water? 

An.?. l ()««72/= 13 064 inches. 


HYDRAULICS OR HYDRODYNAMICS. 

2o9. Hydraulics or Hydrodynamics is that part of me¬ 
chanical science which relates to the motion of fluids, and the 
I’orces with which they act upon liodies against which they 
strike, or which move in them. 

This is a very extensive sub]cct; hut wc shall here give 
only a few elementary propositions. 

260. Paop. If a fluid run through a canal or river, or 
pipe of various widths, always filling it; the velocity of the 
fluid in different parts of it, ab, cd, will be reciprocally as the 
transverse sections in those parts. 

That is, vcloc. at a : veloc. 
at c :: CD : ab ; where ab and 
CD denote, not the diameters 
at A and b, but the areas or 
swtions there. 

For, as the channel is always equally full, the quantity of 
water running through ab is equal to the quantity running 
through CD, in the same time; that is, the column through 
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AB is equal to the oulumD through od, in the aame time; 

AB X lengtli of its column = cd x length of its column ; 
therefore ab : co :: length of column tlirough cD : length 
of column through ab. But the uniform velocity of the 
water, is as the space run over, or length of the columns; 
therefore ab : cd : : velocity through cd : velocity through 
AB. 

261. Coroi, Hence, by observing tlie velocity at any place 
AB, the quantity of water discharged in a second, or any 
other time, w'ill be found, namely, by multiplying the section 
AB by the velotrity there. 

But if the channel Ije not a close pipe or tunnel, kept 
always full, but an open canal or river; then the vclt>city in 
all parts of the section will not be the same, because the 
velocity towards the bottom and sides will be diminisheti by 
the friction against the bed or channel ; and tlierefore a ine- 
drum among the three ought to Ik; taken. So, if the velo¬ 
city at the top be - 100 feet per minute, 

tliat at the bottom - 60 

and that at the sides - 50 


6);?10 sum; 

dividing their sum bv gives 70 for the mean velocity, 
which is to be multiplied by the section, to give iht* tjiian- 
tity discharged in a minute: and in many casc^ still greater 
accuracy will be necessary in determining the mean. 

262. Prop. Tlie velocity with which a fluid runs out by 
a hole in the liottom or side of a vessel, is equal to that which 
is generated by gravity through the lieigbl of the water alioNo 
the hole; that is, the velcx:ity of a heavy body aetjuired by 
falling freely through the height ab. 

Divide the altitude ab into a great 
number of very small parts, each lieing 1, 
their numl>er a, or a = the altitude ab. 

Now, by art. 246, the pressure of the 
fluid against the hole b, by which the 
motion is generated, is equal to tiie 
weight of tlie column of fluid above it, 
that is the column whose litaght is ad 
or a, and base the area of the hole b. Therefore the pres¬ 
sure on the hole, or small part of the fluid 1, is to its weight, 
or the natural force of gravity, as a to 1. But, by art. 127, 
the 'Velocities generated in the same body in any time, are as 
those forces; and because gravity generates the velocity 2 in 
desoending through the smiul space 1, therefore 1: a :: 2 : 2a, 
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the Tciooity generated by the pressure of the oolumn of fluid 
in the same time. But 2a is also, by corol. 1, art. lS2f the 
velocity generated by gravity in descending through a or ab. 
That IS, the velocity of the issuing water, is equal to that 
which is acquired by a body in filling through the height ab. 

T?ie same otherwise. 

The momenta, or quantities of motion, generated in two 
given bodies, by the same force, acting during the same or 
an equal time, are c^ua). And the force in this case, is the 
weight of tlic superincumbent column of the fluid over the 
hole. Let then the one body to be moved, be that column 
itself, expressed by a//, where a denotes the altitude ab, and 
h the area of the hole; and the other body is the column of 
the fluid tliat runs out uniformly in one second suppose, 
with the middle or medium velocity of tliat interval of time, 
which is if u be the w hole velocity required. Then the 
mass i/it', with the velocity u, gives the quantity of motion 
j/ii) X 17, or generated in one second, in the spouting 

water: also or 32^ feet, is the velocity generated in the 
mass o/i, during the same interval of one second; conse- 
qucnilj’ ah X g, or ahgy is the motion generated in the 
column ah in the same time of one second. But as these 
tw’^o motnenta must be equal, this gives = ahg‘. hence 
then = Saif, and v — for the value of the velocity 

sought; which therefore is exactly the same as the velocity 
generated by the gravity in falling through the space o, or 
the w hole Iteight of tlie fluid. 

For cxam[jle, if the fluid were air, of the whole height of 
the atmosphere, supposed uniform, which is alxjut 5|- miles, 
or 27720 feet ~ a. Then = 2 v/(27720 x I6 j~) = 

1335 feet ~ v the velocity, that is, the velocity with which 
common air would rush into a vacuum. 

263. Corol. 1. The velocity, and quantity run out, at dif¬ 
ferent depths, are as the square roots of the depths. For the 
velocity acquired in falling through ab, is as a/ah. 

264. Corol, 2. The fluid spouts out with the same velocity, 
whether it be downward or upward, or,sideways; because 
the pressure of fluids is the same in all directions, at the 
same depth. And therefore, if Bn adjutage l>e turned up¬ 
ward, the jet will ascend to the height of the surface of the 
water in the vessel. And this is confirmed by experience, 
by which it is found that jets really ascend nearly to the 
height of the reservoir, abating a small quantity only, for the 
friction against tlie sides, and' some resistance from the air 
and from the oblique motion of the fluid in the hole. 
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265. Corol. 8 . The quantity run out in any time, is equal 
to a column or prism, whose base is the area of the hole, and 
its length the space described in that time by the velocity 
acquired by falling through the altitude of the tluid. And 
the cpiantity is the same, whatever be the figure of the ori¬ 
fice, if it is of the same area. 

Therefore, if a denote the altitude of the fluid, 
and h the area of the oiifice, 
also feet, or 193 inches; 

then 2h will be the quantity of water discharged in a 

second of time; or nearly S^^'g-Av^rt cubic feet, when a and h 
are taken in feet. 

So, for example, if the height a be 25 inches, and the 
orifice A = 1 square inch ; then 2/i =2 ^''25 x 193 = 

139 cubic indies, which is the quantity that would be dis¬ 
charged jier second. 

SCHOLII'M. 

266. When the orifice is in the side of the vessel, then‘the 
velocity is tlifferent in tlie diflerent parts of the hole, being 
less in the upjier parts of it than in the lower. However, 
when the hole is but small, the dill'ereiice is inconsiderable, 
and the altitude nia}' he estimated from tlie centre to obtain 
the mean velocity. Hut when the orifice is pretty large, then 
tlie mean velocity is to he more accurately computed by 
other principles, given in the next })ro]K>sitioii. 

267. It is not to he expected that experiments, as to the 
quantity of water run out, will exactly agree with this theory, 
both on account of the resistance of the air, the resistance of 
the water against tlie sides of the orifice, and the oblique 
motion of the particles of the water in entering it. For, it 
is not merely the particles situated immediately in the column 
over the hole, which enter it and issue forth, as if that column 
only were in motion; but also particle.s from all the sur¬ 
rounding parts of the fluid, which is in a aimmotiun quite 
around rand the particles thus entering the hole in ail direc¬ 
tions, strike against each other, and impede one another's 
motion : from which it happens, that it is the particles in the 
centre of the hole only that issue out with the whole velo¬ 
city due to the entire height of the fluid, while the otlicr 
particles towards the sides of the oriflccs pas.s out with de¬ 
creased velocities; and hence the medium velocity through 
the orifice, is somewhat less than that of a single body on^, 
urged with the same pressure of the superincumbent column 
of the fluid. And experiments on the miantity of water 
discharged through apertures, show that the quantity must 
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he diminished, by those causes, rather more than the fourth 
part, when the orifice is small, or such as to make the mean 
velocity nearly equal to that in a body falling through the 
height of the fluid above the orifice. If the velocity be taken 
as that due to the whole altitude above the orifice, then in¬ 
stead of the area of the orifice, the area of the contracted 
vein at a small distance from it must be taken. See Gre¬ 
gory’s Mechanics and Bossut’s Hydrodynamiquc. 

2()8. Experiments have also been made on the extent to 
which the spout of water ranges on a horizontal plane, and 
compared with the theory, by calculating it as a projectile 
discharged with the velocity acquired by descending through 
the height of the fluid. For, when the aperture is in the 
side ol‘ the vessel, the fluid spouts out horizontally with a 
uniform velocity, which, combined with the perpendicular 
velocity from the action of gravity, causes the jet to form 
the curve of a parabola. Then 
the distances to which the jet will 
spout on the horizontal plane no, 
will be as the roots of the rect¬ 
angles of the segments ac . cb 
AD . DB, AE . EB. For the spnccs 
BF, BG, arc as the times and hori¬ 
zontal velocities ; but the velocity 
is as ^/AC; and the time of the 
fall, which is the same as the time 
of moving, is as x'cb ; therefore the distance bf is as 

^'AC . C'B and the distance bg as ''ad . db. And hence, 
if two holes are made eejuidistant from the top and bottom, 
they will project the water to the same distance; for if ac = 
EB, then the rectangle ac . cb is equal the rectangle ae . eb: 
which makes bf the same for both. Or, if on the diameter 
AB a semicircle be described ; tlien, because the squares ot 
the ordinates ch, di, ek are equal to the rectangles ac . eb, 
&c.; therefore the distances bf, bg are as the ordinates ch, 
Dl. And hence also it follows, that the projection from the 
middle point i> will be farthest, for di is the greatest or¬ 
dinate. 

These are the proportions of the distances; but for the 
absolute distances, it will be thus. The velocity through 
any hole o, is such as will carry the water horizontally 
through a space e(|ual to 2 ac in the time of falling through 
AC: but, after quitting the liole, it describes a parabola, and 
comes to f in tge time a body will fall through cb ; and 
to find this distance, since the times are as tlic roots of 
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the »pace«i therefore v'ac ; a/cb :: 2ac : 2 v'ac . OB = 
2ch = IF, the space ranged on the horizontal plane. And 
the greatest range bc = 2di, or 2aj), or equal to ab. 

And as these ranges answer very nearly to the experir 
ments, this cotifirnis the theory, as to the velocity assigned. 

269* Prop. If a notch or slit eh in form of a parallelogram, 
be cut in the side of a vessel, full of water, ad ; the quantity 
of water flowing through it, will lie * of the quantity flowing 
through an equal orifice, placed at the whole depth eg, or 
at the base gu, in the same time; it being supposed that the 
vessel is always kept full. 

For the velocity at gh is to the velo¬ 
city at iL, as >/£G to ; that is, as 
GH or II. to IK, the ordinate of a para* 
bola EKH, whose axis is eg. Therefore 
tlie sum of the velocities at all the points 
I, is to as many times the velocity at g, 
as the sum of all the ordinates ik, to the 
sum of all the il’s; namely, os the area 
of the parabola egh, is to the area eghf ; that is, the 
quantity running through the notch lu, is to the rpianlity 
running through an equal horizontal area placed at gh, as 
eghke, to EGHF, or as 2 to 3; the area of a parabola being 
y of its circumscrihipg parallelogram. 

Corel. 1. The mean velocity of tl»e water in llie notch, is 
equal to ^ of that at gii. 

Carol. 2. The quantity flowing Uirough the hole ighl, ir. 
to that which would flow through an equal orifice placed as 
low as GH, as the parabolic frustum ighk, is to the rectangle 
iGiiL. This appears from tlie demonstration. 



OF PJJEUMATICS. 

270. Pneumatics is the science which treats of the pro¬ 
perties of air, or clastic fluids. 

271. Prop. Air is a fluid body; which surrounds the earth, 
and gravitates on all parts of its suHacc. 

These properties of air arc proved by experience.—That 
it is a fluid, is evident from its ea^ly yielding to any the 
least force impressed on it, without making a sensible rc- 
sistancMe. 

But when it is moved briskly, by any means, as by a fan 
or a pair of bellows; or wh^ any body is moved very 
briskly through it; in these cases we become sensible of it 
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a borly, by the resistance it makes in such motions^ and 
also by its impelling or blowing away any light substances. 
So that, iK'ing capable of resisting, or moving other bodies, 
by its impulse, it must itself be a body, and be heavy, like 
all otlier bodies, in proportion to the matter it contains; and 
therefore it will press on all bodies that are placed under it. 

Also, as it is a fluid, it spreads itself all over on the earth ; 
and, like other fluids, it gravitates and presses every where 
<ni tbt' earth’s surface. 

The gravity and pressure of the air 
are also evident irom many experiments. 

Thus, for instance, if water, or quicksilver, 
be poured into tlie tube ace, and the air be 
suffered to press on it, in both ends of the 
tul)e, the fluid will rest at the same height in 
both legs: but if the air be drawn out of one 
end as e, by any means; then tlie air press¬ 
ing on the other end a, will press down the C’ 

fluid in this leg at ii, and raise it up in the other to d, as 
much iiigher than at a, as the pressure of the air is equal 
to. IVoiii which it appears, not only that the air does 
really press, but also how much the intensity of that 
pressure is ccpial to. And this is the principle of the 
naronu'ter. 

am. Pttoi*. The air is also an elastic fluid, being con¬ 
densible and expansible : and the law it observes is this, that 
its tiensily and elasticity arc proyiortional to the force or 
weight which conipressc^i it. 

I'his property of tlie air is proved by many experiments. 
Thus, it the handle of a syringe l>c pushed inward, it will 
condense the Inclosed air into less space, thereby showing its 
condensibility. But the included air, thus condensed, is 
felt to act strongly against the hand, resisting the force com¬ 
pressing it more and more; and, on withdrawing the hand, 
the handle is pushed back again to where it 'was at first. 
Which shows that the air is elastic. 

274 . Again, fill a strong hoitle half full of 
water; then ineert a fm-iall-glass tube into 
it, putting its lower end down near to the 
bottom, and cementing it very close round 
the mouth of the bottle. Then, if air be 
strongly injected through the pijx?, as by 
-blowing with the mouth or otherwise, it 
will pass through the water from the lower 
end, ascending iQto the parts before occu¬ 
pied with air at b, and the whole mass of 
air become there condensed, because the 
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water is not compressible into a less space. But, on removinpj 
the force which injected the air at a, the water will bcpriii 
to rise from thence in a jet, beiuf; pushed up the pi|'H* by the 
increased elasticity of the air n, by which it presses on the 
surface of the water, and forces it through the pipe, tiM as 
much be expelled as there was air f(»rced in ; when the air at 
B will be reduced to the same den.sity as at first, and, the 
balance being restored, the jet will cease. 

275. Likewise, if into a jar of water 
AB, be inverte<l an empty glass tumbler 
CO, or such-like, the mouth downward ; 
the water will enter it, and partly' fill 
it, but not near so high as the water in 
the jar, compressing and condensing 
the mr into a less space in the upper 
parts c, and causing the glass to make a 
sensible resistance to the liand in push¬ 
ing it down. Then, on removing the liaiul, the elasticity of 
the internal condensed air throws the glass up again. All 
these showing that the air is condensible and 

276. Again, to .show the relation of the 

elasticity to the amdensation : take a long 
crooked glass tube, equally wide throughout, 
or at least in the part bu, and open at a, but 
close at the other end u. Pour in a little 
quicksilver at a, just to cover tlie bottom to 
the bend at on, and to stop the couinuinica- 
tion between tlie external air and the air in 
BD. Then pour in more cjuicksilver, and 
mark the corresponding Iieights at which it 
stands in the two legs; so, when it rises to 
H in the open leg ac, let it rise to e in the 
close one, reducing its included air from the 
natural bulk bd to the contracted .space be, by the pressure 
of the column ne ; and when the quicksilver*Btands nt i and 
E, in the open leg, let it rise to rand g in tlieotlicr,reducing 
the air to the respective spaces bf, bg, by the weights of the 
columns i/*. Kg. Then it is always found, within moderate 
limits, that the condensations and elasticities arc as the com¬ 
pressing weights and columns of the quicksilver, and the 
atmosphere together. So, if the natural bulk of the air bd 
be compressed into the spaces be, bf, bc, which arc [ 

of BD, or as the numbers 3, 2, 1; then the atmosphere, 
together with the corresponding columns ne, if, Kg, arc nlw» 
found to bc in the same proportion reciprwally, viz. as 4 , 
-{, or as the numbers 2, 3, n. And then nc ~ ^a, if — a. 
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and k^=:3a; where Aisthe weightoftlieatmosplicre. Which 
show that the condensations are directly as the compressing 
forces. And the elasticities are in the same ratio, since the 
columns in ac are sustained by the elasticities in hd. 

l^rom the foregoing principles may be deduced many use¬ 
ful remarks, as in the following corollaries, viz. 


277. Carol. I. TImj sjMice in 
which any quantity of air is con¬ 
fined, is reciprt>c*ally as the force 
that compresses it. So, the forces 
which confine a (juantity of air in 
the cylindrical spaces ag, bo, cg, 
are reciprocally as the same, or 
reciprocallyTis the heights An, CD, 
CD. And thcreli)re if to the two 



perf)endicular lines da, dh, as asymptotes, the hyperbola iki- 
oe described, and the ordinates Ai, «k, cl be drawn ; then 
the forces which confine the air in the spaces ag, bg, cg, 
will be directly as the corresponding ordinates At, bk, cl, 
since these are reclprocrdly as the abscisses ad, bd, cd, 
by the nature of llie hyperbola. 


Corol. 2 All the air near the earth is in a state of com¬ 
pression, by the weight of the incumbent atmosphere. 

Carol. 3. The air is denser near the earth, than in high 
places; or denser at the ftKJt of a mountain, than at the top 
of it. And the hlfrher above the earth the less dense it is. 

o 

Corol 4. The spring or elasticity of the air, is ecpial to 
the weight of the atnu)sphere .*il)t>ve it; and tiiey will pro¬ 
duce the same effects: since they always sustain and balance 
each other. 


Corol. 5. if the density of the air be increased, preserving 
the same heat or temperature, its spring or elasticity i> also 
increasetl, and in the same ])roportion. 

Corol. 6. By the pressure and gravity of the atmosphere, 
on the surface of fluids, the fluids arc made to rise in any 
pipes or vessels, when the spring or pressure within is de¬ 
creased or taken off. 


278. Pbop. Heat increases the elasticity of thp air, and 
cold diminishes it. Or, heat expands, and cold condenses 
the air. 

This property is also proved by experience. 

Thus, tie a bladder very close with some air in it; and 
lay it before the fire: then as it warms it will more and more 
distend the bladcJer, and at last burst it, if the heat be con- 
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tioucd, and increased high enough. Hut it' the bladder be 
removed from the fire, as it cools it will contract again, as 
l>bfore. And it was on this principle that the first air-bal¬ 
loons were made by Montgolfier; for, by heating the air 
within them, by a fire beneath', the hot air distends them to 
a size which occupies a s]>ace in the atmosphere, whose weight 
td'comnmn air exceeds that of the hall(x>n. 

Also, if a cup or glass, with a little air in it, be inverted 
into a vessel of \\ ater ; and tlie whole he hcatetl over the fire, 
or otherwise; the air in the top will ex])iind till it fill the 
glass, and expel the water out »)fi! ; juul part of tlic air itself 
will follow, (iy continuing or iiiercasing tlie iieat. 

IMany other experiments, to the same efiect, might be ad¬ 
duced, all proving the properties niciitiiaied in the proposi¬ 
tion. 


SCIIOLirM. 


279- So that, when the force of the elasticity of air is con¬ 
sidered, regard must be had to its heat or temperature ; the 
same quantity of air being more or less elastic, as its heat is 
more or less. Anti it has Ijoen found, bv experiment, that 
the elasticity is increased by the 4yjoth part, for each degree 
of heat, of which tiiere are 180, between the freezing and 
boiling heat of water, in Fahrenheit’s thermometer. 

A\ li. Water expands about the . part, with each 
degree of heat. (Sir Geo, Shiiclvlairgh, l*luU>s. 1 rails. 1777, 
p. 560, Ike.) 

Alsf>, the 

Spec. grav. of air 1’201 or I { > wlieu the haroni. i.s 29*5, 
water 1(K)0 J and tlie therm, is 55° 
mercury 16592 ) which are their mean heights 

in this country. 


Or thus, air 1*222 or 1' i 
water lOOO' J 
mercury 16600 S 


lien the barom. 
and tlKrniometer 



280. Prop, 'riie weight i/r pressure of the almosplicrc, 
on any ba^vt* at the eaiih’s surface, is c<[ual to the weight of 
a column (if jjuicksilver, of the same base, and the height of 
which is between 28 and 31 inclies. 

Thi.s is proved by the liarometer, an instrument which 
measures the pressure of tlie air, and which is described 
below (art. 302). For, at .some seasons, and in some places, 
the air sustains and baJancc.s a column of mercury, of about 
28 inches: but at other times it balances a column of 29, or 
30, or near 31 inches high; seldom in the extremes 28 or 
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81, but commonly about the means 29 or 80. This varia¬ 
tion depends partly on the different degrees of heat in the 
air near the surface of the earth, and partly on the commo¬ 
tions and changes in the atmosphere, from winds and other 
causes, by which it is accumulated in some places, and de¬ 
pressed in others, being thereby rendered denser and heavier, 
or rarer and lighter; which changes in its state are almost 
continually happening in any one place. But the medium 
state is commonly about 29or 30 inches. 

281. Coro!. 1. Hence the pressure of the atmosphere on 
every square inch at the earth’s surface, at a medium, is very 
near 15 pounds avoirdu}X)is, or rather 14A pounds. For, a 
cubic foot of mercury weighing 18600 ounces nearly, an inch 
of it will weigh 7'866 or almost 8 ounces, or nearly half a 
pound, which is the weight of the atmosphere for every inch 
of the barometer on a base of a square inch ; and therefore 
30 inches, or the medium height, weighs very near 141 
[Kiunds. 

282. Coral. 2. Hence also the weight or pressure of the 
atmosphere, is equal to that of a column of water from 32 
to 35 feet high, or on a medium 83 or 34 feet high. For, 
water and quicksilver arc in weight nearly as 1 to 13*6; so 
that the asmospherc will balance a column of water 13'6 
times as high as one of quicksilver; consequently 

13*6 times 28 inches = 381 inches, or 311 feet, 

13'6 times 29 inches = 391* inches, or 32,1 feet, 

]3‘6 times 30 inches = 408 inches, or 34 feet, 

13'6 times 31 inches = 422 inches^ or 35' feet. 

And hence a common sucking pump (art. 292) will not 
raise water higher than about 33 or 34 feet. And a siphon 
will not run, if the perpemlicular height of the top of it be 
more than about 33 or 34 feet (art- 291). 

283. Carol. 3. If the air wore of the same uniform density 
at every height up to the top of the atmosphere, as at the 
surface of the earth ; its height would be about 5^ miles .at 
a medium. For, the weights of the same bulk of air and 
water, are nearly as 1*222 to 1000; therefore as 1*222; 
1000 :; 38^ feet: 27600 feet, or 5miles nearly. And so 
high the atmosphere would bo, if it w'ere hoinogeucous, or 
all of uniform density, like water. But, instead of that, from 
its expansive and elastic quality, it becomes continually more 
and more rare, the farther al>ove the earth, in a certain pro¬ 
portion, which will l)e treated of below, as also the method 
of maaftwrino heitrVfs by the barometer, which depends on it. 
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ii84. Corol. 4‘. Prom this proposition and the last it fbt- 
)o%vs, tiiat the height is always the same, of a homogeneous 
atmosphere above any place, whiclt shall be all of the uni- 
fonn density with the air there, and of €y)iial weight or 
pressure with the real lioight of the atmosphere alxjve that 
place, whether it lx* at the san»e place, at different times, 
or at any ditterent places or heights alxivc the earth; and 
that height is always alxmt 5^ miles, t>r SiTbOO feci, as above 
found. For, as the densily varies in e\act projwrtion to the 
weight of the column, therefore it retpiires a column of the 
same height in ail cases, to make the rC'iH-elive weights or 
pressures. Thus, if w and ic he the weights of atmosphere 
alxivc ativ places, d and d their densities, aiul ii and h the 
heights of tlie uniform columns, of the siinie densities and 

w 

weights; then H X d = w, and h x d — ic; therefore — 

or H is equal to j or h : tlic temperature Ixiiig the same. 

28.7. Prop. With regard to the atmosphere, at different 
heights above the e.arth, this law obtxiins that « hen the heights 
increase in arithmetical progression, the deijsitks ilecrease in 
geometrical progression. 

Let the indefinite |x'rpendienlar line ap, 
erected on the earth, he conceived to be dividetl 
into a great numlxT of very small equal j)arts, 

A, n, t, D, &e. forming so many thin strata of 
air in the atmosphere, ail of thlferent dt nsiiy, 
gradually decreasing from the greatest at a: 
then the density of the seveial strata a, it, c, 

D, &e. will he m geometrical progression de¬ 
creasing, 

For^ as the strata a, n, c, &c. arc all of equal 
thickness, the quantity of matter in each of llicin, is as the 
density there; hut the density in any one, being as the com¬ 
pressing force, is as the .weight or (piantity of all the matter 
from that place upwaitl to the top of the atmosjiliere ; there¬ 
fore the quantity of matter in each stratum, is also as the 
whole quantity from that place upward. Now, if from the 
whole weight at any place gs b, the weight or quantity in the 
atratuin B lx* subtracted, the remainder is the weight at the 
next stratum c; that is, from each weight subtracting a part 
which is proixirtional to itself, leaves the next wei^it; or, 
which i.s the same thing, from each density subtracting a part 
which is proportional to itself, leaves the tiext density. But 
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when any quantities arc continually diminished by |jart8 
which are proportional to themselves, the remainders form a 
series of continued proportionals: consequently these den¬ 
sities are in geometrical progression. 

Thus, if the first density be d, and from each Ik? taken 

its nth part; there will then remain its -—^ part, or the “ 
* n ^ n 


part, putting m for w — 1 ; and therefore the series of den- 

■11 u c L 

sitics will be D, —n,— d, - , - .n, &c. the common ratio 

// H- ' »>•» ' 


7 ^■ 


U 


tv 


of the series beinjr tluit of n to m. 


SCHOLIUM. 

286. Ilccauso the terms of an aritiunctical series, arc pro¬ 
portional to the logarithms of the terms of a geometrical 
series : therefore difterent altitudes above the earth’s surface, 
are as the logarithms of the densities, or of the weights of 
air, at those altitudes. 

So that, if n denote the density at the altitude 

and d - the density at tlic altitude a ; 
then A being as the log. of d, and a as the log. of d, 

the dif. of alt. A —a will he as the log. i> — log. d, or log. . 

And if A = 0, or d the density at the surfaee of the earth ; 
then any altitude above the surface a, is as the K^g.- - 

Or, ift general, the log. of i» a.s ilio altitude of the one 

place above the other, whetlier the lowei’ place he at the sur¬ 
face of the earth, or any where else. 

And from tliis property is derived the nietliod of ileter- 
mining the heights of mountains and other eminence.s hy the 
liarometer, which (art. 302) is an instrument that measures 
the pressure or density of the air at any place. For, hy taking, 
with this instrument, the pressure or density, at the foot of 
a hill for instance, and again at the top of it, the difrerence 
of the logarithms of these two pressures, or the logarithm 
of their quotient, will be as the difference of altitude, or as 
the height of the hill; supposing the temperatures of the air 
to be tne same at both places, and the gravity of air not 
altered by the different distances from the earth’s centre. 

287. But as this formula expresses only the relations be¬ 
tween different altitudes with respect to their densities, re- 
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course must be had to some experiment, to obtain the reaJi 
^dtude which corresponds to any given density, or the 
density which corresponds to a given altitude. And there 
are various experiments by which this may be done« The 
6rst, and mwt natural, is that which results from the known 
specific gravity of air, with respect to the w’hole pressure of 
the atmosphere on the surface of the earth. Now, as the alti¬ 
tude a is always as log. ; assume h so that a — h x log. 

where h will be of one constant value for all altitudes; and 
to determine that value, let a case be taken in which we know 
the altitiulc a corresponding to a known density d; as for 
instance, take a = 1 f<M)t, or 1 incli, or some such small al¬ 
titude; then, because the density n may he measured by the 
jjressure of the atmosphere, or the uniform column of 27600 
feet, when the teinj>erature is ; therefore 27600 feet will 
denote the density d at the lower place, and 27509 the less 


27(i00 


density dat 1 foot above it ; consecjuently I =/i < log. 

u- . I . .. . . , -443429448 

wnieli, by the nature oi logarithms, is nearly = « X — ojQ()Q — 


_ A 
■”66551 


nearly; 


and hence A = 63551 feet; 


which gives. 


for any altitude in general, this theorem, viz. a = 63551 x 

log. —j-, or = 63551 X log. - feet, or 10592 x log. ~ 
® d' " 7« ’ ° ;« 


fathoms: where m is the column of mercurv which is equal 
to the pressure or weight of the atmosphere at tlie bottom, 
and m that at the top of the altitude a; and where m and m 
way be taken in any measure, either feet or inches, &c. 

2H8. Note, tliat this formula is adapted to the mean tem¬ 
perature of the air 55^. Hut, for every degree of tempera¬ 
ture diiferent from this, in the medium between the tem¬ 
peratures at the lop and bottom of the altitude a, that alti¬ 
tude will vary by its 435th jiart; which must be added, when 
that medium exceeds ,55®, otherwise subtracted. 

Note, also, that a column of 30 inches of mercury varies 
its length by about the y4:er part of an inch for every degree 
of heat, or rather whole volume. 

289. But the formula may be rendered much more con¬ 
venient for use, by reducing the factor 10692^ to 10000, by 
changing the tem[)erature proportionally from 55°; thus, 
ak the diif. 502 is the 18th part of the whole factor 10592; 
and as 18 is the 21th partoi 435; therefore the correspond- 



TU£ iilPllUN. 26S 

ing change of temperature is 24**, which reduces the 55' to 

31'\ So that the formula is, a = 10000 x loff. ~ fathoms, 

when the temperature is 31 degrees; and for every degree 
abt)ve that, the result is to be increased by so many times its 
435th part. 

290. Taking, instead of the logarithms, the first term of 

the logarithmic series, we have 55000 . altitude 

in feet: n and 5, being the heights of the barometrical co¬ 
lumns observed at the bottom and to[) of the hill. This 
formula is for the mean temperature 55®, and is easily re- 
memberefl because the effective figures of the ct)-cfficicnt are 
alst) 5.J. I'lie reductions for any otlier temperature are the 
same as in tlie Itigarithniic rule. 

Kxam. 1. To find the height of a hill wlien the pressure 
of the atnio>phere i*. e(jiial to 29 OH inches of mercury at the 
bottom, and 25'2lS at tlie top; the mean temj>erjitiiie being 
50”.? Aii>. jo78 feet, or TOO fathoma. 

Exam. 2. To find the height of a iiill wlieu the at- 
mo.sphere weighs 29‘-l-5 inches of mercury at the bottom, 
and 2G'82 at the lop, the mean tenipi rature lieing Hd® ? 

Alls. 2385 Jeet, or 897'^ fathoms. 

Ex.\m. 3. At what aitiunle is the density of the atmo¬ 
sphere only the Ith part ot'what it is at tlic eartlfs surface.? 

Alls. (i020 f'atlioms. 

Hy the weight ami jiressilri' of ilie atmosfiherc, tlie effect 
and operations of pneumatic engines may lie accounted fw', 
and explained ; such as siphons, pumps, barometers, &c.; 
ol* which it will be proper here to give a brief description. 

OF THE SIPHON. 

291. A Siphon, or Syphon, is any 
bent tube, having it.s two legs eitlier of 
equal or of unequal length. 

If it be filled with water, and then 
inverted, with the two open ends 
downward, afnd held level in tliat po¬ 
sition; the water will remain suspended 
in it, if the two legs be equal. For 
the atmosphere will press equally on 
the surface of the water in each end, 
and support them, if they are not more than 84 feet high ; 
and the legs being equal, the water in them is an exact 
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counterpoise by their cquul weights; so that the one has no 
,po>\*er U> move more than the other; and tliey are both sup¬ 
ported Iw the atmosphere. 

But if now the siphon be a little inclined to one side^ so 
that the orifice of one end be lower than tiiat of the other ; 
or if the legs be of unecjual length, which is the stime thing; 
then the equilibrium is destroyed, and the water will all oe- 
scend out oy the lower en<l, and rise up in the higher. 
For, the air pressing equally, but the two ends weighing 
unequally, a motion must coninicncc where the |Jower is 

{ greatest, and so continue till all the water lias run out by the 
ower end. And if the shorter leg be iniincr.Ned into a ve«iel 
of water, and the siphon be set running as alnive, it will 
continue to run till all tlie water be exhuiistcd from the 
vessel, or at least as low as that end of the siphon. Or, it 
may he set running without filling tlie sijjhoii as uIkivc, by 
only inverting it, with its sliortcr leg into tlu* vcs>,i*l of water ; 
then, with the mouth appll(>d to the lower oiifiee A, suck 
out the air; and the water will prehcnily ll)llow, being loreed 
up into the siphon by the pressure of the air t)ii the water in 
the ve.'s^l. 

Ifa siplien be fixed in a vessel of water capable of rota¬ 
tion upon a venical axis, and the orifice he lateral instead of 
at the liottom of the pipe, the reaction may he advuntageoiisly 
employed as a motive force. This is the prineijile of Mr. 
Busby’s Hydraidic Orrery. 


OF tup: ru.MP. 


292 . Thkhe are three sorts 
of puni|)s: tlie Sucking, llie 
Lifting, and tlie l orcing Fiimp. 
By tlie first, water can lie raisetl 
cinly t<J alwjut So feet, viz. by 
the pressure of the atmosphere ; 
hut oy tlie others, to any lu iglit; 
hut then they require more aji- 
]>arntus and power. 

The annexed figure represents 
a common sucking jmmp. ab 
is the barrel the pump, being 
a hollow cylinder, made of me¬ 
tal, and smooth within, pr of 
wood for very common pur¬ 
poses. CD is the handle, move¬ 
able alniut the pin E, by moving 
the end c iqi and down, df 
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an iron rod turning about a pin d, which connects it to tlie 
end of the handle. This rocl is fixed to tlie piston, bucket, 
c»r sucker, fg, by which this is moved up and down within 
the barrel, which it must fit very tight and close, that no air 
or water may pass between the piston and the sides of the 
barrel; and for this purpose it is commonly armed with 
leather. The piston is made hollow, or it has a perforation 
through it, the orifice of which is covered by a valve H 
opening upwards, i is a plug firmly fixed in the lower part 
of the barrel, also perforated, ancf covered by a valve k 
opening upwards. 

293 . When the pump is first to be worked, and the water 
is below ihc plug i; raise the end c of the handle, then the 
piston descending, compresses the air in iii, which by its 
spring sluits fast the valve k, anti pushes up the valve h, 
and so enters into the barrel above tlie piston. Then put¬ 
ting the end c of the handle down again, raises the piston 
or Slicker, which lifts up with it the column of air al)ove it, 
the external atmosphere by its pressure keeping the valve H 
shut: the air in tiie barrel being thus exhausted, or rarefied, 
is no lt)ngtT a coimterjMiise to that wliicli presses on the sur¬ 
face of the water in the well; this is forced up the pipe, and 
through the valve k, into the barrel of the pump. Then 

f lushing the piston dowli again into this water, now in the 
larrel, its weight shuts the lower valve k, and its resistance 
forces up the valve of the piston, and enters the upper part 
<'f the barrel, above the piston. Then, the bucket'being 
raised, lifts up with it the water which had passed above its 
valve, and it runs out by the cock l ; and taking off the 
weight below it, the pressure of the external atmosphere on 
the water in the well again forces it up through the pipe and 
lower valve close to the piston, all the way as it ascends, 
thus keeping the barrel always full of water. And thus, by 
repeating the strokes of the piston, a continued discharge is 
made at the cock l. 

294 *. There is a farther limitation of the operation, than 
that which relates to the 33 feet. If the elastic force of the 
air within the tube joined to the weight of water in the tube 
equal the pressure of the atmosphere, the water cannot rise 
in the pump. To prevent this, the product of the stroke of 
the piston into 33 must always exceed the square of half the 
greatest altitude of the piston above the surface of the water 
in the well. Otherwise diminish the diameter of the sucking- 
pipe proportionally. 
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OF THE AIR-rUMP. 


S95. Neaeit on the same principles as the water-])titiip, 
is the invention of the air-pump, by which the air is draw n 
out €3ff any vessel, like as water is drawn out by the former. 
A brass barrel is bored and polished truly cylindrical, and 
exactly fitted with a turned piston, so that no air can pass by 
the siues of it, and furnish^ with a proper valve opening 
upward. Then, by lifting up the piston, the air in th(‘ close 
vessel below it follow's the piston, and fills the barrel; and 
being thus diffused through a larger s[)ace than iK’fore, when 
it occupied the vessel or receiver otdy, hut not the barrel, 
it is made rarer than it was before, in proportion as the ca¬ 
pacity of the barrel and receiver together exceeds the re¬ 
ceiver alone. Another stroke of the piston exhausts another 
barrel of this now rarer air, which again rarefies it in the 
same proportion as before. And so on, for any nuiiil>er of 
strokes of* the piston, still exhausting in the same geometri¬ 
cal progression, of which the ratio is that which tiie ca}>acily 
of tne receiver and barrel together exceeds the receiver, till 
this is exhausted to any proposed degree, or as far as the na¬ 
ture of the machine is capable of performing ; w hich happens 
when the elasticity of the incluaed air is so far diminisncd, 
by rarefying, that it is too feeble to push up the valve of the 
piston, and escape. 

296. From the nature of this exhausting, in geometrical 
progresrion, we may easily find how much the air in the re¬ 
ceiver is rarefied by any number of strokes of the piston; or 
what number of such strokes is necessary, to exhaust the re¬ 
ceiver to any given degree. Thus, if the capacity of the 
receiver and barrel together, be to that of the receiver alone, 
as e to r, and 1 denote the natural density of the air at first; 
then 


c : r :; 1 : —, the density after 1 stroke of the piston, 
c : r :: — : —, the density after two strokes. 


c ’ c* 


c xt: ' 








, the density after three strokes, 


T 

8ec., and —, the density after n strokes. 

So, if the barrel be equal to i of the receiver; then c : r ; 
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5:4; and ^ 0*8" is = d the density after n turns. And 

if n be 20, then 0*8®° = *0115 is the density of the included 
air after ^ strokes of the piston; which bein^ the 867 ^ part 
of I, or the hrst density, it follows that the air is 86 ^^^ times 
rarefied by the 20 stakes. 

207. Or, if it were required to find the number of strokes 
necessary to rarefy the air any number of times; because 
r* . 

— IS = the proposed density d ; therefore, taking the loga- 
c 

rithms, n x log. — = log. d, and n = number 

of strokes required. So if' r be \ of r, and it be required 

to rarefy the air 100 times : tfien d = or * 01 ; and hence 

log. 100 ^ ^ 11 

n = —,— - =*20} nearly. So that in 20-f strokes the 

i. «> — 1. 

air will be rarefied 100 times. 


OF THE DIVING BELL AND CONDENSING 

MACHINE. 

£98. On the same principles too depend the operations 
and effect of the Condensing Engine, by which air may be 
condensed to any degree, instead of rarefied as in the air- 
pump. And, like as the air-pump rarefies the air, by ex¬ 
tracting always one barrel of air after another; so, by this 
other machine, the air is condensed, by throwing in or 
adding always one barrel of air after another; which it is 
evident may be done by only turning the valves of the pis¬ 
ton and barrel, tliat is, making them to open the contrary 
way, and working the piston in the same manner; so that, 
as they both open upward or outward in the air-pump, or 
rarefier, they will botn open downward or inward in the con¬ 
denser. 

£ 99 . And on the same principles, namely, of the com- 

^ ression and elasticity of the air, depends the use of the 
living Befi, which is a large vessel, in which a person de¬ 
scends to tl^ bottom of the sea, the open end of the vessel 
being downward; only in this case the air is not condensed 
by forcing more of it into the same space, as in the condens¬ 
ing engine ^ but by compressmg the same quantity of air into 
a less space in the bell,, by increa^ng always the force which 
compresses it. • 
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300. If ft v€Mel any sort be inverted into water, and 
pushed or let down to any depth; then by the pressure of 
the water some of it will ascend into the vessel, but not so 
high as the water without, and will compress the air into less 
space, according to the difference between the heights of the 
internal and external water ; and the density and clastic force 
of the air will be increased in the same proportion, as its 
space in the vessel is diminished. 

So, if the tube ce be inverted, and pushed down into 
water, till the external water exceed tlic internal, by the 
height AB, and the air of the tul>e be reduced to the space 
CD ; then that air is nrcssod l>oth by a co¬ 
lumn of water of the height ab, and by the 
whole atmosphere which presses on the 
upper surface of the water; consequently 
the space cd is to the whole space ce, as 
the weight of the atmosphere, is to the 
weights both of the atmosphere and the 
column of water ab. So that, if ab be 
about 34 feet, which is equal to the force 
of the atmosphere, then cd will be equal 
to but if ab l>e double of that, or 

68 feet, then cd will lx; -J-ce; and so on. And hence, liy 
knowing the depth af, to which the vessel is sunk, we can 
easily mid-the jKiint d, to which the water will rijvc; within 
it at any time. For let the w^eight of the atmosphere at 
that time be equal to that of 34 feet of water; also, let the 
depth AF be 20 feet, and the length of the tube ce 4 feet; 
then, putting the height of the internal water de = x, 

it is 34 4- AB : 34 : : ce : cd, 

tliat is 34 + AF — DE : 34 : ce : ce — de, 

or 54 — X : 34 :: 4 : 4 — a’; 

hence, multiplying extremes and means, 216 — 58x + 

= 136, and the root is x — ,^2 very nearly = 1-414 of a 
foot, or 17 inches nearly; being the height de to which the 
water will rise w-ithin the tu!x?. ‘ 

301. But if the vessel be not equally 
wide throughout, but of any other 
shape, as of a bell-like form, such as 
is used in diving; then the altitudes 
will not observe the proportion alKJve, 
but the spaces or bulks only will ac¬ 
cord with that proportion, namely, 34 
+ AB : 84 :; capacity ckl : capacity 
CHI, if it be common or fresh-water; 
and 33 + AB : 33 :: capacity ckl : 
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capacity chi, if it be sea-water. From which proportion, 
the height de may be found, when the nature and snape of 
the vessel or bell ckl are known. 


OF THE BAROMETER. 

302. The Barometer is an instrument for measunng the 
pressure of the atmosphere, and elasticity of the air, at any 
time. It is commonly made of a glass tulie, of near 3 feet 
long, close at one end, and filled with mercury. When the 
tube is full, by sto})ping the open end with the finger, then 
inverting the tul)e, and immersing that end with the finger 
into a bason of quicksilver, on removing the finger from the 
orifice, the fluid in the tube will descend into the bason, till 
what remains in tlie tube be of the same weight with a co¬ 
lumn of the atmosphere, which is commonly between 28 and 
31 inches of Quicksilver; and leaving an entire vacuum in 
the upper enci of the tube above the mercury. For, as the 
upper end of the tube is quite void of air, there is no pressure 
downwards but from the column of quicksilver, and there¬ 
fore that will be an exact balance to the counter pressure of 
the uliolc column of atnios}>hcre, acting on the orifice of the 
lube by the quicksilver in the bason. The upper 3 inches 
of the tube, namely, from 28 to 31 inches, have a scale at¬ 
tached to them, divided into inches, 
tenths, and hundredths, for mea¬ 
suring the length of the column 
at all limes, by observing which 
division of the scale the top of the 
quicksilver is opposite to; as it 
ascends and descends within these 
limits, according to the state of the 
atmosphere. 

Tlie weight of the quicksilver 
in the tulie, above that in the ba¬ 
son, is at all times equal to the 
weight or pressure of the column 
of atmosphere alx)ve it, and of the 
same base with the tube; and hence 
the weight of it may at all times 
be computed; lieing nearly at the 
rate of half a pound avoirdupois 
for every inch of quicksilver in 
the tube, on every square inch of 
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tlmtm ; or more exactly it is of a pound on the square inch, 
IRm* every inch in the altitude of the quicksilver weighs just 
or nearly *- a pound, in the mean temperature of 55® 
of heat. And consequently, when the barometer stands at 
30 inches, or Sj- feet high, which is nearly the medium or 
standard height, the whole pressure of the atmosphere is 
equal to 14|- pounds, on every square inch of the bi^e: and 
80 in proportion for other heights. 

Barometers are now constructed so as to be susceptible of 
convenient motion from place to place without derangement; 
thus facilitating the pneumatic method of determining the 
heights of hills, &c. 


OF THE THERMOMETER. 

SOS. The Thermometer is an instrument for measuring 
the temperature of the air, as to heat and cold. 

It is found by expcri«ire, that aU bodies expand by heat, 
and contract by cold: and since the expansion is, to a certain 
extent, uniform, the degrees of expansion become the mea¬ 
sure of the degrees of heat. Fluids are more convenient for 
this purpose than solids: and quicksilver or mercury is now 
most commonly used for it. A vctv hoe glass tube, having 
a pretty large hollow ball at the bottom, 

» filled about half way up with quick¬ 
silver ; the whole being then lieated 
very hot till the quicksilver rise quite 
to the top, the top is then hermetically 
sealcil, so as perfectly to exclude all 
communication with the outward air. 

Then, in cooling, the quicksilver con¬ 
tracts, and consequently its surface de¬ 
scends in the tube, till it come to a 
certain point, correspondent to the tem¬ 
perature or heat of the air. And when 
the w'cather becomes warmer, the quick¬ 
silver expands, and its surface rises 
in the tube; and again contracts and 
descends when the weather becomes 
cooler. So that, by placing a scale of 
any divisions against tbc side of the 
tube, it will show the degrees of heat 
by the expansion and contraction of 
the quickffllver in the tube; observing 
at wnat division of the scale the top of* 
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the quicksilver stands. The method of preparing^ the scale^ 
as used in England, is thus:—Bring the tnermometer into 
the temperature of freezing, by immersing the ball in water 
just freezing, or in ice just thawing, the latter is best, and 
mark the scale where the mercury then stands, for the point 
of freezing. Next, iinmcrge it in boiling water; and the 
quicksilver will rise to a certain height in the tube; which 
mark also on the scale, for the boiling point, or the heat of 
boiling water. Then the distance between these two points, 
is’divided into 180 equal divisions, or degrees; and tne like 
equal degrees are also continued to any extent below the 
freezing point, and above the boiling point. The divisions 
are then numbered as follows, namely, at the freezing point 
is set the number 82, and consequently 212 at the uoiling 
|X)int; and all the other numbers in their order. 

T1 lis division of the scale is coniTnonly called Fahrenheifs. 
According to this division, 55 is at the mean temperature of 
the air in this country; and it is in this temperature, and in 
an atmosphere which sustains a column of 30 inches of quick¬ 
silver ill the barometer, that all measures and specific gravi¬ 
ties are taken, unless when otherwise mentioned; and in this 
temperature and pressure, the relative weights, or specific 
gravities of air, water, and quicksilver, are as 

14 for air, L these also are the weights of a cubic 

1000 for water, < foot of each, in avoirdupois ounces, in 
IfiOOO for mercury ; ( that state of the barometer and ther¬ 
mometer. For other states of the thermometer, each of 
these bodies expands or contracts according to the following 
rule, with each tlegrec of heat, viz. 

Air alxiut - part of its bulk, 

Water about hulk, 

• Mercury about part of its bulk. 

Another division is that of 100 equal degrees between the 
freezing and the boiling points, the 0 or xrcro being at the 
former. This is called the centiffrade thermometer. It is 
now very common to put Fahrenheit’s division on the left of 
the tube, and the centigrade division on the right. 


ON THE MEASUREMENT OF ALTITUDES BY 
THE BAROMETER AND^ THERMOMETER. 

304. From the principles laid down in arts. 286 to 289, 
concerning the measuring of altitudes by the barometer, and 
the foregoing descriptions of the barometer and thermometer. 
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may now collect together the precepts for the practice of 
suoh measurements, which are as follow; 

ftrsl. Observe the height of the barometer at the bottom 
of any height, or depth, intended to be measured; witli the 
temperature of the quicksilver, by means of a thermometer 
attached to the barometer, and also the temperature of the 
xur in the shade by a detached tliermometer. 

Secondly. Let the same thing l)e done also at the top of 
the stud height or depth, and at the same time, or as near 
the same time as may be. And let those altitudes of baro¬ 
meter he reduced to the same temperature, if it he thought 
necessary, by correcting either the one or the other, that is, 
augment the height of the mercury in the colder tempera¬ 
ture, or diminish that in tlie warmer, by its P^^t for 
every degree of difference.of the two. 

Thirdly. Take the difference of the common logarithms 
of the two heights of the haron»eter, corrected as al)ove if 
necessary, cutting off 3 figures next the right hand for 
decimals, when the log-tables go to 7 figures, or cut off* only 
2 figures wnen the tables go to 6 places, and so on; or in 
general remove the dc'cimal point 4 [>laces more towards the 
right hand, those on the left hand being i'athoms in whole 
numbers. 


Fourthly. Correct the number last found for the difference 
of temperature of the air, as follows: take half the sum of 
the tw^o temperatures, for the mean one; and for every de¬ 
gree which this diff'ers from the tcntijK’ratiire 31®, take so 
many times the part of' the fathoms alwwc fouml, arul 
add them if the mean tem]>erature be alx>ve 31®, but subtract 
them if the mean temperature be below 31®; and the sum or 
cliff'erence will be the true altitude in fathoms: or, being 
multi])lied by 6, it will be the altitude in feet. 

Kxam. 1. Let the state of the barometers and tbeniu>nie- 
ters be as follows; tt> find the altitude, viz. 


1 Thermom. I 

attach. 

detach. 

57 

57 

43 

42 


Ans. the alt. is 

fathoms. 


Barom. 

Lower 29'GH 
Upper 25-28 

Lxam. 2 . To find the altitude, when the state of the ba¬ 
rometers and thermometers is as follows, viz. 


Barom. 

Lower 29*45 
Upper 26*82 


1 'J'hermom. 1 

attach. 

detach. 

38 

31 

41 

36 


Ans. the alt. is 

409 fathoms, 

or 2468 feet. 
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This is a highly useful method within certain limits; but 
is by no means susceptible of that degree of accuracy which 
many have imputed to it. 


ON THE RESISTANCE OF FLUIDS, WITH 
THEIR FORCES AND ACTIONS ON BODIES. 

* 30.>. Prop. If any b(»dy move through a fluid at rest, or 
the fluid move against the body at rest; the force ©r resist¬ 
ance of the fluid against tlic li^y, will be as the square of 
the velocity and the density of the fluid. That is, r oc dv^. 

For, the force or resistance is as the quantity of matter or 
particles struck, and the velcwity with which they are struck. 
But the quantity or numlier of particles struck in any time, 
are as the velocity and the density of the fluid. Therefore the 
resistance, or force of the fluid, is as the density and square 
of the velocity. 

306. Carol. 1. The resistance to any piim§, is also more 
or less, as the plane is greater or less; and therefore the re¬ 
sistance on any plane, is as the area of the plane a, the den¬ 
sity of the medium, and the square of the velocity. That 
is, R a af/u“. 

807. Cored. 2. If the motion be not perpendicular, but 
oblique to the plane, or to the face of the body; then the 
resistance, in the direction of motion, will be diminished in 
the triplicate ratio of radius to the sine of the angle of in¬ 
clination of the plane to the direction of the motion, or as 
the cube of radius to the cube of the sine of that angle. So 
that R cx adv^s'', putting 1 = radius, and s — sine of the 
angle of inclination cab. 

For, if AB be the plane, ac the 
direction of motion, and bc jKTpcn- 
dicular to ac; then no more particles 
meet the plane than what meet the 
perpendicular, bc, and therefore their 
number is diminished as ab to bg or 
as 1 to .9. But the force to eacli par¬ 
ticle, striking the plane obliquely in the direction ca, is also 
diminished as ab to uc, or as 1 to s: therefore the resistance, 
which is pei’pendicular to the face of the plane is as 1® to s'. 
But again, this resistance in the direction perpendicular to 
the face of the plane, is to that in the direction ac, by the 
parallelogram forces, as ab to bc, or as 1 to Conse- 

VOL. II. T 
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quently, on aU these accounts, the resbtance to the {jlane 
when moving perpendicular to its face, is to that when 
moving 4>bliquc!y, as 'P to or 1 to That is, the resist¬ 
ance in the aircction of the motion, is diminished as 1 to 
or in the triplicate ratio of radius to the sine of inclination. 

308. Prop. The real resistance to a plane, from a fluid 
acting in a direction perpendicular to its face, is equal to the 
wdght of a column of the fluid, whose l)ase is the ]ilanr, and 
altitude (K^ual to that which is due to the velocity of tlie mi>- 
tion, or through which a heavy laxly must fall to acquire 
that velocity. 

The resistance to the plane moving through a fluid, is the 
same as the force of the fluid in motion with the same velo¬ 
city, on the plane at ri'st. Hut the force of the fluid in mo¬ 
tion, is e<]unt to the weight or pressure w'hich generates that 
motion; and this is equal to the weight or pressure of a 
column of the fluid, w’hose base is the area of the plane, an<l 
its altitude that which is due to the veloc'ity* 

309. Corel. 1. If a denote the area of the plane, r the 
velocity, » the density or sjxx!ific gravity of the fluid, and 
Ig* = IO-Zt fcet» or inches. Then, the altitude due to 




X'- 


tlte velocity v being therefore « x n x a- = 
will be the whole resistance, or motive force a. 


anv 


310. Corol. 2. If the direction of motion Ixr not perpen¬ 
dicular to the face of the plane, but oblique to it, in any 
angle, whose ane is $. Then the resistance to the plaiiew'ill 


be 


anz’^s^ 


311. Corol. 3. Also, if te denote the weight of the body, 
whose plane facd a is resisted by tlic absolute force a ; then 


R 


anv's 


3 


the retarding force or — will be . 

312. Corol. 4. And if the body be a cylinder, whose face 
or end is a, and radius r, moving in the direction of its axis; 
because then p = 1, and a = itr^y where r = 3*141593 ; then 


. will be the resisting force R, and . 

ing force f. 


the retard- 


313. Corol. 5^ This is the value of the resistance when 
the end of the cylinder is a plane perpendicular to its axis, 
or to the direction of motion. But were its face an elliptic 
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section, or a conical surface, or any other figure every where 
equally inclined to the axis, or direction of motion, the sine 
of inclination being then, the number of particles of the 
fluid striking the face being still the same, but the force of 
each, opposed to the direction of motion, diminished in the 
duplicate ratio of radius to the sine of inclination, the resist¬ 


ing force n would be 




314. Prop. The resistance to a sphere moving through a 
fluid, is but half the rc'-istance to its great circle, or to the 
end of n cylinder of the same diameter, moving with an equal 
velocity. 

Let Ai-EB bo half the sphere, moving 
in the direction ceg. Descrilie the para¬ 
boloid AiEKB on the same base. Let any 
particle of the medium meet the semicir¬ 
cle ill F, to which draw the tangent fg, 
the radius fc, and tlic ordinate fih. Then 
the force of any particle on the surface at 
F, is to its force on the base at h, as the 
square of the sine of the angle g, or its 
equal I he angle fck, to the square of radius, that is, as hf" 
to CF . Therefore the force of all the particles, or the whole 
fluid, on the whole surface, is to its force on the circle of the 
base, as all the iif* to as many times cf*. But cf” is = ca’ 
= AC . CR, and jif- = ah . hu by the nature of the circle: 
also, AH . HB : AC . CB :: HI : ce by th. 2, parabola; conse¬ 
quently the force on the spherical surface is to the force on 
its circular base, as all the ill's to as many ce's, that is, as 
the content of the paraboloid to the content of its circum¬ 
scribed cylinder, namely, as 1 to 2 (th. 18, parab.) 

315. Carol. Hence, the resistance to the sphere is r = 



vnv r* 


being the half of that of a cylinder of the same dia¬ 


meter. For example, a 9lb. iron ball, whose diameter is 
4 inches, when moving through the air with a velocity of' 
1600 feet per second, would meet a resistance which is equal 
to a weight of lS2ylb. over and above the pressure of the 
atmosphere, for want of the counterpoise behind the ball. 


T 
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' OF THE WEIGHT AND DIMENSIONS OF 
BALLS AND SHELLS. 

Thk weight and dimensions of Balls and Shells might l>e 
found from the firoblems given under the liead of s|>ecific 
gravity. But they may l)e found still easier means of the 
experimental w’eight of a ball of a given size, from the known 
proportion of similar figures, namely, as the cubc?s of their 
diameters, or like linear dimensions. 

PROBLENf I. 

To Jind the Wei^^ht of an Iron llall^from its Diameter. 

An iron ball of 4 inches d'faineter weighs 9lb. and the 
weights being as the cul>es of the diameters, it will Ik', as 64 
(which is the cube of 4) is to 0 its weight, so is the cul»e of 
the diameter of auy other ball, to its weight. Or, take of 
the cube of the diameter, for the weight. Or, take ^ of the 
cube of the dianieU'r, and I of that again, and add the two 
tci^ether, for the weight. 

Exam. 1. The diameter of an iron shot being 6*7 inches, 
required its weight ? Ans. 452'Ji941b. 

Exam. What is the weight of an iron ball, whose dia¬ 
meter is 5'51 inches? Ans. i^4ll). nearly. 


PROBLEM 11. 

I'oJind the IVeiffht of a Leaden Hall. 

A leaden ball of 1 inch diameter weighs of a lb.; there¬ 
fore as the cube of 1 is to or as 14 is to J, so is the cube 
of the diameter of a leaden ball, to its weight. Or, lake A 
of the cube of the diameter, for the weight, nearly. 

Exam. 1. Required tlie weight of a leaden ball of 6'6 
inches diameter.^ Ans. 61'(>061b. 

Exam. 2. What is the weight of a leaden ball of 5*30 
inches diameter Ans. 321b. nearly. 

Exam. 3. How many shot, each of an inch diameter, 
may be made out of lOib. of lead ? Ans. 29S6667. 

PROBLEM Ill. 

7b Jind the Dianieter of an Iron Hall. 

Multiply the weight by 7^, and the culxj root of the pro¬ 
duct will be the diameter. 
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JilxAM. 1. Required the diameter of a 42lb. iron ball ? 

Ans. (>*685 inches. 

£xam. 2. What is the diameter of a 24lb. iron ball ? 

Ans. 5'54< inclics. 


PROBLEM IV. 

ToJiiid the Diamete?- of'a Leaden Ball. 

Multiply the weight by 14, and divide tlie product by 3; 
then the cube root of the quotient will be the diameter. 
Exam. 1. Required the diameter of a64lb. leaden ball? 

Ans. 6*‘(i84 inches. 

Exam. 2. What is the diameter of an 81b. leaden ball? 

Ans. 3-34f3 inches. 


PROBLEM V. 

Tojind the Weight of an Iron Shell. 

Take of the diHerence of the cubes of the external and 
internal diameter, lor the weight of the shell. 

That is, from the cube of the external diameter, take the 
culie of the internal diameter, multiply the remainder by 9, 
and divide the product b}' 64. 

Exam. 1 . The outside diameter of an iron shell being 12'8, 
atid the inside diameter 9'1 inches; required its weight? 

Ans. 188-9411b. 

Exam. 2. What is the weight of an iron shell, whose ex¬ 
ternal and internal diameters arc 9'8 and 7 inches ? 

Ans. 84^1 b. 

PROBLEM VI. 

To find how much Powder will fll a Shell. 

Divide the cube of the internal diameter, in inches, by 
57’3, for the lbs. of powder *. 


* This and the following are only approximative rules, founded 
upon the supposition that, at a medium, 30 cubic inches of gun¬ 
powder weigh a pound. Of 18 different kinds of gunpowder 
used in the Royal Laboratory, Woolwich, the weights vary from 
.5815. loz. to 491b. 13oz. per cubic foot, and the specific gravi¬ 
ties, consequently, from 9-9 to 727- The specific gravity of 
French gunpowder usually lies between narrower limits > viz. 
those of 911 anda897. 



278 


POVD£R AUD •HSLl.S, &C. 

1« How tniidi powder will fill a shell whose io- 
leimal diameter is 9*1 inches? Ans. nearly. 

Exam. 2. How much powder will fill a ^ell whose in¬ 
ternal diameter is 7 inches ? Ans. 6lb. 

PttOBLBM VII. 

7*0 JtTid hxm much Powder will^fiU a Redanguiar Box. 

Find the content of the box in inches, by multiplying the 
length, breadth, and depth altogether. 1 non divide by SO 
for the pounds of powder. 

Exam. I. Remiired what quantity of ]K>wder will fill a 
box, the length oeing 15 incncs, the breadth 12, and the 
depth 10 inches ? Ans. 60Ib. 

Exam. 2. How much powder will fill a cubical Ik)X who.se 
side is 12 inches ? Ans. fiT-^lb. 


raoBLEM viir. 


To find how much Powder will fill a CtfLinder. 

Multiply the square of the dianietcT by the lengthy then 
divide by 38*2 for the pounds of powder. 

Exam. 1. How much powder will the cylinder hold, 
whose diameter is 10 inches, and length 20 inches ? 

Ans. 52^1^lb. nearly. 

Exam. 2. How much powder can be contained in the 
cylinder whose diameter is 4 inchc.s, and length 12 inches? 

Ans. 

PHOBLEM IX. 


To find the Size of a Shell to contain n ffiven IVdght of 

PoTcder. 


Multiply the pf)unds of powder hy 37*3, and the cube 
root of tne product will be the diameter in inches. 

Exam. 1. What is the diameter of a shell that will bold 
13^1b. of powder? Ans. 9*1 inches. 

Exam. 2 . What is the diameter of u shell to contain filb. 
of powder ? Ans. 7 inches. 


PROBLEM X. 

To find the Size of a Cubical Box, to contain a given 

Weight of Powder, 

Mhldply the weight in pounds by 30, and the cube root 
oFthc product will be the side of the box hi inches. 
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£&au. 1. RfK|iitred the side of a cubical box, to Iiuld 50Ib. 
of gunfiowder Ans. 11*44 inches. 

Kxam. Required the side of a cubical box, to hold 
4001b. of gunpowder ? Ans. S2*89 inches. 


PROBLEM XI. 

To find wtuU LengHi of a Cylinder will he fitted by a given 

Weight of Gunpowder. 

Multiply the weight in pounds by 38*2, and di¥ide the 

1 )roduct by the st^uare of the diameter in inches, for the 
ength. 

Kxam. 1. What length of a 36-pounder gun, of 6y inches 
diameter, will be filled with 121b. of gunpowder.^ 

Alls. 10*314 inches. 
Kxam. 2 . What length of a cylinder, of 8 inches diameter, 
may be filled with 20lb. of powder ? Ans. 11* | inches. 


OF THE PILING OF BALLS AND SHELLS. 

Iron Balls and Shells are commonly piled by horizontal 
courses, cither in a pyramidical or in a wedge-like form ; the 
base being cither an equilateral triangle, or a square, or a 
rectangle. In the triangle and sipiare, the pile finishes in a 
single ball; but in the rectangle, it hnishes in a single row 
of balls, like an edge. 

In triangular and s<juare piles, the number of horizontal 
rows, or courses, is always equal to the number of balls in 
one side of the bottom row. And in rectangular piles, the 
number of rows is equal to the number of balls in the breadth 
of the liottom row. Also, the number in the top rotv, or 
edge, is one more than the difference between the length and 
breadth of the bottom row. A rule or two on this subject 
have been given in the first volume : the substance of them 
is repeated here, with a few additional rules. 

PROBLEM I. 

To find the Number of Batts in a Triangular Pile. 

Multiply continually together the number of balls in one 
side of the bottom row, and that number increased by 1, 
also the same nunilK'i* increased by 2; then ^ of the last 
product will be tilie answer. 
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Hiat is, 4«». (ti 4- 1) . (» ^ 2) is the number or sum; 
Wheie H is the Humber in the bottom row. 

JBxau. 1 . Hequired the numt)er of balls in a triangular 
pile, each «8e of the base containing 30 balls? Ans. ^60. 

OiitAU. 2. How many balls are in tlie triangular pile, eadii 
side of the base containing 520 ? Ans. 1540. 

j« problem II. 

J'o ^nd the Number of Bails in a Square Pile. 

Multiply continually together the number in one side of 
tlie bottom course, that numl>er increased by 1, and double 
the same number increased by 1; then ^ of the last product 
will be the answer. 

That is, ^ n , (« + 1) . {2n + 1) is the number. 

Exam. 1 . How many bails arc in a square pile of 30 rows ? 

Ails. 9433. 

Exam. 2. How many balls are in a square pile of 20 rows j* 

Ans. 2870. 


PROBLEM III. 

To Jlnd the 'Number of Balls in a Rectangular Pile. 

From 3 times the number in the length of the base row, 
subtract one less than the breadth of the same, multiply the 
remainder by the same breadth, and the product by one more 
than the same; and divide by 6 for the answer. 

Tiiat is, 4 5 . (5 4 1) . (3/ — 6 4 1) is the numlier; 
where I is the length, and b the breadth of the lowest course. 

Note .—In all the piles the breadth of the bottom is equal 
to the number of courses. And in the oblong or rectangular 
pile, the top row is one more than the difference between the 
length and breadth of the bottom. 

Exam. 1. Required the number of balls in a rectangular 
pile» the length and breadth of the base row being 4o and- 
15 ? Ans. 4960. 

Exam. 2. How man^ sliot are in a rectangular complete 
pile, Uie length of the bottom course being 59» and its breadth 
20? Ans. 11060. 

* PnOBLEM IV. 

Tojlnd the Number of UaUf in an Incomplete Pile. 

Frcnn* the number in the whole f^e, exmsidered os com^ 
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piet^ subtract the nupaber in the upper pile which it wnttt- 
ing at the top, both computed by the rule for their proper 
form; and tlie remainder will be the number in the frustum, 
or incomplete pile. ^ 

£xam. 1. To Bnd the number of shot in the incomplete 
triangular pile, one side of the bottom course being 40, and 
the top course 20? Ans. 10150. 

Exam. 2. How many shot are in the incomplete triangular 
pile, the side of the base being 24, and of the top 8 ? 

Ans. 2516. 

Exam. S. How many balls are in^the incomplete square 
pile, the side of the base being 24, and of the top 8 ? 

Ans. 4760. 

Exam. 4. How many shot are in the incomplete rectan- 

f rular pile, of 12 courses, the length and breadth of the base 
>eing 40 rind 20? Ans. 6146. 


OF DISTANCES BY THE VELOCITY OF 

SOUND. 

From various experiments recently made, with great care, 
by the present editor of this volume, it has been round that 
sound nies through the air uniformly at the rate of about 
1110 feet per secorKl, when the air is quiescent, and at a 
medium temperature. At the temperature of freezing, or a 
little below, the velocity is 1100 feet; at the temperature of 
75”, on Fahrenheit’s thermometer, the velocity is about 1120. 
The approximate velocity under different temperatures may 
be found, by adding to 1100, ha^afoot, for every degree, 
on Fahrenheit’s thermometer, above the freezing point. 
The mean velocity may be taken at 370 yards per second; 
or a mile in 4|- seconds. 

ricnce, multiplying any time employed by sound in 
moving, by 370, will give the corresponding space in yards. 
Or, dividing any space in yards by 370, will give the time 
which sound will occupy in passii^ uniforimy over that 
space. * 

If the wind blow briskly, as at the rate of from 20 to 60 
feet per second, in the direction in which the sound moves, 
the velocity of the sound will be proportionably augmented: 
if the direcdon of the wind is oppos^ to that of the sound, 
the difference of their velocides must be employed. 

JVd/e.—^The time for the passage of souua in tlie interval 
between seeing the flash of a gun, or lightning, and hearing 
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the report, may be observed by a watch, or a small jTendulum. 
‘Or, it may be observed by the l>eats of the pulse in the wri^, 
counting, on an average, about 70 to a minute for persons in 
moderate health, or pulsations to a mile; and more or 

less according to circumstances. 

^ * 

SxAii. 1. After observing a flash of lightning, it was IS 
seconds before the thunder was heard ; rctpiired the distance 
of the cloud from whence it came ? Ana. S-5S miles. 

£xam. % How long, after firing the Tower guns, may the 
report be heard at Sh<x>ter’s-Hill, supposing the distance to 
be 8 miles in a straight line } Ans. seconds. 

jExam. 3. After observing the firing of a large cannon at 
a distance, it was 7 seconds before the re|x>rt was heard; 
what was its distance.^ Ans. 1*47 mile. 

£xam. 4. Perceiving a man at a distance hewing down a 
tree with an axe, I remarked that 4 of my pulsations jmssed 
between seeing him strike and hearing the rejH)rt of the blow; 
what was the distance between us, allowing 70 pulses to a 
minute ? 

£xam. 5. How far off was the cU)ud tVom which thunder 
issued, whose ivp>rt was 5 pulsations after llu' flash of light¬ 
ning; counting 75 to a minute? 

Exjim. 6. If 1 sec the flash of a cannon, fired by a ship in 
distress at sea, and hear the report 33 seconds after, bow far 
is she off ? 


PRACTICAL EXERCISES IN MECHANICS, STA¬ 
TICS, HYDROSTATICS, SOUND. MOTION, 
GRAVITY, PROJECTILES, AND OTHER 
BRANCHES OF NATURAL PHILOSOPHY. 

Question 1. Required the weiglit of a east iron ball of 
3 inches diameter, siippasing the weight of a cubic iiieli of 
the metal to be 025811^ avoirdu|Ras. Ans. 3*CJ*7391b. 

Quest. ^ To determine the weight of a hollow spherical 
iron sbell, 5 inches in diameter, the thickness of the metal 
being one inch. Ans. 13*7Slb. 

Quest. 3. Being one day ordered to oljserve how far a 
battery of cannon was from me, I counted, by my watch, 17 
seoonos between tlie time of seeing the flash and nearing the 
report; what then was the distance ? - Ans. miici* 
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Q^£6T. 4. It is proposed to determine the prc^rtioiud 
quantities of matter in the earth and moon; the aensity of 
the former being to that of the latter, as 10 to 7, and their 
diameters as 7930 to 2160- Ans. as 71 to 1 nearly. 

Quest. 5. What difference is there, in point of weight, 
between a block of marble, containing 1 cubic foot and a 
half, and another of brass of the same dimensions ? 

• Ans. 4961b. 14oz. 

Quest. 6. In tlie walls of Balbeck in Turkey, the ancient 
Heliopolis, there are three stones laid end to end, now in 
f^ht, that measure in length 61 yards; one of which in par¬ 
ticular is 21 yards or 63 feet long, 12 feet thick, and 12 feet 
broad: now if this block be marble, what power would ba¬ 
lance it, so as to prepare it for moving? 

Ans. 683^^^ tons, the burden of an East-lndia ship. 

Quest. 7. The battering-ram of Vespasian weighed, sup¬ 
pose 10,000 pounds; and was moved, let us admit, with 
such a velocity, by strength of hand, as to pass through 20 
feet in one secoilli of time; and this was found sufficient to 
demolish the walls of Jerusalem. The question is, with what 
velocity a 32lb. ball must move, to do the same execution? 

Ans. 6250 feet. 

Quest. 8. 'Fhere are two bodies, of which the one con¬ 
tains 25 times the matter of the other, or is 25 times heavier: 
but the less moves with 1000 times the velocity of the 
greater; in what ]irupurtion then are the momenta, or forces, 
with which they move ? 

Ans. tlic less moves with a force 40 times greater. 

Quest. 9. A bsuly, weighing 201b. is impelled by such a 
force, as to send it tlu-ough lOt) feet in a second ; with what 
velocity then woultl a Ix^y of 8lb. w'eight move, if it were 
impelled by the same force ? Ans. 250 feet per second. 

Quest. \0. There are two bodies, the one of which weighs 
1001b. the other 60; but the less body is impelled by a force 
8 times greater than the other; the proportion of the velo¬ 
cities, with which these bodies move, is required ? 

Ans. the velocity of the greater to thiU, of tJie less, as 3 to 40. 

Quest. 11. There are two bodies, the greater contains 8 
times the quantity of matter in the less, and is moved with 
a force 48 times greater : the ratio of the velocities of these 
two bodies is required ? 

Ans. the greater is to the less, as 6 to 1. 

Quest. 12. There are two bodies, one erf’ which moves 
40 times swifter than the other; but the swifter body has 
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moved only one minute, whereas the other has been in.iQo- 
tion 2 hours: the ratio ol’ tlic spaces described by these two 
bodies is required ? 

A ns. the swifter is to the slow'er, as 1 to 

Quest. 15. Sup}x>sing one iKxly to move 30 times swifter 
than anotlier, as also the swilter to move 12 minutes, Uie 
other only 1: w'hat difTerence will there Ihj between the spaces 
described by them, supposing the last has lIl0^^d 5 feet? 

Ans. 1/95 feet. 

Quest. 14. There arc two botlios, the one of which has 
passed over 50 miles, the other only 5; and tlie first had 
mov^ witJi 5 times the celerity of the second; wdiat is the 
ratio of the times they have l)een in describing those spaces ? 

Ans. as 2 to 1. 

Quest. 15. What weight w’ill a man l>c able to raise, who 
presses witii the force of a hundred and a half, on the end 
of an equipoised handspike, 100 inches long, mcc'ting with 
a convenient prop exactly 7| inches from tlie lower end of 
themacliine? * Ans. 20721b. 

Quest. 16. A weight of 1 ‘ UIj. laid on the shoulder of a 
man, is no greater hnrdeii to him than its absolute w^eight, 
t>r 24 ounces: what difrcrenee will he Itvl between the said 
weight applied near hiscibow', at 12 inches from the shoulder, 
and in the palm of his hand, 28 inches from tlie same; and 
how much more must his muscles then draw, to siqqxirt it 
at riglit angles, that is, having liis arm stretched right out ? 

Ans. 2lib. avoirdu(x>is. 

Quest. 17. What weight hung on at 70 inches from the 
centre of motion of a steel-yard, w-ill balance a small gun of 
94: cwt. freely suspended at 2 inches distance from the said 
centre on the contrary sidc.^ Ans.S0|Ib. 

Quest. 18. It is proposed t<j divide the beam of a steel¬ 
yard, or to find tlie points of division w’hcre the weights ol* 
I, 2, 3, 4, Sec. lb. on the one side, will just balance a constant 
weight of 95ib. at the distance of 2 inches on the other side 
of tne fulcrum; the weight of the lieam being 101b. and its 
whole length 36 inches ? 

Ans. 30, 15, 10, 74, 6, 5, 4^, 3|, 3}^, 3, 2A, 

Quest. 19- Two men carrying a burden of 2001b. weight 
between-them, hung on a |xilc, the ends of which rest on 
their shoulders; how much of this load is borne by each 
man, the weight hanging 6 inches from the middle, and the 
whole length of the pole being 4 feet P 

Ans. 1251b. and 751b. 
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QossY. 20. If, in a pair of scales, a body weigh 90lb, in 
one scale, and only 40lb. in the other; required its true 
weight, and the proportion of the lengths of the two arms of 
the balance beam, on each side of the point of suspension ? 

Ans. the weight 601b. and the proportion 3 to 2. 

Quest. 21. To find the weight of a beam of timber, or 
other body, bjy means of a raaivs own weight, or any other 
weight. For instance, a piece of tapering timber, 24 feet 
long, being laid over a prop, or the edge of another beam, 
is found to balance itself when the prop is 13 feet from the 
less end; but removing the prop a foot nearer to the said 
end, it takes a man's weight of 2101b. standing on the less 
end, to hold it in equilibrium. Required the weight of tlie 
tree? Ans. 25201b. 

Quest. 22. If ab be a cane or walking-stick, 40 inches 
long, suspeniled by a string sd fastened to the middle point 
jj: now a body being hung on at e, 6 inches distance from d, 
is balanced by a weight of 21b. hung on at the larger end a ; 
but removing the body to f, one inch nearer to n, the 21b. 
weight on the other side is moved to g, witliin 8 inches of d, 
before the canc will rest in equilibrio. Required the weight 
of the body ? Ans. 241b. 

Quest. 23. If ab, bc lie two inclined planes, of the lengths 
of 80 and 40 inches, and moveable about the joint at u; 
what will bc the ratio of two weights p, h, in equilibrio on 
the planes, in all positions of them t and wliat will be tlie 
altitude bu of the angle b above the horizontal plane ao, 
when this is 50 inches lung ? 

Ans. uo = 24; and f to q as ad to bc, or as 3 to 4. 

Quest. 24. A lever, of 6 feet long, is fixed at right angles 
in a screw, whose threads arc one inch asunder, so that the 
lever turns just once round in raising or depressing the screw 
one inch. If then this lever be urged by a weight or force 
of 50lb. with what force will the screw press ? 

Ans. 226l9ilh. 

Quest. 25. If a man can draw a w'eight of 1501b. up the 
side of a perpendicular wall, of 20 feet high; what weight 
will he bc able to raise along a smooth plank of 30 feet lung, 
laid aslo^x! from the top of the wall ? Ans. 225ib. 

Quest. 26. If a force of 1501b. be applied on thg head of 
a rectangular wedge, its thickness being 2 inches, and tiic 
length of its side 12 inches; what weight will it raisfc or ba¬ 
lance perpendicular to its side ? Ans. 0001b. 

Quest. 27. Ifti round pillar of 30 feet diameter be raised 
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on a plane, inclinetl to the horizon in an an|fle of 75®, or the 
shaft inclining 15 degrees out of the per|)endicula^; whut 
length will it bear before it overset ? 

Ans. i30(2 -h v'3) or 111*9615 feet. 

Quest. 28. If the greatest angle at which a bank of na¬ 
tural earth will stand, be 45”; it is proposed to determine 
what thickness an upright wall of stone must be made 
throughout, just to sup|X>rt a bank of 12 feet high: the spe¬ 
cific gravity of the stone being to that of earth, as 5 to 4. 

Ans. v'J, or 4*29825 feet. 

Quest. 29- If the stone wall be made like a wc<lge, or 
having its upright section a triangle, tapering to a point at 
toj>, but its side next the bank of earth perpendicular to the 
horizon; what is its thickness at the bottotn, so as to support 
the same bank ? Ans. 12 or 5*SGf>56 icet. 

Quest. 30. Hut if the earth will only stand at an angle of 
30degrees to the horizontal line; it is re<]uired to detennine 
the thickness of wall in both the preceding eases ® 

Ans. the breadth of Uie re<.‘langle 12 or 5*36656*. 
hut the base of the triangular hank 12 or6‘*572(>7. 

Quest. 31. To find the thickness of an upright rectan¬ 
gular wall, necessary to supjKirt a body of water; the water 
being 10 feet deep, and the wall 12 feet high; also the spe¬ 
cific gravity of the wall to that of the water, as 11 to 7. 

Ans. 4*204374 leet. 

Quest. 32. To determine tlic thickness of the wall at the 
bottom, when the section (>f it is triangular, and the altitudcf. 
as before. Ans. 5*1492865 I'et't. 

Quest. 33. Supposing the distance of the earth from the 
sun to be 95 millions of miles; 1 would know at what distance 
from him another body must be placed, so as to receive light 
and heat quadruple to that of the earth. 

4 , Ans. at half the distance, or 47 [ millions. 

Quest. 34. The di.«tance between the earth and the sun 
being accounted 95 millions of miles, and between Jupiter 
and the sun 495 millions; the degree of light and heat re¬ 
ceived by Jupiter, compared with that of the earth, isrequired ? 

Ans. or nearly Vr of the earth's light and heat. 

Quest. 36. A certain body on the surface of the earth 
weighs a cwt., or 1121b.; the question is, whither this body 
must be carried, that it may weigh only lOlb. ? 

Ans. either at 3*346o serai-diameters, or of a 
semi-diameter, from the centre. 
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Quest. 30. If a body weigh 1 }x)und, or 10 ounces, on 
the surface of the eartli; what will its weight he at 50 miles 
above it, taking the earth’s diameter at 7930 miles ? 

Ans. 15 oz. 0^ dr. nearly. 

.Quest. 37. Whereabouts, in the line between the earth 
and moon, is their conniion centre of gravity; siip[K).sing the 
earth’s diameter to be 7930 miles, and the nioon''s 2100 ; also 
the density of the former to that of tlie latter, as 1)9 to 08, or 
as 10 to 7 nearly, and their mean distance 30 of the earth’s 
diameters ? 

Ans. at parts ol’a diameter from the earth’s centre, 
or yVa' parts of a diameter, or 04-8 miles below the 
surtace. 

Quest. 38. Whercalxnits, between the earth and moon, 
are their attractions equal to each other? Or where must 
aiiothcr bt>dy ho placed, so as to remain suspended in equi - 
librio, not being more attracted to the one than to tlic other, 
or having no tendency to fall either way ? Their dimensions 
being as in the last question. 

Ans. From the earth’s centre 20,?, ^of the earth’s 
From the moon’s centre 3 S diameters. 

Quest. 39. Suppose a stone dropped into an abyss should 
be stopped at the end of the 11th second after its delivery : 
what space would it have gone through ? Ans. 194:0^^- feet. 

Quest. 40. If a heavy body he observed to fall througli 
100 feet in the last second of time, from what height did it 
fall, and how long was it in motion ? 

Ans. time 3^^^ see. and height 209^-a-^Y 

Quest. 41. A stone being let fall into a well, it was ob¬ 
served that, after being dropped, it was ten seconds belbre 
the sound of the fall at the bottom reached the ear. What 
is the depth of the well ? Ans. 1270 feet nearly. 

Quest. 42. It is proposed to determine tlic length of a 
pendulum vibrating seconds, in the latitude of London, where 
a heavy body falls through 16Va second of 

time? Ans. 39‘11 inches. 

By experiment this length is found to be 39^ inches. 

Quest. 43. What is the length of a pendulum vibrating 
in 2 seconds; also in half a second, and in a quarter second ? 
Ans, the 2 second pendulum 156^^ 
the 4^ second pendulum 9j4 
the 4 second pendulum inches. 
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Quest. 44. What differcnct' will there lie in the num!>er 
of vihrations, made by a pendulum of 6 inches lon^^ and 
another of 12 inches lon^if, in an hour's time? An.s. 2(592f. 

Quest. 45. Observed that while a stone was descending, 
to measure the depth of a well, a string and plummet, that 
from the point of suspension, or the place where it was held, 
to the centre of oscillation, measured just IS inches, had 
made 8 vibrations, when the sound from the bottom re¬ 
turned. What was the depth of the well ? 

Alls. 412*01 feet. 

Quest. 40. If a ball \ihrale in the arch of a circle, 10 di*- 
grees on each side of the perpendicular; Or a hall roll down 
the lowest 10 degrees of the arch; required the velocity at 
the lowest point ? the radius of llie circle, or length of the 
pendulum, being 20 feet. Ans. 4*4213 feet per second. 

Quest. 47. If a ball descend down a smooth inclined 

{ >lane, whose length is 100 feet, and altitude 10 feel; how 
ong will it be in descending, and what will Ix^ the last 
velocity ? 

Alls, the veloc. 25*361 feet jxt hcc. and time 7*8852 sec. 

Quest. 48. If a cannon ball, of lib. weiglit, lx* fired 
against a pendulous block of wood, and, striking the centre of 
oscillation, cause it to vibrate an arc whose chord is 30 ii»chc.s; 
the radius of that arc, or distance iVom the axis to the Kiw'est 
point of the pendulum, lieing 118 inches, and the pendulum 
vibrating in small arcs 40 oscillations jkm* minute. Keciuired 
the velocity of the ball, and tlie veltK-ity of the centre of 
oscillation of the pendulum, at the lowest point of the arc; 
the whole weight of the {xnduhim being 5()0lb. 

Ans. veloc. ball 1956*6054 feet per sec. 
and veloc. cent, oscil. 3*9054 feet per sec. 

Quest. 49- How deep will a cube of oak sink in common 
water; each side of the cube lx*ing 1 foot, Spec.grav. = 925 ? 

Ans. llyV inches. 

Quest. 50. How deep will a globe of oak sink in water; 
the diameter being 1 foot ? An*!. 9*9807 inches. 

Quest. 51. If a cube of wootl, floating in common water, 
have three inches of it dry above the water, and itlohes 
dry when in sea-w’ater; it is proposed to determine the mag¬ 
nitude of the cube, and what sort of wix>d it is made of? 

Ans. the wood i.s oak, and each side 40 inche.s. 

Quest. 52. An irregular piece of lead ore weighs, in air 
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la ounces, but in water only 7; and another fragment weighs 
in air ounces, but in water only 9;* required their com¬ 
parative densities, or specific gravities ? 

Ans. as 145 to 132. 

Quest. 53. An irregular fragment of glass, in the scale, 
weighs 171 grains, and another of magnet 102 grains; but 
in water the first fetches up no more than 120 grains, and 
the other 79: what then will their sjxK:ific gravities turn out 
to be ? Ans. glass to magnet as 3933 to 5202, 

or nearly as 10 to 13. 

Quest. 54. Hiero, king of Sicily, ordered his jeweller to 
make him a crown, containing 63 ounces of gold. The 
workmen thought that substituting part silver was only a 
proper perquisite; which being suspected, Archimedes was 
appointed to examine it; who, on putting it into a vessel of 
water, fountl it raised the fluid 8’2245 cubic inches: and 
having discovered that the inch of gold more critically 
weighed 10’36 ounces, and that of silver but 5'85 ounces, he 
found by calculation what part of the king’s gold had been 
changed. And you are desired to repeat the process. 

Ans. 28*8 ounces. 

Quest. 55. Supposing the cubic inch of common glass 
weigh 1*4921 ounces troy, the same of sea-irater *59542, and 
of brandy *5368; then a seaman having a gallon of this 
liquor in a glass bottle, which w’eighs 3'84'lb. out of water, 
and, to conceal it from the oflicers of the customs, throws it 
overboard. It is ]iro]Tosc<l to determine, if it will sink, how 
much force will just buoy it up? Ans. 14*1496 ounces. 

Quest. 56. Another person has half an anker of brandy, 
of the same specific gravity as in the last question; the wood 
of the cask suppose measures of a cubic foot; it is proposed 
to assign what quantity of lead is just requisite to Keep the 
cask and liquor under water? Ans. 89*743 ounces. 

Quest. 57. Suppose, by measurement, it be found that a 
man-of-war, with its ordnance, rigging, and appointments, 
sinks so deep as to displace 50000 cubic feet of fresh water; 
what is the whole weight of the vessel ? Ans. 1395^0- tons. 

Quest. 58. It is required to determine what w'ould be tlie 
height of the atmosphere, if it were every where of the same 
‘density as at the surface of the earth, when the quicksilver 
in the barometer stands at ^ inches; and also, what would 
be the height of a water barometer at the .same time ? 

Ans. height of the air 28636.,^^ f'*-’**^* 5*4235 miles, 

height of water 35 feet. 
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Quest. 59. With what velocity would eacli ctS those 
three fluids, viz. quicksilver, water, and air, issue throu^ 
a small oriflee in the bottom of vessels, of the respective 
heights of 80 inches, 35 feet, and 5*52^ miles, estimating 
the pressure by the whole altitudes, and the air rushing 
into a vacuum ? 

Ans. the veloc. of quicksilver 12*681 feet, 
the veloc. of water - 47*447 
the veloc. of air - 1369*8 

Quest. 60. A very large vessel of 10 feet high (no mat¬ 
ter what shape) l>ciiig kept constantly full of waten*, hy a 
large supplying cock at the top; if 9 small circular holes, 
each -J- of an inch diameter, be o|>cned in its fierjK'iidicular 
side at every foot of the depth : it is required to determine 
the several distance.^ to which tliey will sfxmt on the hori¬ 
zontal plane of the base, and the quantity of water discliargcd 
by all of them in 10 minutes? 

Ans. the distances are 
^/3C or 6*00000 
y64 - 8*00000 
v/84 - 9 l(w315 
V 96 - 9*79796 
^/100 - 10*00000 
V96 - 9*79796 
^/84 - 9*16515 
x/64 - S OOtXM) 

-v/36 - 6*00000 

and the quantity discharged in 10 min. 123'8840 gallons. 

iVo^c. In this solution, the velocity of the water is sup¬ 
posed to be etjual to that which is acquired by a heavy body 
in falling througli the whole hciglit of the water above the 
orifice, and that it is the same in every pai*t of the holes. 

Quest. 61. If the inner axis of a hollow globe of copper, 
exhausted of air, be 100 feet; what tliickness must it of, 
that it may just float in the air ? 

Ans. *02688 of an inch thick. 

Quest. 62. If a spherical balloon of copper, of-y^Ts- of an 
inch thick, have jis cavity of 100 feet diameter, and be filled 
with inflammable air, ot gravity of common air,- 

what weight wfifjust balance it, and prevent it from rising 
up into the atmosphere ? Ans. 212731b. 

• .Quest. 63. If a glass tube, 36 inches long, close at top, 
be sunk perpendicularly into water, till its lower or open 
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end be 60 inches betow the surface of the water» how liigh 
will the water rise within the tube, the quicksilver in the 
common barometer at the same time standing at inches f 

Ans. S'26545 inches. 

Quest. 64. If a diving bell, of the form of a parabolic 
conoid, be let down into the sea to the several depths of 
5, 10, 15, and 20 fathoms; it is required to assign the re¬ 
spective heights to which the water will rise within it: its 
axis and the diameter of its base being each 8 feet, and the 
quicksilver in the l>arometer standing at 80-9 inches f 

Ans. at 5 fathoms deep the water rises 2'08546 feet, 
at 10 - - - 306396 

at 15 - - - 3 70267 

at 20 - - - 4-14658 


THE DOCTRINE OF FLUXIONS. 

DEFINITIONS AND PIUXCIPEES. 

Art. 1. In the Doctrine of Fluxions, magnitudes or quan¬ 
tities of all kinds arc considered, not as made up of a number 
of small parts, but as generated by continued motion, by 
means of which they increase or decrease. As, a line by 
the motion of a point; a surface by the motion of a line; 
and a solid by the motion of a surface. So likewise, time 
may be considered as represented by a line, increasing uni¬ 
formly by the motion of a jioint. And quantities of all 
kinds whatever, which are capable of increase and decrease, 
may in like manner l>e represented by geometrical magni¬ 
tudes, conceived to be generated by motion. Indeed, not¬ 
withstanding all that has been advanced to the contrary, this 
seems the most natural, as well as the simplest, way of con¬ 
ducting the higher investigations; since it is impossible to 
conceive a geometrical magnitude to l>e hrt)Ught into exist¬ 
ence, or to change its magnitude, figure, or place, without 
motion. 

2- Any quantity thus generated, and variable, is called a 
Fluent, or a Flowing Quantity. And the rate or proportioii 
according to which any flowing (juantity increases, at any 
position or infant, is the Fluxitm of'the said quantity, at that 
iKisition or instant: and it i.s proportional to the inagnitiuK* 
by which the flowing quantity would lx* uniformly increased 
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in a givon ttmej with the generating celerity uniformly con* 
tinuetl during that time. 

3. I'he small quantities that are actually generated, pro¬ 
duced, or describe, in any small given time, and by any 
continued motion, citlier uniform or variable, are called In¬ 
crements. 

4. Hence, if the motion of increase be uniform, by which 
increments arc generat€?tl, tlie increments will in that case be 
pro^rtional, or equal, to the measures of the fluxions: but 
if the motion of increase be accelerated, the increment so 
generated, in a given finite time, will exceed the fluxion: 
and if it lie a decreasing motion, the inerernent, so generated, 
will be less than the fluxion, llui if the time be indefinitely 
small, so tliat tlie motion be considered as uniform for that 


instant; then these nascent increments will always lx? pro¬ 
portional, or ccpial, to the fluxions, and may be substituted 
instead of them, in anv calculation. 

5. To illustrate these definitions: Suji- 

jK>se a point m be conceived to move from _ m 

tlie position a, and to generate a lino ap, a P 

by a motion any how' regulated; and suj>- 
pose the celerity of the point m, at any 
position r, to be such as would, if from thence it should 
become or continue uniform, be sufficient to cause the jxiint 
to describe, or pass uniformly over, the distance pj), in the 
given time allowed for the fluxion : then will the said line pp 
represent the fluxion of the fluent, or flowing line, av, at that 
position. 

6. Aga^n, suppose the right 
line mn to move from the posi¬ 
tion AB, continually parallel to 
itself, with any continued motion, 
so as to gtmcraie the fluent or 
flowing rectangle abqp, w’hile the 
point m describes the line ap : also, let the distance pp be 
taken, as before, to express the fluxion of the line or base 
AP; and complete the rectangle Vdqp. Then, like as pj? is 
the fluxion of the line ap, so is pg the fluxion of the flowing 
parallelogram A<i; lioth these fluxions, or increments, being 
uniformly described in the same time. 

7. In like manner, if the solid e R. f 



A EBP lie conceived to be gene¬ 
rates! by the plane i>qr, moving 
from the position abf., always 
parallel to itself, along the line 
M>; and if vp denote the fluxion 
>f the line ap ; Then, like as the 
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rectangle or pq x pp, denotes the Huxion of the flowing 
rectangle abqp, so also shall the fluxion of the variable 
solid, or prism abbrqp, be denoted by the prism VQ.nrqpt or 
the plane I'n x 17 ?. And, in both these last two cases, it 
appears that the fluxion of the generated rectangle, or prism, 
is equal to the product of the generating line, or plane, drawn 
into the fluxion of the line along which it moves. 

8 . Hitherto the generating line, or plane, has been con¬ 
sidered as of a constant and invariable magnitude; in which 
case the fluent, or cjunntity generated, is a rectangle, or a 
prism, the former being described by the motion of a line, 
and the latter by the motion of ii plane. So, in like manner, 
are (jther figures, w'hether plane or solid, conceived to be de¬ 
scribed by the motion of a Variable Magnitude, whether it 
be a line or a plane. Thus, let a variable line ra be carried 
by a parallel motion along ap; or w hile a point p is carried 
along, and describes the line ap, suppose another point 



<4 to be carried by a motion t^)erpendicular to the former, 
and to describe the line pq,; let pq be another fX)sition of 
PQ, indefinitely near to the former; and draw or parallel t» 
AP. Now in this case there are several fluents, or flowing 
quantities, with their rcsf)ective fluxions; namely, the line 
or fluent ap, the fluxion of which is rp or Qr; the line or 
fluent PQ, the fluxion of which is rqi the curve or oblique 
line AQ, described by the oblique motion of the point q, the 
fluxion of which is 09 ; and lastly, the surface apq, described 
by the variable line pq, the fluxjon of which is the rectangle 
porp, or PQ X pp. In the same manner may any solid be 
conceived to be described, by the motion of a variable jilane 
parallel to itself, substituting the variable plane lor the 
variable line; in which case the fluxion of the solid, at any 
position, is represented by the variable plane, at that po¬ 
sition, drawn into the fluxion of the line along which it is 
carried. 

9. Hence then it follows in general, that the fluxion of 
any figure, whether plane or solid, at any position, is eqii.nl 
to the section of it, al that position, drawn into the fluxion 
of the axis, or line* along which the variable section is sup- 
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posed to be perpendicularly carried; that is, the fluxion erf* 
the figure aqp, is equal to the plane Pa x Tp, when that 
figure is a solid, or to the ordinate pq x pj 9, when the figure 
is a surface. 

10. It also follows from the same premises, that in any 
curve, or oblitpie line aq, whose absciss is at, and ordinate 
is PQ, the fluxions of these three form a small right-angled 
plane triangle ayr; for or = vp is the fluxion of the absciss 
Ajp, qr the fluxion of the ordinate i‘q, and ay the fluxion of 
the curve or right lino aq. And consequently that, in any 
curve, the square of the fluxion of the curve, is equal to the 
sum of the squares of the fluxions of the absciss and ordinate, 
when these two are at right angles to each other. 

11. From the premises it also appears, that contem|x)ra- 

nebus fluents, or quantities that now or increase together, 
which are always in a constant ratio to each other, have their 
fluxions also in the same constant ratio, at every fKisitiun. 
For, let AP and bq he two contempo¬ 
raneous fluents, described in the same __ 

time by the motion of the points p p ‘ 

and Q, the contemporaneous positions ^ __ 

being p, a, and p, q ; and let ap be to p q * ' ‘ ’ 

bq, or Kp to By, constantly in the ra- ^ 

tio of 1 to n. 

Then - - - isnxAP = bq, 

and ti X Ap = By; 
therefore, by subtraction, n x = Qy; 
that is, the fluxion - pp : fluxion ay :: 1 : n, 
the same as the fluent ap : fluent bq :: 1 : n, 
or, the fluxions and fluents are in the same constant ratio. 

But if the ratio of the fluents be variable, so will that of 
the fluxions be also, fliough not in the saine variable ratio 
with the former, at every poution. 

KOTATION, &c. 

12. To apply the forgoing principles to the determination 
of the fluxions of al^braic Quantities, by means of which 
those of all other kinmt are assigned, it will be necessary first 
to premise the notation commonly used in this science, with 
some observations. As, flr^ that the final letters of the 
alphabet y, ar, a. See. are used to denote variable or flow, 
ing quantities; and the iniual letters, a, b, c, &C. to denote 
constant or invariable ones: Thus, the variable baso ap of 
the flowing rectangular figure abqp, in art. 6, may be repre- 
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sentcd by x ; and the invariable altitude Pa, by a: ako, the 
variable case or absciss ap» of Uie figures in art. 8, may be 
represented by x, the variable ordinate pq, by y ; and the 
variable curve or line aq, by z. 

Secondly, that the fluxion of a quantity denoted by a 
single letter, is usually represented by the same letter with a 
point over it: Thus, the fluxion of x is expressed by x, the 
fluxion of ?/by jr, and‘ the fluxion of z by k. Sonictinics, 
however, the fluxion of a variable quantity, especially if it 
be a conipound one, is denoted by the Greelc character <p be¬ 
fore it. Thus, the fluxion of xy may be denoted by <p(xy) \ 
the fluxion of xyz by f As to the fluxions of constant 

or invariable quantities, as of «, 3, c, &c. they arc equal to 
nothing, because they do not flow or change their magni¬ 
tude. 

Thirdly, that the increments of variable or flowing quan¬ 
tities, are also denoted by the same letters with a small ' over 
them: Thus, the increments of or, y, z, are ad, ij, s'. 

13. From these notations, and the foregoing principles, 
the <[uantities, and their fluxions, there considered, will be 
denoted as below. Thus, in all the foregoing figures, jiut 

the variaWc or flowing line - - ap = x, 

in art. 6, the c<>nstaut line - - ra = O, 

in art. 8, the variable ordinate - pu = ^, 
alst), the variable line or curve - au = z ; 

Then shall the several fluxions be thus represented, namely, 
X = vp the fluxion of the line ap, 
ax = VQ.qp the fluxion of abqp in art. 6, 
yx = vorp the fluxion of APa in art- 8, 
i aq = + y^) the fluxkin of aq ; and 

ax ss Fr the fluxion of the solid in art. 1, if a denote 
the constant generating plane pqr ; also 
nx = BQ, in the figure to art. 11, and 
fix = Qq tlie fluxion of the same. 

14. The principles and notation being now laid down, we 
may proceed to the practice and rules of this doctrine; which 
consist of two principal parts, called the Direct and Inverse 
Method of Fluxions; namely, the direct Method, which 
consists in finding the fluxion of any proposed fluent or 
flowing quantity; and the inverse metnoa, which consists in 
finding tl^ fluent any prqgpsed fluxion. As to the former 
of these two problems, it can always be determined, and that 
hi finite algebraic terms ; but the latter, or finding of fluents, 
can only be effected in some certain cases, except by means 
of infinite series.-^-First then, of 
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THE DIRECT METHOD OF FLUXIONS. 

Tfyjind ^ Fhunon ^ Prtiduct or Meetanffle qf^two 

Variahle Qitantiiiejt, 

15. Let ARQp = 4^, lie the flowing 
ot variable rectangle, generated by two 
lines pa and rq, moving alway«> per¬ 
pendicular to each other, from the po¬ 
sitions AR and AP; denoliiig the one by 
.r, and the other by ^; supposing x and * 
y to be so related, that tne curve line 
AQ may always pass thi\>ugh the intersection a of those lines^ 
or the opposite angle of the rectangle. 

Ndw, the rectangle consists ol' tlie two trilinear 8|Mices 
APa, AHQ, of which, the 

fluxion of the former is pq x p/>, or 
that of the latter is - na x ar, or xy, by art. 8; 
therefore the sum of the two iry xy, is the fluxion of the 
whole rectangle jy or arup. 

Phe Same OOtcrwise, 

16. Let the sides of the rectangle x and by flowing, 
become x -K x* and y + y: then tlie product of these tw'o, 
or xy + ay + yx' 4* x'y will be the new or oontemporancous 
value of the flowing rectangle pit or xy: subtract the one 
value from the other, and the remainder, 4- ya? 4“ 
will be the increment generated in the same time a.s x' ory; 
of which the last terra x'y' is nothing, or indeiiniteiy small, 
in respect of the otlier two terms, because x' and y are in¬ 
definitely small in respect of x and y; which term being 
therefore omitted, there remains xy + ysi for the value 
the increment; and hence, by substituting x and y for af and 
y, to which they are proportional, there arises aj -k- yx for 
the true value of the fluxion of xy ; the same as before. ' 

17. Hence may be easily derived the fluxion of the 
powers and products of any number of flowing or variable 
quantiti€^s whatever; as of xyx, or Mxyx, or vuxyz^ &e. And 
first, for the fluxion of ayz : put p — xy, and the whole 

' given fluent xyz = or y = xyz — pz. Then, taking the 

fluxions of g’ = jpz, by the lasiMlarticle, they are y == yiR -f- 
pi; but p = xy, and soy — xy x} hy the same article; 
substituting therefore these values of p and p instead of 
them, in the value of y, this becomes q ^^'‘xyz 4- J?/* i 
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tho fluxion of xye required; which is therefore equal to the 
sum of the products, iirom the fluxknl of eac^ letter, 

or quantity, multiplied by the product of the other two. 

Again, to determine me fluxion of uxyz^ the conlinual 
product of four variable quantities; put this product, namely, 
02 ^ 2 , or qu, — r, where q = xyx as above. ‘Then, taking 

the fluxions by the last article, r ■= qu qu\ which, by 
substituting for q and q their values as abeyve, becomes - - 

r =r nxi/x -Y- uxyz -f- uxyz -f- uxyxj the fluxion of uxyz as 
required : consisting of the fluxion of each quantity, drawn 
into the products of the other three. 

In the very same manner it is found, that the fluxion of 
vuxyz is vu4tyz + vuxyz + xnixyz 4- vuxyz + vuxyi, ; and 
so on, for any number of quantities whatever; in which it is 
always found, that there are as many terms as there are va¬ 
riable quantities in the proposed fluent; and that these terms 
consist of tiie fluxion of each variable quantity, multiplied 
by the product of all the rest of the quantities. 

18. Hence is easily derived the fluxion of any power of 
a variable quantity, as of or x’, or x"*, &c. For, in the 
product or rectangle xy, if x = ^, then is xy = xx or x®, 
and also its fluxion xy -{■ xy — xx + xk or 2xx, the fluxion 
of x”. 

Again, if all the three x, 3 /, z be equal; then is the product 
of tlie three xyz = x^ ; and consequently, its fluxion xyz - 1 - 
xyz + xyx = jrxx 4- xxx 4 - xxx or 3x*x, the fluxion of x*. 

In the same manner, it will appear that 
the fluxion of x* is = 4x*i:, and 
the fluxion of x^ is = 5x*x, and, in general, 
the fluxion of x" is = nx^^x ; 
where n is any positive wliole number whatever. 

That is, the fluxion of any positive integral power, is equal 
to the fluxion of the root (x), multipli^ by the exponent 
of the power (n), and by the power of the same root whose 
index is less by 1, (x”~*) 


** In the text, the fluxion of the product of two, three, or 
more, variable quantities is found, and thence, by supposing 
them to become equal, the fluxions of the square, cube, &c. of 
a variable quantity, arc inferred. Sometimes, the investigation 
commences with the fluxio#of a square, and proceeds thence 
to that of a rectangle. 

Let X—j and x be two states of the same line generated by 
an equable motion : then, while the line x — s by flowing equably 
becomes x, its sqbare (x—r)” will become x*. I'bat is, while 
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And thu*^ the fluxltm of a ca: being 
that of (a 4* c-c)* is x (a 4* cx) or ^ac)¥ + 
that of {a 4 cx*Y is 4cxx x (a 4 car*) or 4ntcxx 4 
that of (ar® + is (4rjf 4 X 4 y®) 
that o£i^ + is (3* + C^) x (a? -f- 

19* From * the conclusions in Uie same article, a'c ma;y 
also derive the fluxion of any fraction, or the quotient of one 
variable quantity divided by another, as of 

X . . X 

For, put the quotient or fraction — = y; then multiply¬ 
ing by the denominator, x = gf/; and, taking the fluxions, 
jr e= 4 gy^ OT gj/ — x — g} ; and, by division, 

^ =s ^^ ~ substituting the value of g, or ~ ), 
— — ^ the fluxion of —, as required. 

y 5^ J'V . y. 

That is, the fluxion of any fraction, is equal to the fluxion 
of the numerator drawn into the denominator, minus the 
fluxion of the denominator drawn into the numerator, and 
the remainder divided by the square of the denominator. 


the space Jt is described equably by the flowing Hoc, tlio space 
—«)*^2sx— 4 * will be described by theflow'ing square of 
that line, and this latter h the space which tcould have been ge¬ 
nerated in the same time by a certain magnitude (whether as¬ 
signable or not) moving uniformly. Hence, the fluxion of the 
flowing magnitude (x—s), is to the fluxion of the flowing mag¬ 
nitude (a* — s)*, as s to 2*r — 3 ®, or as 1 to 2jr — s: and as this 
must obtain in all possible values of .r—3, it must obtain in the 
ultimate state, when (j*— s) by flowing, becomes x; and then, 
a vanishing, the ratio becomes 1 to 2a’. That is, the ratio of the 
flicdoBS X and z® ia that of 1 to 2dr. Consequently, if or de¬ 
note the fluxion ofz, then will 2 jcx denote the fluxion of or*. 

The fluxion of the square of a quantity being thus found, that 
of any product is easily assigned. Thus, to determine the fluxion 
of the product oi 

Put 4 ? 4 y = s; then (p(a> 4 y) = a* 4 y = s, 
also, JT® 4 2x^ 4 ^ = ** 3 *2.xy =5 «« — o'* — 

and = is* — 4 ^ — "iy®* 
by the above f (ay) =s ss — xx — yy, 

ss 3(x 4 y) ~ — yy, 

= (* + y) (■» + y)— — yy» 

= 4rz 4 4 yz 4 yy — a-z — yy, 

= jy 4 y«» 

agreeing wflfli the result in art. 15. 
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So that the nuxion of — is a x —;:— or —^~x -. 

y . ^ y 

20. Hence too is easily derived the fluxion of any negative 

integer power of a variable quantity, as of or -tj-, which 

is the same thing. For here the numerator of the fraction 
is 1, whose fluxion is nothing; and therefore, by the last 
article, the fluxion of such a fraction, or negative power, 
is barely equal to minus the fluxion of the denominator, 
divided by the square of tlie said denominator. That is, the 

1 . na^~*4r 


fluxion of x'~", or — is — _ 


or — 


nx 

Zn+7 


or — nar^~~'x ; 


or the fluxion of any negative integer power of a variable 
quantity, as a:~", is equal to the fluxion of the root, multiplied 
by the exponent of the }wwer, and by the next power less 
by ] ; the same rule as for positive powers. 

The same thing is otherwise obtained thus: Put the 

proposed fraction, or quotient -„ = y; then is qx*" = 1; 


CB 


and, taking the fluxions, we have 

qoT + qnx”^*x = 0; hence qx'* = — q7iaf*~'x ; divide by 
then.^ = ~ = (by substituting for g), 




or = 




the same as before. 


Hence the fluxion of x'~^ or 
that of 


a?“* or 


X 

1 


is — x~*x, or 


X 

^x 


^ is - 2x'-^x or - 


that of 
that of 
that of 

that of (a + x)~^ or 
that of c (a + 3ar")~* or 


or 




is — 




a* 

-4 " • A -5 ‘ 

ax ^ or 18 — 4sax or — , 


or 


X 


la — 


nx 

rtt+l » 


1 


a+x 

c 


is — (a-j-x)^*x or — 


(a+Sx*)® 

or — 


(a-par)’** 

is — I2cxx X (a+3^)' 
12cxjb 


k—a 


(a + Sx*)"* 



soo 
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21. Much in the same manner is obtained the fluxion of 

* m 

any fractional power of a fluent quantity, as of ar", or 


For, put the proposed quantity a;* s 

side to the n power, gives a** = g”; 

taking the fluxions, ^ves mx'^'x = 

, . * 7na^~'x m !!! 

by gives q = 


‘nq”~ 


n ^ 


q ; then, raiung each 

n^^'q\ then dividing 
—1 

X. 


Which is still the same rule, as before, for finding the fluxion 
of any power of a fluent quantity, and which therefore is ge¬ 
neral, whether the exponent l>e positive or negative, integral 


or fractional. And hence the fluxion of a.t:* is 4aa:*jir; 

i I * I ClX Ox 

that of \s^tix^'‘^x==iiiar‘'^x = —; = ^— 


; and that of 


v''(a“—*“)or(a*—a:^)^is4(a® —X®) —2xx= 


— .rx 


y/ (o® — a?*) 


22. Having now found out the fluxions of all the ordinary 
forms of algebraical quantities; it remains to determine those 
of logarithmic expressions; and also of cx^xinential t>nes, 
that is, such powers as have their exponents variable or flow¬ 
ing quantities. And first, for the fluxion of Napier’s, or the 
hyberbolic logarithm. 


23. Now, to determine this from 
the nature of the hyperbolic spaces. 

Let A be tlie principal vertex of an 
hyperbola, liaving its asymptotes en, 

CP, with the ordinates da, da, pq, 

&c. parallel to them. Tlien, from 
the nature of the hyperbola and of 
logarithms, it is known, that any space abpq is the log. of 
the ratio of cn to cp, to the mociulus abcd. Now, put 
1 = CB or BA the side of the stjuare or rhombus db ; 
m — the modulus, or cb x ba x sin. r; or area of db, or 
sine of the angle c to the radius 1; also the absciss cp = x, 
and the ordinate pq = y. Then, by the nature of the hyper¬ 
bola, CP X pa is always equal to db, that is, xy — m\ hence 


/ f 



y = and the fluxion of the space, xy is ~ = vwip 


the 'fluxion of the log. of to the modulus m. And, in 
the byperlxilic logarimms, the modulus m being 1, there- 
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jp 

fore — is the fluxion of the hyp. log. of x; which is tliere- 

*3C 

fore equal to the fluxion of the quantity, divided by the 
quantity itself. 

Hence the fluxion of the hyp. log. 

of 1 — is z — 

1 — X* 


of a; + z is 


x + x 

jt’-f 


.a + x . jir(rt — .r)4-A:(a 4-A') a — x 
of- IS - z - r - X 

a—x {a—xy a-hx 

. nax’‘~^x fix 

or ax" IS -i— =3 —. 

ax X 



2‘it. By means of the fluxions of logarithms, arc usually 
determined those of ex[x>ncntial quantities, that is, quan¬ 
tities which have their cxjK)nent a flowing or variable letter. 
These exponentials are of two kinds, nameJy, when the root 
is a constant quantity, as f", and when the root is variable as 
well as the exponent, as y*. 

In the first case, put the exponential, whose fluxion 
is to be found, equal to a single variable quantity z, namelvi 
z = (f; then take the logarithm of eacli, so shall log. 2 ;=.rx 

jig 

log. Cl take the fluxions of these, so shall — = x x log. e, 

S! 

by the last article ,• hence x. = zx x log. e = jc^x x log. e, 
which is the fluxioji K)t'the proposed quantity ^ or *; and 
which therefore is equal to the said given quantity drawn into 
the fluxion of the exponent, and into the log. of the root. 

Hence also, the fluxion of (a + c)’*' is (a + c)"* x nx x 
log. (a + c). 

26. In like manner, in the second case, put the given 
quantity y'^—zi then the logarithms give log. z = x x log.^, 

« y 

and the fluxions give — =■ x - log. y + x • — ; hence 

z ■ y 

z = zx • log. y 4- = (by substituting y’ for z')y‘x • 

log. y 4“ xv*~ly, which is the fluxion of the proposed quan¬ 
tity y '; and which therefore consists of two terms, of which 
the one is the fUixion of the given quantity considering the 
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son 

expEMMot 9» ecmitant, and the ocher the fluxion of the nme 
quantity considering the root as cxinstant. 

27. The fluxions of the usual trigonometrical quantities, 
sin. X, cos. z, &c. are easily found by blending these prin- 
cmles with the analytical formulae at pa. 18, of this volume. 
We assume the proportionality of tlie increments, and of 
their contemporaneous fluxions, and proceed thus: 

To find p sin. x, we sujiuose that by a motion of one of 
the legs including the angle, it becomes x s' or x k. 
Then <p sin. x = sin. (z + «) — sin. s. But by equa. 9, 
p. 18, we have ^ 

sin. {;s -f- ift} =3 sin. z • cos. k 4- sin. h cos. z. 

But the sine of an arc indefinitely small does not differ sensi¬ 
bly from that arc itself, nor its cosine differ perceptibly from 
radius; hence we have sin. a: = i, and oos. 2 = 1; and 
therefore sin. (2 + k) = sin. z -f ^ coa. x; whence sin. 
(z «) —sin. Xf or ^(sin. = i cos. x, viz. the fluxion of the 
sine of an arc whose radius is unity, is equal to the product 
of the fluxion of the arc into the cosine of the same arc. 

S8. In like manner, the fluxion of cos. 2 , or cos. (2 -f- *) 

— cos. X s= cos. .r cos. K — sin. 2 sin. £ — cos. 2 , or since 
cos. (2 -h «) = cos. z cos. A — sin. 2 sin. «; therefore, be¬ 
cause sin. A = Zy and cos. * = 1, we have 0 cos. x =s cos. 2 

— A sin. « — cos. s = — £ sin. z, that is, the fluxion of the 
corinc of an arc, radius being 1, is found by multiplying the 
fluxion of the arc (taken witn a contrary sign) by the sine of 
the same arc. 

29 . By means of these two formulae, many other fluxional 
expressions may be found, viz. 

cos. mz = — mx sin. mz. 
sin. mz =2 4- »*» cos. mz. 

A 

* e tan. 2 = - — = A scc.* 2 . 

cos .-2 


cotan, 2 


<p sec. 2 


Ip cosec. 2 
V sin.”'2 

p COS.^2 


A 

— — B cosec,' 2 . 

sin. ^2 

A sin. z A tan. 2 
“* cos.-2 ~ cos. 2 

2 cos. 2 A col. * 
^ sin.*2 sin. ^ 

— m sin.”■“'2 i cos. 2. 

= — m cos."*”’2 * hin. 2.« 
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30. Hcncc, by the way, will flow this iiaeful practical con¬ 
clusion, that if be any arc, then 


K = 


^ Sin. z 
cos. z 


■ <P cos. z 
sin. z 


= co8.2jsr p tan. z. 


o tan. s . ^ — (5 cot, z 

— r-- = — <p cot. z sin.^a = -—;-^ . 

1 + tan,*« ^ 1 + cot.®* 


OF SECOND, THIRD, &c. FLUXIONS. 


Having explained the manner of considering and deter¬ 
mining the first fluxions of flowing or variable quantities; it 
remains now to consider those of the higher orders, as second, 
third, fourth, &c. fluxions. 

31. If the rate or celerity with which any flowing quan¬ 
tity changes its magnitude be constant, or the same at every 

g >sition ; then is the fluxion of it also constantly the same. 

ut if the variation of magnitude be continually changing, 
either increasing or decreasing; then will there be a certain 
degree of fluxion peculiar to every point or position; and 
the rate of variation or change in the fluxion, is called the 
Fluxion of the Fluxion, or the Second Fluxion of the given 
fluent quantity. In like manner, the variation or fluxion of 
this second fluxion, is called the Third Fluxion of the first 
proposed fluent quantity; and so on. 

These orders of fluxions are denoted by the same fluent 
letter with the corresponding number of points over it: 
namely, two points for the second fluxion, three points for 
the third fluxion, four points for the fourth fluxion, and so 
So, the different orders of the fluxion of jr, arc x, Jf, Jr-, 


on. 


&c.; where each is the fluxion of the one next before it. 


3i2. This description of the higher orders of fluxions may 
be illustrated by tlic figures exhibited in art. 8, where, if x 
denote the absciss ap, and ?/ the ordinate PU; and if the or¬ 
dinate PQ or y flow along the absciss ap or a:, w ith a uniform 
motion; then the fluxion of a*, namely, * = pp or <ir, is a 
constant quantity, or x = 0, in all the figures. Also, in 
fig. 1, in which aq is a right line, y = rgr, or the fluxion of 
pQ, is a constant quantity, or j = 0; for the angle a, = the 
angle a, being constant, ar is to ry, or x to in a constant 
ratio. But in the 2d fig. rq^ or the fluxion of p<i, continually 
increases more and more; and in fig. 3 it continually de¬ 
creases more and more, and therefore in both these cases y 
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has a second fluxion, being positive in flg. fl, but n^^tive iu 
fig. 8. And so on, for the other orders of fluxions. 

^hus if, for instance, the nature of the curve be such, 
that ir* is every where equal to ; then, taking the fluxions, 
it is = 8i*jr; and, considering x always os a constant 
Quantity, and taking always the. nuxions, the ^uations of 
the several orders of fluxions will be as below, viz. 

the 1st fluxions o®; s= Saf'x, 
the 2d fluxions o®> = flarx’, 
the Sd fluxions a-J = 6i^, 
the 4th fluxions a^jl = 0, 

and all the higher fluxions also ss 0, or nothing. 


Also the higher orders of fluxions are found iu Lite same 
manner as thelower ones. Thus, 
the first fluxion of ^ is - - - ; 

its 2d flux, or the flux, of 8yV» co)^** 1 

sidered as the rectangle of + 

and i, is - - - - } 

and the flux, of this again, or tlie 3d 1 o c - *“ 4- fi'* 

flux, ofis - - - j 2^'y jyy y • 


33. If the function proposed were o.r", we should find 

^ ax* = jr; the factors n, n, and x iMjing regarded as 

ccMiBtant in the first fluxion najp**"* x, to obtain the second 
fluxion.it will suflice to make flow, and to niultiply the 
result by nax ; but ^ a*”* = (n — 1) ; w-e have, there¬ 

fore, 

2nd ^ aa^ = «(?* — !) ux''~^ xP. 

3rd ^ ox" S5: n (« — 1) (» — 2) ax""* jr\ 

4th <p ax* = « (n — 1) (n — 2) (fi — 3) ax"~* 

&c. = &C. 

mth <p ax* = n {n 1) (n — 2) .... (n ~ to + 1) 

X*, 

TO being supposed not to exceed n, for it is manifest that in 
the case oi n being integral, the function ax* has only a 
limited nuffiber of fluxions, of which the most elevated is the 
rrtb, and which of course is expressed by the formula, 
nth ^ ax* = n (n — 1) {« — 2) .... 3.2.1 . ax" 

in which state it admits no longer of being put into fluxions, 
as it contains no variable quantity, or, in other word.s, its 
fluxion is equal to zero. 

34. In the foregoing articles, it has been supposed that 
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the fluents increase, or that their fluxions are positive; but 
it often havens that some fluents decrease, and that there-' 
fore their fluxions are negative: and whenever this is the 
case, the sign of the fluxion must be changed, or made con¬ 
trary to that of the fluent. So, of the rectangle xy, when 
both X and y increase together, the fluxion is xy + ; but 

if one of them, as y, decrease, while the other, x, increases; 
then, the fluxion of y being the fluxion of xy will 

in that case he xy — xy. This may 
be illustrated by the annexed rectangle 
ArQA -= xy, supposed to be generated 
by the motion of the line pq from a to- 
wrfl’ds c, and by the motion of the line 
Kci from B towards a : For, by the nio- 
tion of Pa, from a towards c, the rect¬ 
angle is increased, and its fluxion is + 
xy\ but, by tlie motion t>f rq, from b 
towards a, the rectangle is decreased, 
and the fluxion of the decrease is xy', therefore, taking the 
flu\ion of the decrease from that of the increase, the fluxion 
of the rectangle xy, when x increases and y decreases, is 
xy - a;j 

35. We may now collect the principal rules, w'hich have 
l)eeu demonstrated in the foregoing articles, for finding the 
fluxions of all sorts of (|uantities. And hence, 

1st, For tJu'fluxion o/' any Power of a flowing; quantity. 
— Multiply all together the cxfxment of the jKiwer, the 
fluxion of the root, and the |x>wcr next less by 1 of the 
same root. 

2d, For ike fluxion of the Reclaaigie if two quantities .— 
Multiply each quantity by the fluxion of the other, and con¬ 
nect tlie two products together by their pn>per signs. 

3d, For the fluxion of the Continual Product of any num¬ 
ber of flowing quantities .—Multiply the fluxion of each 
quantity by the product of all the other quantitie.s, and con¬ 
nect all the products together by their projHir sign.s. 

4th, Foi' thx fluxion of a Fraction .—From th^uxion of 
the numerator drawn into the denominator, siimract the 
fluxion of the denominator drawn into numerator, and 
divide the result by the square of the denominator. 

5th, Or, the 2d, 3d, and 4dh cases may be all included 
under one, and performed Take the fluxion of the 

given expression as often as there are variable quantities in 
It, supposing first only one of them variable, and the rest 

VOT.. 11 . ' • \ 
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constant; then another variable, and tlic i^^st oDOStont; and 
so on, tiU tliev have all in tlicir turns been singly supposed 
{rarlable; ana connect all these fluxions together wita tlveir 
own signs. 

Cth, For the fluxion of a Logarithm. —Divide the fluxion 
of the quantity by the quantity itself, and multiply the re¬ 
sult by the modulus of the system of logarithins. 

Note. —The mtxlulus of the hyperbolic lognrithms is 1, 
and the modulus of the common Icigs., is 0 d^4>i29448, &c. 

7th, For the fluxion of an Exponential quantUp, havifig 
the Root Constant .—Multiply all together, the given quan¬ 
tity, the fluxion of its ex|X)iient, and the hyp. log. of tlie root- 

8th, For the fluxion of an Exponential quantity^ haring 
the Root Variable. —To the fluxion of the given quantity, 
found by the 1st rule, as if the r<K)t only were variable, add 
the fluxion of the same quantity found by the 7th rule, as il' 
the ex|X)ncnt only were variable; and the sum will be the 
fluxion for both of them variable. 

Note. —When the given quantity consists of several terms, 
find the fluxion of each term separately, and connect them 
all together with their proper signs; also, for the fluxions of 
trigonometrical formula*, take the formula? in arts. J27—50. 


56. rRACTICAL SXAMFLES TO BXERCISi: TIIF. FOUECiOINU 

RULES. 

1. The fluxion of axp is 

2. The fluxion of ixpz is 

3. The fluxion of ex x (ax — ay) is 

4. The fluxion of is 

5v'*The fluxion of is 

6. The fluxion of (x + yy) x (.r — y) is 

7. The fluxion of 2ax' is 

8. The fluxion of 2x* is 

9. fluxion of is 

10. The fluxion of ^x^iy* is 

1 

11. The fluxion of ax'^p — is 

12. The fluxion of — x'y/ -P 2hyz is 

13. The fluxion of !l/x or x" is 
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The fluxion of X/aT or <r " is 

1 1 — . 

15. The flunon of irrn o** —m ^ 

JL rnmmm 

16 . The fluxion of v'jr ot is 

I 

17. The fluxion of or is 

18. The fluxion of or is 

19. The fluxion of y,^x^ or x^ is 

20. The fluxion of X/x* or x'^ is 

21. The fluxion of l/x* or x'^ is 

22 . The fluxion of a/( o'* 4 - x*) or (o'* 4 * ar®)^ is 

23. The fluxion of — a**) or (a^ — x^)^ is 

L 

24. 'ITie fluxion of ^/(2rx — xx) or ( 2 ra? — xx)^ is 

1 — 1 - 

25. The fluxion of — 77-5 -^ or (a^ — a?*) * is 

26. The fluxion of (ax—xx)^ is 

27 . The fluxion of 2x + x^ is 

28. The fluxion of (a* — .r®)*” is 

_ 1 

29 . The fluxion of k^xs. or (xz)'^ is 

I 

30. The fluxion of .?,cr or {xz—xx^^ is 

I 1 JL . 

31. The flu.xion t)f — —— or-a;* is 

a a 

CLJ[^ ' 

32. The fluxion of-is 

a +a; 4 

33. The fluxion of —^ is 

.y 

34. The fluxion of ^ is 

x-^y 

e c 

35. The fluxion of — is 

• XX 

X 2 
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36. The ftuxion of 


a—X 


IS 


37. The fluxion of —■ is 

z 

38. The fluxion of V(a + 6^ + cx* 4- tix») is 

39. The fluxion of "/(a 4- i*** + cx^ -f &c. to mj:*) 

40. The fluxion of is 

z 


3 


IS 


41. The fluxion of — . . 

42. The fluxion of the hyp. log. of ax is 

43. Tlic fluxion of the hyp. log. of 1 -f a* is 

44. The fluxion of the hyp. log. of 1 — x is 

45. The fluxion of the hyp, l(»g. of is 

46. ^JThe fluxion of tlie hyp. log. of is 

47. The fluxion of the liyp. log, of .r”* is 

48. Tlie fluxion of the hyp. log. of ~ is 


49. The fluxion of the hyp. log. of is 

50. The fluxion of the hyp. log. of ^—~ is 

51. The flu.xion of 4f is 

52. The fluxion of 10' is 

53. The fluxion of {a + <?)' is 

54. The fluxion of 100'^ is 

55. The fluxion of ar* is 

56. The fluxion of is 

57. The fluxion of x* is 

58. The fluxion of {x^)^' is 

59. The fluxion of jy is 

60. The fluxion of is 

61. The second fluxion of xy is 

62. The second fluxion of xy^ when x is constant,^ 

63. The second fluxion of a*" is 
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64. The third fluxion of when x is constant, is 

65. The third Huxiun of xi/ is 


THE INVERSE METHOD, OR THE FINDJNG 

OF FLUENTS. 


31. It has h^^en observed, lliat a Fluent, or Flowing 
Quantity, is the variable quantity which is considered as in¬ 
creasing or decreasing. Or, the fluent of a given fluxion, 
is such a quantity, that its fluxion, found according to the 
foregoing rules, shall be the same as the fluxion given or 
proposed. 

38. It may be further observed, that Contemporary 
Fluents, or Contemporary Fluxions, are such as flow to¬ 
gether, or for the same time.—When contemporary fluents 
are always equal, or in any constant ratio; then also are 
their fluxions respectively either equal, or in that same 
constant ratio. That is, if x — then is x =: y; or if 
•r : y :: n : 1, then is jr : j :: w : 1; or if ar = nj/, then is 

X ~ Iky. 

39. It is easy to find the fluxions to all the given forms of 
fluents; but, on the contrary, it is difficult to find the fluents 
of nmny gi\en fluxions; and indeed there are numberless 
cases in which this cannot at all be done, excepting by the 
quadrature and rectification of curve lines, or by logarithms, 
or by infinite scries. For it is only in certain particular 
forms and cases that the fluents of given fluxions can be 
found; there being no method of performing this universally, 
a priori f by a direct investigation, like finding the fluxion 
oi a given fluent quantity. We can only therefore lay down 
a few rules for such forms of fluxions as we know% from the 
direct method, belong to such and such kinds of flowing 
quantities : and these rules, it is evident, must chiefly consist 
in performing such operations as are the reverse of those by 
which the fluxions are found of ^iven fluent quantities. The 
principal cases of which are as follow. 
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4Qi To Jind the Fluent of a Simple Fluaion; ■ or qf.Aat in 
which there is hoi>dridble qudni^ylahd OJ^jf onejftijcional 
quantity, ' « ' 

This is done by barely substituting the variable or flowing 
quantity instead of its fluxion; being the result or reverse of 
me notation only.—Thus, 

The fluent of ox is ax. 

The fluent of oy ^ is ay + 2/y. 

The fluent of f is V’o’* + af^. 


41. When any Power of a fencing quantity is Multiplied by 
the Fluxion of ike Root: 

Then, having substituted, as before, the flowing quantity, 
for its fluxion, divide the result by the new index of the 
power. Or, which is the same thing, take out, or divide by, 
the fluxion of the root; add 1 to the index of the power; 
and divide by the index so increased. IVhicli is the re¬ 
verse of the 1st rule for finding fluxions. 

So if the fluxion pro^wsed be - - 

Leave out, or divide by iy then it is - ; 

add t to the index, and it is' > - ; 

divide by the index 6, and if is - - Jx® or 

which is the fluent of the proposed fluxion 

In like manner, 

The fluent oi^xx is ax^. 

The fluent of is x’. 


3 



The fluent of is jy'^. 


I , XJ. 

The fluent of az^i is -^az ^ . 

The fluent of x^ji + Sy'^y is + §y^. 
The fluent of x"~'x is 
The fluent of is 

i 

The fluent of -t-, or is 

The fluent of is 
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an 

The fluent of {a + x)*x is 
The fluent of (a* + y*)^y is 
The fluent of (a’ + z^)*z*x is 
The fltient of (a* -f is 

The fluent of (a** + is 

The fluent of —is 

The fluent of —^ - z is 

^/^a — r) 


tS. When the Root under a Vinculum is a Compound 
Quantity ; and the Index of the part or factor Without 
ike Vinculum^ vncrcased by I, is some Multiple f that 
Under the P'incidum : 

Put a single variable letter for the compound root; ahd 
substitute its power and fluxion instead of those of the same 
value, in the given quantity; so will it be reduced to a rimplbt 
form, to which the preceding rule can then be applied. 

a 

Thus, if the given fluxion be j' = (o® 4- a'®)^4r‘jr, where 
3y the index of the (quantity without the vinculum, increased 
by 1, making 4, which is just the double of 2, the exponent 
of X- within the vinculum: therefore, putting a = a® 4- a*®, 
tiicncc x' = z — a-f the fluxion of which is 2xx = z ; hence 
then x^x = z = {ziz — a®), and the given fluxion j, or 

(a4 is = ■~‘is^z(z — a^) or = ; and 

hence the fluent is = -.--gi.'*’ — 

Or, by substituting the value of z instead of it, the same 
fluentis3(a- + x 

In like manner for the following exaitiples. 

To And the fluent of -i-cx x x^Jc. 

To find the fluent of (a 4 - cx)^x^x. 

To find the fluent of (a+ca®)'*' x dx^x. 

To find the iiuent of —= or (a 4 - 2 )^czz. 

Va + x 
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' To find the fluent of ■ or (a + 

y/a + 


i A — 2* • 

To And the Auent of--or 


To find the fluent of ^ ^f ~ or (« — 

^n + l 


4f3. IVfien there arc several Terms, involving Two or more 
Variable Quantities, having the Fluxion of each Multi¬ 
plied by the other Quantity or Quantities. 


Take the fluent of each term, os if there were only one 
variable qj^uantity in it, namely, that whose fluxion is con¬ 
tained in It, suppuwig all the others to be constant in that 
term ; then, if the fluents of all the terms, st> found, be the 
very same quantity in all of them, that quantity will be the 
fluent of the whole. Which is the reverse of' the 5th rule 
for finding fluxions : Thus, if the given fluxion Imj 4- xy, 
then tlie fluent of xy is sy, supposing y constant; and the 
fluent of *y is also ay, supposing x constant: therefore xy is 
the required fluent of the given fluxion xy -+- xj. 

In like manner. 


The fluent of xyz -j- xjz -f- xy» is xyx. 
The fluent of2xyx 4 is x-y. 

The fluent of {ar~*xy'^ f is 


The fluent of ^ or ^ is 


r 


U' 


The fluent of 


^xxy'^ — \ox'y~^y ‘3,axx 
- iL -or —:— 

.y 


axy . 


44. fVhen the given Fluxional Expression is in this Form 

j namely, a fraction, including Two Quantities, 

bmng the Fluxion of the former of them drawn into the 
latter, minus the Fluxion of the latter drawn into the 
. former, and divided by the Square of the latter. 


Then, the fluent is the fraction —, or the former quantity 
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divided by the latter, by the reverse of rule 4, of finding 
fluxions. That is. 

The fluent of is —. And, in like manner, 

y y 

a /• — Wyy . ar® 

Ihe fluent of —-— -is — 

Though, indeed, the examples of this case may be per¬ 
formed by the foregoing one. Thus, the given fluxion 

xti — .ry , X xy X r. , • , 

reduces to-or-; of which, 

the fluent of — is — supposing y constant; and 

y y 

X 

the fluent of — is also or —, when x is constant; 

y 

X 

therefore, by that case, — is the fluent of the whole 

^ ^ y 

iy—xy 

■ 

45. IVhen the Fluxion of a Quantity is Divided by the 

Quantity itself: 

Then the fluent is equal to the hyperbolic logarithm of 
timt quantity; or, which is the same thing, the fluent is 
equal to 2-36258509 multiplied by the common logarithm of 
the same quantity, by rule 6, for finding fluxions. 

X 

So the fluent of— or x~^xy is the hyp. log. of x. 

X 
%x . 

The fluent of — is 2 x hyp. log. of a-, or = hyp. log. x'. 

X 

fXx 

The fluent of —, is a x hyp. log. r, or := hyp. log. of 

X 

The fluent of —, is 
o + r 

The fluent of - 3 , is 

a 4-ar 


46. Many fiuents may be found by the Direct Method thus: 
Take the fluxiem again of the given fluxion, or the second 
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fluxion of the fluent sought; into which substitute “ for . 

ibr/y &c.{ that is, make a*, x, x, as also See. to 

be in continual proportion, or so that x : x :: x : xy and 
jr : j :: r : j?, &c.; then divide * the s(|iiarc of the given 
fluxional expression by the second fluxion, just found, and 
the quotient will be the fluent required in many cases. 


Or the tame rule ma^ be otftemise delivered thus: 

la the given fluxion f, write x for y for >, See. and call 
the result o, taking also the fluxion of this quantity, g ; then 

make o ; f :: g : f ; so shall the fourth proportional F be 
the fluent sought in many cases. 

It may be proved if this be the true fluent, by taking tlie 
fluxion of it again, which if it agree with tl»e profjosed 
fluxion, will show that the fluent is light; otherwitse, it is 
wrong. 


KXAMPLSS. 

£xam. 1. Let it be required to find the fluent of 

m 

Here f = Write j? for x, then f»a?"'”^x or fix*=: o; 

• • • 

the fluxion of this is g = n‘x’*~'x\ therefore g ; f :: o : f, 
becomes : nj^'x :; nx*: x* = f, the fluent sought. 

Exam. 2. To find the fluent of xy -}- x}. 

Here v xz xy + xy\ then writing x for x, an<l y for j, 
it is xy 4- xy or = G; hence g = %ey p ; then 
G : F :: G : F, becomes -f ^xy : xy-\rXy ^Ixy •. ay = 
the fluent sought. 

47. To find Fluents by means of a Table of Forms of 
Fluxions and Fluents. 

In the following Table are contained the most usual forms 
of fluxions that occur in the practical solution of problems, 
with their corresponding fluents set op|K)siie to them; by 
meaoB ef wliich, namely, by comparing any proposed fldxim 
with the corresponding form in the table, the fluent of it will 
be found<. 




FORMS OF FUfX^OMS AHD FLOBMTS^ 


S15 


Fluxions, 


Fluents, 



2 (a + 


± — (o ± x*Y 


mna {a ± j:")"* 


(a + x*y 


|(fl + 

^|(n+ *•)"-■» 


{myx+ ruy) x 
5 MX nj „ 


+ nx'^f~^y:f + rx”'y”z'^-'^ky 

or {mxuz + nxyz + r3Ux,) j:™“‘ 

7n;c vy ri. 

or( -- + — + —X 
X y z ^ 


log. of X 




X” *Jf 

a + X* 


+ — logl^f a ± x’" 


la + X* 



v/( H a + X*) 


1 

_L log. of— 

\na ® *rt -r a 


1 , ^\/0+ 

-log. of-= 

n ^/a ° y/ a — s'x 


2 iT* 

—— X arc. to tan. V —, or 
n\'a a 

1 , a~ x” 

-X arc. to cosine —; 

n ^/a a + x 


log.of V'a" -t \/(±a + a"; 
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.Fliunom. 


X 




I6\x^dx-x^ 




2 

— X arc to sin. —, or 

n a 

1 2x* 

— X arc to vers. — 

» a 


1 . pVa — A^(tf ± a- ) 

nVa ® \ a \'{a ± .i- ) 


—— X arc to secant —, or 
n^/a a 


n v/fl 


X arc to cosin.- 


. i?rt— 


circ. scg. to diani. d and vers, x 


17 2x — circ. zone, rad. n, and height from centre ar. 


18c"x 


\n log. c 




20 ,li^/(4i ±a) -t + log. { ±“)} 


21 jx^x^(a —tr) 


z^(ihx—a)^{a — hi) , a* , bx 

+ --X “<=• r 

4o 4b.^b a—ox 


r>/( 4 i ± fl) I _j_ ±a)±~-^X log. + v^(6r ± «} j- 



+ xV(«-»«)+^ X a«. tang. 


2 \/(fl ± ii') - 2a^ X log. — 


. b M ~ <* 

'2>/(4x - a) — 2«* X arc* ‘“”g* — 
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I Fluxions. 


Fluents. 


± 5^) - .i X log. 


s/(bi*—a') , V A Jbx^—a 

- = -f- y'(6af“ — fl) — a* X arc. tang. ^ -. 





2 6+2CX 

— -— X arc. tan. —-r- 

iv^(4ac—1“) ^(4oc—i’) 


g j N/(4gc- f& a)—(A—2cj) 

■ ;^(o-j-i.r—cx®) 


— X .Off. • 

a X 

6 5+‘2cx 

-tt:-tt X “•■c- tan. —-—— 

a^(4o<’—6») .y(4ae — 


* . v/(a+6x—fx®) 

-X log.-i-i-J-/. 

a x 

_ h ^{4ae+h*)—Cb~^C2'i 

a,y/(4ac-f6®) ^ ,^(«4-6a —CA®) 


+— X log. (a + 6x + Ci«) 

2c 

& J+2cx 

c^(4ac—6®)^ v''(4ac—6®) 


-X log. (a -f Jx — cx®) 

i ^/(4ar-|-J®) “(ft—2c.r) 

Cv^(4ac4-t®)^ v^(a+6x—<u'®) 


, I ‘2cx + b) y/(a -{- hr + cx®) ^ 4flc — 6® 

^ 4^ 8rVc ^ 

log. { 2c.r -|-b + 2c^ 4-&i'+ci®) }. 


I (2cx—ft).y/(a+ftx—f 1 ®) I 4<ic+ll»* 

4 ^ 

2cx— b 


arc. tan. 


2c^;^(a-|-ix—cx®) 


(A+av'lx 
a +6.C + Ci® 


+ — X log. (a + hx + CI*) 

2ca—i+2cx 
Cv^( 4 ac—fc®) ^ ***^*'' v/( 4 ac—ft®) 
















Fluxum9, 


hm Ifuviaaidh PLusjifTs. 


FlutnU. 


(a4-*j;>x 


a+lcr—cj* 


X ^og.(a+hx^ c»*) 

. ^. y/i4ac+h*)-ib-i€x) 


•f ^j.XloB- } 2ftr+fr -f l/f4 


v'Ca+fiw-cx*) 


U */(a •) 


I 2 f.f —b 

= --j- X arc. tan. —-- 

ac■^/(a4-ftol — fi"*) 


-- 


Note. The logarithms, in the al)ove forms, arc the hvper- 
bolic ones, which are founr! hy multiplying the cuininuh 
logarithms by 2*B0i^5B50d$i994. iUnd the arcs, whose sine, 
or tangent, &c. are mentioned, have the radius 1, and arc 
those in the comtn6n tables of sines, tangents, and secants. 
Also the numbers m, «, &c., are to lx? some real quantities, 
as the forms fail when «t 0, or n = 0, &c. 


The Use of the Foregoing Table of Forms FluScions cfnd 

Fluents. 


4S. In using Urn foregoing table, it U to be observed, that 
the first column serves ohly to show die number of the form; 
in the second column are the several forms of duxions, which 
are of di^rent kinds or ciasses; ind in the third or last 


column, are the corresponding fluents. 

ri'^i__.1_1 _: 


fluxiem 

fluxion 


lumn of the tabic, till one of the forhis be found that agrees 
with it; which is done by comparing the terms of the 
fluxion with the like narts of the tabular fluxion, namhiy. 
the radical quantity ot the one, witH'lhat of the other; mid 
the ex^nents of the variatblfe'quantities of each, both withiu 
and without the vinculum; all which, being found to agree 
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m 

nr corrc^pcmd, nilt-A-ve the particular values of the general 
(|uantitiea in the tabular form; then substitute these por- 
ticolar values in the general or tabular form of the fluent, 
and the result will be the particular fluent of the given 
fluxion; after it is rtitiltipricdb^ any co-efHcient the proposed 
fluxion may have. 


EXAMPLES. 

Exam, 1« To find the fluent of the fluxion 
This is found to agree with the first form. And, by com¬ 
paring the fluxions, it appears that j: = x, and « — 1 = t> 
or = 4; which being substituted in the tabular fluent, or 

1 . ' * 

—x", gives, after multiplying by 3 the co-efficient, 3 X 

Til 

8 

or for the fluent sought. 

Exam. 2. Tofind the flueiitof ox-xy/'c'' —x’, or 5x"x(c^ —x^)^. 

This fluxion, it appears, belongs to the 2tl tabular form : 
for a = c*, and — and w = 3 under the vincu¬ 

lum, also VI — 1 = A, or vi = and the exponent of 
x-n—i \vitlu)ut the vinculum, by using 3 for n, is w — 1 — 2, 
which agrees with x® in the given fluxion : so tliat all the 
parts of the form are found to correspond. Then substituting 

these values into the general fluent, — — ^'*)**> 

it becomes — x 

Exam. 3. To find the fluent of 

1 4-a:* 

This is found to agree with the 8th form; where - - - 

-f- a" -= + x’ in the denominator, or n = 3; and the nume¬ 
rator x"~* then becomes x^, wliicli agrees with the numerator 
in the given fluxion; also a = 1. Hence then, by substi¬ 
tuting in the general or tabular fluent, ~ log, o£ a + x% 

it becomes j log. 1 + ar\ 

Exam. 4. To find the fluent of ar*x. 

Exam. 5. To find the fluent of'2(10 + 

d-X 

Exam. 6. To find the fluent of 

3x'jf 
(a—x)* 


Exam. 7, To find the fluent of 
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C*— 

Exam. 8 . To find the ilueot of —^ 3 —jr. 

Exam. 9 , To find the fluent of — 

Exam. 10. To find the fluent of 4 - 

^ or y ^ 

Exam. 11. To find the fluent of (-— + 

fix' S 

Exam. 12. To find the fluent of — or — .r“'jir. 

ojp a 


Exam. 13. To find the fluent of i 


3-2a- 


Exam. 15. To find the fluent of 
Exam. 16. To find the fluent of 



3.r"’A- 

2j: — or" 

2-x 


2.r~* x 

X — 

i — Sx' 

SXJT 


I - X* 



Exam. 17. To find the fluent of 


ax^x 
2 - x' 


Exam. 18. To find the fluent of 


. 2xjr 


Exam. 19. To find the fluent of 
Exam. 20. To find the fluent of 
Exam. 21. To find the fluent of 

Exam. 22. To find the fluent of 
Exam. 23. To find the fluent of 
Exam. 24. To find the fluent of 
Exam. 25. To find the fluent of 


I i- J.* 


ax^x 


2 + x’ 

, 3xjr 

a/1 

ftx 

v/ — 4 
. 3xi' 

v'l — a:* 
ax 

7^4^^* 

. 2x~*j^ 

A-'l — X- 
, ax 
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Sill 


Exam. 26. To find the fluent of—== 

1 

Ox 

Exam. 27. To And the fluent of- 

^ — axy 

Exam. 28. To find the fluent of 9x — a?*. 
Exam. 29. To find the fluent of a*x. 

Exam. 80. To find the fluent of 

Exam. 31. To find the fluent of iiz*x log. 

Exam. 32. To find the fluent of (1 -{■a^)xx. 

Exam. S3. To find the fluent of (24-x^)x'*’x. 
Exam. 34. To find the fluent of v'Cu* + ^)* 


To Jvnd Fluents by Infinite Series. 

49. When a given fluxion, whose fluent is required, is so 
complex, that it cannot be made to agr^ with any of the 
forms in the foregoing table of cases, nor made out from the 
general rules before given; recourse may then be had to the 
method of infinite series; which is thus performed: 

Expand the radical or fraction, in the given fluxion, into 
an infinite series of simple terms, by the methods given for 
that pur}Kise in books of algebra, viz. either by division or 
extraction of roots, or l>y the binomial theorem, &c.; and 
multiply every term by the fluxional letter, and by such 
simple variable lactor as the given fluxional expression may 
contain. Then take tlie fluent of each term separately, by 
the foregoing rules, connecting them all together by their 
proper signs; and the series will be the fluent sought, after 
it is multiplied by any constant factor or co-efficient which 
may be contained in the given fluxional expression. 

50. It is to be noted, however, that the quantities must 
be so arranged, as that the series produced may be a con¬ 
verging one, rather tlian diverging: and this is effected by 
placing the greater terms foremost in the given fluxion. 
When these are known or constant quantities, the infinite 
series will be an ascending one; that is, the powers of the 
variable quantity will ascend or increase; but if the variable 
quantity oe set foremost, the infinite scries produced will be 
a descending one, or the powers of that quantity will de¬ 
crease always more and more in the succeeding terms, or in¬ 
crease in the dciiojninators of them, which is the same thing. 
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am 

1 

For example, to find the fluent of rr- z** 

^ 1 + X — a;*' 

$ 

Here, by dividing the numerator by the denominator, the 
proposed fluxion becomes x — 2xjr 4* Sx^x — Bx^x + — 

so.; then the fluents of all the terms being taken, give 
ar — ar® + a:* — — &c. for the fluent sought. 

Again, to find the fluent of x Vl 
Here, by extracting the root, or expanding the radical 

quantity — x*, the gpven fluxion becomes - - - - 

;r — •“ Then the fluents of all 

the terras, being taken, give x — 
for Uie fluent sought. 


OTllEU EXAMPLES. 


Exam. 1 . To find the fluent of 
ing and descending scries. 

Exam. 2. To find the fluent of 
Exam. G. To find the fluent of 


bxx 
a — X 


both in an ascend- 


bx 

a +x 
3x 

(a -I- x)*’ 


in both scries. 


1 —-4- 52Lr^ 

Exam. 4. To find the fluent of —;--— x. 

1 4- X — x^ 


Exam. 5. Given i = 


bx 


+ X' 


, to find z. 


Exam. 6. Given i = -— r—x to find z. 

a 4- .r 


Exam. 7. Given jc = Gx a/u 4- x, to find z. 
Exam. 8. Given x = 2x ^/o* 4- x*, to find x. 


Exam. 9. Given z = 4x v'a* — x®, to find z. 

Sax 

Exam. 10. Given x = — -asr- . -—-y to find «. 


Exam. 11. Given x sz 9.x\/a^ — x^, to find z. 

3ax 


Exam. 12. Given z = 


t^/ax — XX 


to find z 


Exam. 1G. Given x = 9>xXfx^ 4 - x* 4- x^, to find z. 
Exam. 14. Given x = 5x ^/ax — xx, to find x. 



riimiNG op FLUENTS* 


For more on the finding of fluents, the student may cxin- 
sult the chapter on that subject in the third volume. 

To Correct tlte Fluent of any given Fluxion. * 

51. The fluxion found from a given fluent is always 
perfect and complete; but the fluent found from a j^ven 
fluxion is not always so; as it often wants a correction, to 
make it contemporaneous with that required by the problem 
under consideration, &c.: for, the fluent of any given fluxion, 
as X, may be either x, which is found by the rule, or it may 
be or q- c, or X — c, that is x plus or minus scone constant 
quantity c ; because both x and x ±,0 have the same fluxion 
and the finding of the constant quantity c, to be added or 
subtracted with the fluent as found by the foregoing rules, 
is called correcting the fluent. 

Now this correction is to be determined from the nature 
of the problem in hand, by which we come to know the re¬ 
lation which the fluent quantities have to each other at some 
certain point or time. Reduce, therefore, the general fluen- 
tial equation, supposed to be found by the foregoing rules, 
to that point or time; then if the equation be true, it is 
correct; but if not, it wants a correction ; and the quantity 
of the correction, is the difference between the two generm 
sides of the equation when reduced to that particular point. 
Hence the general rule for the correction is this: 

Connect the constant, but indeterminate, quantity c, with 
one side of the fluential equation, as determined by the fore¬ 
going rules; then, in this equation, substitute for the variable 
quantities, such values as they are known to have at any 
jiarticular state, ])lace, or time; and then, from that par¬ 
ticular state of the equation. And the value of c, the constant 
quantity of the correction. 

EXAMPLES. 

5% Exam. 1. To find the correct fluent of i = aa^x. 

The general fluent is a: = oa;*, or x = ax* + c, taking in 
the correction r. 

Now, if it be known that x and x begin together, or that 
» is = 0, when j: = 0; then writing 0 for boui x and z, the 
general equation becomes 0=0 + 0 , or = c; so that, the 
value of c being 0, the correct fluents are x = ax*. 

But if X be = 0, when a: is = &, any known quantity; 
then substituting 0 fur «, and 6 for x, in the general ctpia- 
tion, it becomes 0 = al>* + c, and hence we find c = — a6*; 
which bmng written for c in the general fluential equation, 
it becomes z = ax* — ab*. for the correct fluents. 
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. Or, if it be knotvQ that ar is = some quantity rf, whch x 
is s some other quantity os h ; then substituting d fop x, aad 
h f(xr Ty in the general ilucntinl equation z =3 aa^ 4- it 
becomes d a alA + c ; and hence is deduced tlie value of 
the correction, namely, c — d ab* ; consequently, writing 
this value for c in the general equation, it be«>mes •> - - 
X = — ab* 4- df for the correct equation of the fluents 

in this case. 

53. And hence arises another easy*^nd general wdy of 
correcting the fluents, which is this: in the general equation 
of the fluents, write the |>articular values oF»the quantities 
which they are known to have at any certain time or po¬ 
sition; then subtract the sides of the resulting particular 
equation from the corresponding sides of the general one, 
and the remainders will give the correct equation of the 
fluents sought. 

So, the general equation being z = ax* ; 
write d ror jt, and b for x, then d = ab *; 
hence, by subtraction, - * — d = ax* — ab*, 

or z = ax* — id}* -f d, the correct fluents as before. 

Exam. S. To find the correct fluents of s = 5xx; z being 
= 0 when a: is = a. 


Exam. 3. To find the correct fluents of i = 3x^a -h x; 
z and X being = 0 at the same time. 

■r^ m t « /I l* 2ujr 

Exam. 4. To find the correct fluent of £ = >—-— ; sup¬ 

er-fjr ‘ 

posing z and x to begin to flow together, or to be each 
= 0 at the same time. 


Exam. 5. To find the correct fluents of » 
posing z and x to begin together. 


2x 




i sup- 


OF MAXIMA AND MINIMA; OH, THE GREAT- 
EkST AND I.EAST MAGNITUDE OF VARI- 
ABI^ OH FLOWING QUANTITIES. 

54. Maximum, denotes the greatest state or quantity 
attainable in any given case, or the greatest value of a va- 
Etabfoxjuauiity : by wliicli it stands opposed to Minunum, 
which Is the least possible quantity in any case. 
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32ff 

Thus, the expression or sum cfi -f hx^ evidently increases 
as jT, or the term bx, increases; therefore the given expres¬ 
sion will be the greatest, or a maxinHim, w'hen x is the 
greatest, or infinite: and the same expression will be a mini¬ 
mum, or the least, when x is the least, or nothing. 

Again, in the algebraic expression — hx, where a and b 
denote constant or invariable quantities, and x a flowing 
or variable one, it is evident that the value of this re¬ 
mainder or difference, a® — bx^ will increase, as the term bx, 
or as Xf decreases; therefore the former will be the greatest, 
when the latter is the smallest; tliat is, a® — bx is a maxi¬ 
mum, when X is the least, or nothing at all; and the differ¬ 
ence is the least, when x is the greatest. 

55. Some variable quantities increase cqntinually ; and so 
have no maximum, but what is infinite. Others again de¬ 
crease continually; anti so have no minimum, but what is of 
no ni^nitude, or nothing. But, on the other hand, some 
variable quantities increase only to a certain finite magnitude, 
called their Muxiimim, or greatest state, and after that they 
decrease again. While others decrease to a certain finite 
magnitude, called their Minimum, or least state, and after¬ 
wards increase again. And lastly, some quantities have 
several maxima and minima. - 



Thus, for example, the ordinate bc of the parabola, or 
such-like curve, flowing along the axis ab from the vertex a, 
continually increases, and has no limit or maximum. And 
tlic ordinate gf of the curve efh, flowing from e towards 
H, continually decreases to nothing when it arrives at the 
point H. But in the circle ilm, the ordinate only increases 
to a certain magnitude, namely, the radiu^ when it arrives 
at the middle as at kl, which is its maximum; and after 
that it decreases again to nothing, at the point m. And in 
the curve noq, the ordinate decreases only to the position 
OP, where it is least, or a minimum; and after that it con¬ 
tinually increases towards q. But in the curve rsit, &c. the 
ordinates have several maxima, as sT, wx, and several mi¬ 
nima, as vu, YZ, &c, 

56. Now, because the fluxion of a variable quantity, is the 
rate of its increa^ or decrease; and because the maximum 
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or minimum of a quantity neither increases nor decrea^'at 
those points or states; therefore such maximum or minimum; 
has no fluxicm^ or the fluxion is then equal to nothing. 
From which we have the following rule. 

To find the Maximum or Minimum, 

57. From the nature of the question or problem, find an 
algebraical expression for the value, or general state, of the 
quantity whose maximum or minimum is retjuired; then 
take the fluxion of tliat expression, and put it equal to no* 
thing; from which equation, by dividing by, or leaving out, 
the nuxional letter and other common quantities, and per¬ 
forming other proper reductions, as in common algebra, the 
value of the unknown quantity will bc obtained, determining 
the point of the maximum or minimum. 

So, if it be required to find the maximum state of the 
compound expression lOOar — ± c, or the valut of x 

when lOOar — 5jr* rL c is a maximum. The fluxion of 
this expression is lOOjr — IOjtjp; which being made = 0, 
and divided by lOx, the equation is 10 — jr = 0; and hence 
X = 10. That is, the value of is 10, when the expression 
lOOx — 6ar* ±: c is the greatest. As is easily trict!: for if 10 
be substituted fora*in tliat expression, it {)ecomcs r + 500: 
but if, for X, there be substituted any other numl>er, whether 
greater or less than 10, that expression will always be found 
to be less than d: c -+ 500, which is therefore its greatest 
possible value, or its maximum. 

58. It is evident, that if a maximum or minimum be any 
way compounded with, or operated on, by a given constant 
quantity, the result will still be a maximum or minimum. 
That is, if a maximum or minimum be increased, or de¬ 
creased, or muitijpliedy or divided, by a given qimntity, or 
any given power or root of it be taken ; the result wifi still 
be a maximum or minimum. Thus, if a: be a maximum or 

X 

minimum, then also is ar -f a, or sr — a, or ax, or , or X*, 

a 

or \/x, still a maximum or minimum. Also, the logaritlem 
ff the same toUl be a maximum or a minimum* And there¬ 
fore, if any proposed maximum or mmimum can be made 
Hmpl^ hyp^orming finy of these operations, it is better to 
do so, before the ^pression }b put into fluxions. 

59. When the expression for a maximum or minimum 
contmns several variaole letters or quantities; take the fluxion 
of it as often as there arc variable Jotters; supposing first one 
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of them only to flow, and the rest to be constant! then an¬ 
other only to flow, and the rest constant; and k> on for aU 
of them: then putting each of these fluxions = 0, there will 
1)0 a.s many equations as unknown letters, from which these 
may be all determined. For the fluxion of the expression 
must be equal to nothing in each of these cases; otherwise 
the expression might become greater or less, without alter¬ 
ing the values of die other letters, which are considered as 
constant. 

So, if it be required to find the values of a? and y, when 
4x8 — xy + is a minimum. Then we have. 

First, - 8xx- — = 0, and 8x — y = 0, or y = 8x. 

Secondly, — rjf = 0, and 2 — x =s 0, or x = 2. 

And hence y or 8.r = 16. 

60. To jind whether a •proposed qiumtUy admits qf a Maxi¬ 
mum or a Minimum, 

Every algebraic expression does not admit of a maximum 
or minimum, properly so called ; for it may either increase 
continually to infinity, or decrease continually to nothing; 
and in Iwtli these cases there is neither a proper maximum 
nor minimum; for the true maximum is that finite value to 
whicli an cxpre.ssion increases, and after which it decreases 
again: and the minimum is that finite value to which the 
expression decreases, and after that it increases again. There¬ 
fore, when the expression admits of a maximum, its fluxion 
is positive betbre the fioint, and negative after it; but when 
it admits of a minimum, its fluxion is negative before, and 
positive after it. Hence then, taking the fluxion of the ex¬ 
pression a little before the fluxion is equal to nothing, and 
again a little after the same; if the former fluxion be posi¬ 
tive, and the latter negative, the middle sto.te is a maximum ; 
but if the former fluxion be negative, and the latter positive, 
the middle state is a minimum. 

So, if we would find the quantity ax — x* a maximum or 
minimum ; make its fluxion equal to nothing, that is, - - 

ax — 2xj(- = 0, or (a — 2x)x = 0; dividing by x, gives 
« — 2x = 0, or X = -4^ at that state. Now, if in the fluxion 
(a — 2x).v, the value of x be taken rather less than its true 
value, 4pa, that fluxion will evidently be positive; but if xbe 
taken somewhat greater than \a the value of « — 2x, and 
consctiuently of the fluxion, is as evidently negative. There¬ 
fore, the fluxion of ox — being positive before, and nega- 
live after tlie state when its fluxion is = 0, it follows that at 
this state the expression is not a minimum, but a maximum. 
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Again, taking the expre^on a:'* — ijts AiMcicm ^4:'4- 
20X3i^ ^($ar —^)xx = 0; thisdivid^hjf xxj^ytsSxrr^^?^ 
a? =s|a, its true value wbcm the duxipn of 4 ^^ — 
equal to nothing. But now to know whether the given c 3 t- 

{ iressipn be a maximum or a minimum at that timei take XM 
ittle less than in the value of the fiiixiom (3x — 
and this will evidently be negative; and againi taking x 4 
little more than the value of 3x — or of the fluxion, 
is as evidently po»tive. Therefore the fluxion of . 4 P* 
being n^tttive nefore tliat fluxion is = 0 , and positive aflier 
it, it follows that in this state the quantity .v^ — admits 
of a minimum, but not of 4 maximum. 


SOME EXAMPX.ES FOIl PRACTICE. 


ISxAM. 1. Of all triangles, acd, constructed on the same 
base AB, and having the same perimeter, to determine that 
whose area or surface is the greatest. 

L<etp denote the semiperimeter, b the base ab, a* the side 
AC, then BC will = 2/? — 6 — as. Therefore putting 4 for 
the surface, w'e have by rule 3 for the area of triangles 
(pa. 31.) 


*2 = — x) (6 + A — /;). 

Sxpressing this ^nation logurithinicaily, we have, 2 log. 
s = 1<^. p + log. (p — i) + log. {p— x) + log. {6+ x—p) 
which (art. 58) is to be a max. or when put into fluxions 
equal to zero or nothing. 

__ 2i —X X 

Hence — =- 4- 7 —-; 

s p—x h-\-x~-p 

(M*, di^ding by Sa, and mulliplying by 4 , 



IJ^I _L_ 

2\54-*—p p — x. 


0. 


9 

Now, here it is evident, since s must be a max. tliat can¬ 
not = 0 ; consequently the second factor must: that is,' 

Y—, -=0,or o + a? —o SB® — or. 

6+ar —p p^x X r 

Therefore, — 5 — » a:, or ac = bc ; that is, the t^ 

ai^le mi»t be isosceles. 

Cor. Hence it follows that oi all uoperimetrical triangles, 
the one which has the greatest surface is equilateral^ A 
truth, indeed, which may be readily shown by a direct intr 
vesdgation. 



FLUXIONS, 


3520 


Exax. 2. Amongst aU parallelopipedons of givei^ mag^i- 
tucb, whose planes are i^spectivdy perpendicular to one 
another, to determine that which has we least surface. 

Let X, and sr, be the measures of the three edges of the 
required parallelopipcdon. Then, since the magnitude is 
given, 

we hare xj/z = o, a given magnitude; 
and 2xy + 2xz + 2^z = a minimum. 

Here, substituting for a, and ^viding by 2, there results 


xy + X ' 


a a 

— + y • — 

xy xy 


= a min. 


o a 

or, Mssay-h — H-= a mm. 

y ^ 


Therefore, adopting the principle of art. 59, 

'must both obtain. 


u o ^ 

- = y-ii- = Oi 


and-?-=x~4 = 0 

y 


Hence, y = ^ = a ^ 


Consequently y = 



and thus it appears that the required 
parallelopipedon is a cube. 


Exam. 3. Divide a given arc a into two such parts, that 
the mth power of the sine of one part, multiplied into the nth 
power oi the sine of the other part, shall be a maximum. 

Let X and y be the pm*ts: then x + y = a, and sin.'^x x 
sin.*y = a max. 

In logs, m log. sin. x + n log. sin. y = a max. 


„ , wijrcos.x 

Hence, (art, 58)—:-4- 

' ' sm. X 


ny cos. y 
sin. y 


0 . 


— . mxcoSkX n*eoa,y ^ 

But y = — i- —--:- — =x 0. 

sin. X sin. y 

Hence m cot. x = n cot. y, or m tan* y » n tao. x. 
m ^ teu^,x m-¥n _ tan. x4"taw» y _ sin.(x-fy) 

n tan.y*’* m—n tan.x—tan. y'“sin,(x—y)* 

(See equa. 9 and 10, p. 18). 

Hence x and y l>ecome known: and the same prindple is 


• • 
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evidently ttppBenble CO three or more inniB, making together 
a given arc. 

£xam. 4. To find the longest straight pole that can he 
put up a chimney, whose height km ss a, from the floor to 
the mantel, and depth mk = b, from front to back, arc 
given. 

Here the longest pole that can be put up tlie chimney is, 
in fact, the shortest line pmo, which can be arawn through m, 
and terminated by ba and bc. 


Let X = sine 
y = cos. 


5 


of OPB, 


a 




X : mb( = o) :: 1 : — = pm 


y : MN( = fi) :: 1 : — = mo 

y 

a b 

-i-= a mui. 

* y _ _ 

, rt ^ ^ n.' A P 

In flux. — - — ~~ = o 

X* y* 

But + «y® = 1, 2.rjr = — 2^, 

. XX 

and — y = —* 

y 

Substituting this fory above, it hecoinos 

ax bxx _ 

X* * 

= ay^y 


A 


V 

1*' 


U B 




a 

= -r"» 


= tan. P = V- 


FO = a cosec. p + i sec, 


. 1 


+ “ + b 


/i 

V 1 H- -• 


Exam. 5. To divide a line, or any other given quantity a, 
into two parts, so that their rectangle or product may be the 
gnsatest possible. 

Exam. 6. To divide the mven quantity a into two parts 
auch, that the product of the m power of one, by me n 
power of the other, may bc a maximum. 
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Exam. 7. To divide tliegtven quantity o into three parts 
such, that the continual product of them all may he a 
maximum. 

Exam. 8. To divide tlie mven quantity a into three parts 
such, that the continual product of the Ist, the square of the 
2d, and the cube of the Sd, may be a maximum. 

Exam. 9. To determine a fraction such, that the differ¬ 
ence between its m power and n power shall be the greatest 
possible. 

Exam. 10. To divide the number 80 into two such parts, 
X and y, that 2a;* xy may be a minimum. 

Exam. 11. To find the greatest rectangle that can be in¬ 
scribed in a given right-angled triangle. 

Exam. 12. To find the greatest rectangle that can be in¬ 
scribed in the quadrant of a given circle. 

Exam. 13. To find the least right-angled triangle that can 
circumscribe the quadrant of a given circle. 

Exam. 14. To find the greatest rectangle inscribed in, 
and the least isosceles triangle circumscribed about, a given 
semi-ellipse. 

Exam, 15. To determine the same for a given parabola. 

Exam. 16. To determine the same for a given hyperbola. 

Exam. 17. To inscribe the greatest cylinder in a given 
cone; or to cut the greatest cylinder out of a given cone. 

Exam. 18. To determine the dimensions of a rectangular 
cistern, capable of containing a given quantity a of water, so 
as to he lined with lead at the least possible expense. 

Exam. 19. Required the dimensions of a cylindrical tan¬ 
kard, to hold one quart of ale measure, that can be made of 
the least possible quantity of silver, of a given thickness. 

Exam. 20. To cut the greatest parabola from a given 
cone. 

Exam. 21. To cut the greatest ellipse from a given ceme. 

Exam. 22. To find the value of jc when ar' is a minimum. 

For various examples of the maxima and minima of me¬ 
chanical quantities, see vol, iii. 
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THE METHOD OF TANGENTS; OR OF 
DRAWING TANGENTS TO CURVES, 

61. The Method of Tangent^ is a method of determining 
the quanUty of the tangent and subtangent of any algebraic 
curve; the eauation of the curve being given. Or, vice verta, 
the nature oi Uie curve, from the tangent given. 

If AE be any curve, and b be any 
point in it, to which it is re<juirca 
to draw a tangent tb. Draw the 
ordinate ej>; men if we can det^- 
mine the subtangent td, limited b^ 
tween the ordinate and tangent, in 
the axis produced, by Joining the 
points T, E, the line te will he the 
tangent sought. 

62. liCt dae be another ordinate, indefinitely near to ue, 
meeting the curve, or tangent produced in c ; and let Ea be 
paraUei to the axis ad. Then is the elementary triangle Eea 
^mitar to the tiiangle toe ; and 

therefore - ea : aE : i ed : dt. 

But - • ea ; oE : : flux. ED ; flux. ad. 

Therefore • fiux. ED : flux, ad : : de : dt. 

That is, ~ y : X ^ = dt ; 

which is therefore the general value of the suhtangent sought; 
where x is the absciss ad, and y the ordinate de. 

Hence we have this general rule. 

GENEBAL BULE. 

63. By means of the given equation of the curve, when 

jlf 

put into fluxions, find the value of either x or y, or of -j-, 

whi<di value substitute for it in the ezpresdon dt » 

and, when reduced to its simplest terms, it will be the value 
of the subtangent sou£^t. 

EXAMPLES. 

Exam. 1. Let the propo^ curve be that which is defined, 
or expressed, by the equation ax® + xy* — y* ss: 0. 
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Here the fluxion of the equation of the curve is 
2aiti 4- \r = 0; then, by iranspositioD, 

2axx + if it = Zy^y — 2xyy ; and hence, by divbion. 


it 


consequently 


ui 

y 


Zy^—2xf’ 
2ax 4 -y* * 


which is the value of the subtangent td sought. 

Exam. 2. To draw a tangent to a drcle; the equation of 
which is tfx — ; where x is the absciss, y the ordi¬ 

nate, and a the diameter^ 


Exam. 3. To draw a tangent to a parabola; its equation 
being px = 3 ^*; where p denotes the ^rametcr of the axis. 

Exam. 4>. To draw a tangent to on ellipse; its equation 
being c'{ax — x‘-) = a'^f ; where a and c are the two axes. 

Exam. 5. To draw a tangent to an hyperbola; its equa¬ 
tion being c%ax + x') = ct'ft where a and c are the two 
axes. 


Exam- 6. To draw a tangent to the hyperbola referred to 
the asymptote as an axis; its equation being xp = a-; where 
n® denotes the rectangle of the absciss and ordinate answer¬ 
ing to the vertex of the curve. 

By slight and obvious extensions of the same principles, 
tangents may be drawn to spirals, and asymptotes may be 
drawn to such curves as admit of them. 


OF RECTIFICATIONS; OR, TO FIND THE 
LENGTHS OF CURVE LINES. 

(34. Rectification, is the finding the length of a curve 
line, or finding a right line equal to a proposed curve. 

By art. 10 it appears, that the 
elementary triangle Ea<r, formed by 
the increments of the absciss, ordinate, 
and curve, is a right-angled triangle, 
of which the increment of the curve is 
the hypothenuse; and therefore the 
square of the latter is equal to the sum 
of the squares of the two former; that is, fis* = Eo® + aeT-, 
Or, substituting, for the incremen ts, their proportional 
fluxions, it is «« = xx +yj>, or & = x/x^ -}->*; where z de¬ 
notes any curve line ae, x its absciss ad, and y its ordinate 
TIE. Hence this rule. 
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HCTLK. 

65. From the given equation of the curve put into 
fluxions, find the value of x- or. >% which value substitute 
instead of it in the equation i = + y'; then the fluents, 

being taken, will give the value of 2 , or the length of the 
curve, in terms of the absciss or ordinate. 

EXAMPLES. 

Exam. 1. To find the length of the arc of a circle, in 
terms both of the since, versed sine, tangent, and secant. 

The equation of tlte circle may be expressetl in terms of 
the radius, and either the sine, or the versed sine, or tangent, 
OP secant, &c. of an arc. Let therefore the radius of the 
mrcle be ca or ce as r, the versed sine ai> (of the arc a k) =jp, 
the right sine de ■=x the tangent te =s /, and the secant 
CT =s #; then, by the nature of the circle, there arise these 
equations, viz. 

r*/* .t’ — r’ 



Then, by means of the fluxions of these equations, with 

the general fluxional equation are obtained the 

following fluxional forms, for the fluxion of the curve; the 

fluent of any one of which will be the curve itself; viz, 

• • 

rii ry tH r's 

ijj — — - — — —.. - - — _ — __ 

j^/*irx — xx 


* These formulae are, obviously, analogous to those given in 
art. 30, p. SOS, and are so many forms of fluxions whose fluents 
become known. Thus the fluent of an expression, sucli os 


yjy 

„ , is a circular arc whose radius is =s r and versed 

y/{2rx—‘jc^) 

rH 

sine = X. The fluent of an expression such as ——- is a cir- 

Gular arc whose radius is as r and tangent as t: and so of thb 
rest. 

Conversely, the same formulae, or those just referred to, serve 
to assign the relative magnitudes of the differences in any ^larts 
of a table of natural siues, of natural tangents, &c. Thus, 

* r* +1®, . fl j. , , * 

t = ——» = * X sec.’ of arc to tan. f, consequently, the 





RECTIFICATIONS. 


335 


Hence the vaFue of the curve, from the fluent of each of 
th^, expressed in scries, gives the four following forms, in 
series, viz. putting c? = 2r the diameter, the curve is 


= 0 + 


X 


2.3d 


2.3r>‘ + 2.4.a7rfi 


3x^ . 3,5x^ ^ „ 

2.4.5d^ 2.4.6.7d^ 

, 3V 


= (1 - 
= (^- 


t* t* 
^ or* 


15« 


<8 


3yJ ' A,-* 




—r 3(s^- 

-1-L ' 


■r^) 


2.3j* ' 2.4.5..S’ 


H- &c.) r. 


Now, it is evident, that the simplest of these series, is the 
third in order, or that which is expressed in terms of the 
tangent. That form will therefore be the fittest to calculate 
an example by in numbers. And for this purpose it will be 
convenient to assume some arc whose tangent, or at least 
tlie square of it, is known to be some small simple number. 
Now, the arc of 45 degrees, it is known, has its tangent 
equal to the radius; and therefore, taking the radius r = 1, 
and consequently the tangent of 45°, or t, — 1 also, in 
this case the arc of 45° to the radius 1, or the arc of the 
quadrant to the diameter 1, will be equal to the infinite series 

i-T + T- T + 7 — &c. 

But as this series converges very slowly, it will be proper 
to lake some smaller arc, that the scries may converge 
faster; such as the arc of 30 degrees, the tangent of which 
is = or its square : which being substituted in 

the series, the length of the arc of 30® comes out - - - 

, 1 1 1 1 « s 

(1 - ^ ^ — &C.) Hence, to com¬ 

pute these terms in decimal numbers, after the first, the suc¬ 
ceeding t<?rms will be found by dividing, always by 3, and 
these quotients again by the absolute numbers, 3, 5, 7, 
&c.; and lastly, adding every other term together, into two 
sums, the one the sum of the positive terms, and the other 
the sum of the negative ones; then lastly, the one sum taken 
from the other, leaves the length of the arc of 30 degrees; 
which being the 12th part of the whole circumference when 


tabular differences of the tangents vary as the squares of the 
secants. Henccf those differences, at 0®, at 45®, and at GO®, are 
as 1*, (y/2)S and 2®,or as 1, 2, and 4. This suggests an ap¬ 
plication of these fonuulse which will often be found useful. 
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the radius is 1 , or the 6 th pari when the diameter is I 9 con- 
' s^ueotly 6 times that arc will be the lenirth of the whole 
cdrcumferenoe to the diameter 1. Thererore, multiplying 
the first term v'-f 6 , the product is =s 8*4641016; 
and hence the operation, true to 7 places of dedmals^ wUl be 
conveniently made as follows: 




+ Terms. 

— Terms. 

1 ) 3-4i641016 

( 3*4641016 


8 ) 11S4700S 

( 

0*3849002 

« ) 

3849002 

( 769800 


7 ) 

1283001 

,( 

183286 

9 ) 

427667 

( 47519 


) 

142556 

( 

12960 

13 ) 

47519 

( 3655 


15 ) 

15840 

( 

1056 

17 ) 

5280 

( 811 


19 ) 

1760 

( 

93 

21 ) 

587 

( 28 


23 ) 

196 

( 

8 

25 ) 

65 

( 3 


27 ) 

22 

( 

1 



+ 3*5462332 

-0*4046406 



-0*4046406 



So that at last 3*14159^ is the whole ci 

ference to the dia¬ 
meter 1*. 

CxAM. 2. To find the length of a paralx>la. 

Exam. 3. To find the length of the semicubical parabola, 
whose equation is 

Exam. 4. To find the length of an elliptical curve. 
Exam. 5. To find the length of an hyperbolic curve. 


OF QUADRATURES; OR, FINDING THE 
AREAS OF CURVES. 

66. The Quadrature of Curves, is the measuring their 
areas, or finding a square, or other right-lined space, equal 
to a proposed curvilmeal one. 


* For this value, true to 100 places of decimals; and indeed 
for many curious and important investigations in reference to 
rectifications, quadratures, &c. see Huuon*s Memurathn. 


FLUXIONS. 


By art. it appears, that any flowing 
><^uantity being drawn into the fluxion of tlie 
line along which it flows, or in the direction 
.of its motion, tticre is produced the fluxion 
of the quantity generated by the flowing. 
That is, DE X DcTor yx is the fluxion of the 
area ade. Hence this rule. 
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67. From the given equation of the curve, find the value 
cither ofx or ofy; which value substitute instep of it in 
the expression yx ; then the fluent of that expression, being 
taken, will be the area of the curve sought. 

EXAMPLES. 

Exam. 1. To find the area of the common parabola. 

The equation of the parabola being ax — ; where a is 

the parameter, x the absciss ad, or part of the axis, andj/ 
the ordinate de. 

From the equation of the curve is found y = ^/aar. This 
substituted in the general fluxion of the area yx gives x \fax 

!, I 

or a^x^x the fluxion of the parabolic area; and the fluent 

r 3 

of tills, or = \x ^/ax — is the area of the para- 

iKila ADE, which is therefore equal to ^ of its circumscribing 
rectangle. 

Exam. 2. To square the circle, or find its area. 

The equation of* the circle being y* = ax — x-y or y = 
^'ux — X‘y where a is the diameter; by substituti on, the 
general fluxion of tlie area yx, becomes x-v'ax — x', for the 
fluxion of the circular area. But as the fluent of t his cannot 
he found in finite terms, the quantity ax — is thrown 
into a series, by extracting the root, anti then the fluxion of 
the area becomes 

X X- \.Sx 1.3.5x* 

A- ^/ax X (1 - ^ ~ ^.(1^ ~ ^4.6.'^^ “ ' 

and then the fluent of every term being taken, it gives 

2 il.x 1.x- l.fJx* 1.8.5x^ y . 

X \/aX X — - - TirTT'-i— A n 11 , — ’ 

3 5a 4.7a^ 4.6.9a 4.G.b.lla' 

fbr the general e3q>ression of the semiscgnient ade. 

And when the point d arrives at the extremity of the dia¬ 
meter, then the space becomes a seipiclrcle, and ai and 
then the series above becomes barely 

,2 I 1 1.3 1.3.5 , ^ 

3 ~ 5' 4.7 ^ 4.6.9 “ 4.6.8.11 

for the area of the semicircle whose diameter is a. 


VOL. II. 
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If, insteml of taking the equation of the circle having the 
origin of the co-ordinates at tlie circuml^rence, the equation 
a * + ^* = be taken, regarding the ori^n of the co-ordi¬ 
nates at th e centre ; and if, still farther, r be taken = 1, 
then y = v'l —ir*:=l — —&c. Taking 

this value of^ for it, in the expression y*-, the correct fluent 

will be X --g - ^ for the area of 

the portion cfbd (fig. pa. ^.) Now, if arc bd = SO'', then 
CF = .r = 4, and the sum of the series = *4783057. From 
which deducting the area of the triangle era = ^ ^ v"*'^ 

= *2165063, there remains *2617994 for tlic area of the sec¬ 
tor CBD. Twelve times this, <u* 3*1415928, Set-, expresses 
the area of the circle whose diameter is 2. 

Exam. 3. To find the area of any paralwda, whose equa¬ 
tion iso"a" =y"+". 

Exam. 4. To find the area of an ellipse. 

Exam. 5. 'Fo find the .area of an hy|wrbola. 

Exam. 6. To find the area betwexm the curve and asymp¬ 
tote of an hyjK»rbola. 

Exam. 7. To find the like area in any other hyperbola 
whose general equation is 


TO FIND THE SURFACES OF SOLID.S. 

68. In the solid formed by the rota¬ 
tion of any curve about its axis, the 
surface may be considered as generated 
by tlie circumference of an expanding 
circle, moving perpendicularly along 
the axis, but the expanding circum¬ 
ference moving along the arc or curve 
of the solid. Therefore, as the fluxion 
of any generated quantity, is produced by drawing the ge¬ 
nerating quantity into the fluxion of the line or direction in 
which it moves, the fluxion of the surface will be found by 
drawing the circumference of the generating circle into the 
fluxion of the curve. That is, the fluxion of the surface 
BAE, is equal to ae drawn into the circumference bcef, 
whose radius is the ordinate be. 

69. But if srbe 3*141593, the circumference of a circle 
whose diameter is 1, a* — ad the absciss, y = be the ordi¬ 
nate, and 2 := AE the curve; then 2y = the diameter be, 
and 2ir^ = the circumference bcef ; also, ae = i = 

-h \ therefore Sirya: or %ny/x^ -f-y* is the fluxion of 


A 
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the surface. And consequently if, from the given equation 
of the curve, the value of jt or y be found, and substituted 
in this expression the fluent of the expression, 

l>eit)g then taken, win be the surface of the solid required. 

Examples. 

Exam. 1 . To And the surface of a sphere, or of any 
segment. 

In this case, ae is a circular arc, whose equation is 
y ■ = nx — ±’, or^ = 

a —9.x a — 9v 


The fluxion of this gives= 


hence = 


a* — 4- 








4- r = j—„ , and z =^/;r- + 


9y/ax — x- 
a" — 4;y* 

■ 4y-' 

" “%* 


sx = 


% ’ 
consequently 


Tliis value of z, the fluxion of a circular arc, may be found 
more easily thus: In the flg. to art. 64, the two triangles 
EDC, Eae are ec|uiangii]ar, being each of them equiangular to 
tl>e triangle etc : conseq. ed ; ec :: Ea : Ee, that is, - - 


j/ i : : x : k = —, the same as before. 

The value of * being found, by substitution is obtained 
9Trj/x~aitx for the fluxion of the spherical surface, generated 
by the circular arc in revolving about the diameter ad. And 
the fluent of this gives ar.v for the said surface of the sphe¬ 
rical segment bae. 

But aif is equal to the whole circumference of the gene¬ 
rating circle; and therefore it follows, that the surface of 
any spherical segment, is equal to the same circumference of 
the generating circle, drawn into x or ad, the height of the 
segment. 

Also when x or ab becomes equal to the whole diameter o, 
the expression axx becomes ara or Tra\ or 4 times the area of 
♦he generating circle, for the surface of the whole sphere. 

And these agree with the rules before found m Men¬ 
suration of Solids. 

Exam. 2. To find the surface of a spheroid. 

Exam. S. To find the surface of a paraboloid. 

Exam. 4. To find the surface of an hyperboloid. 


TO FIND THE CONTENTS OF SOLIDS. 

70. Any solid which is formed by the revolution of a 
curve about its axis (see last fig.), may also lie conceived to 
• z 2 
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be seneraled by the motion of the plane of an expanding 
fcircle, moving perpendicularly along the axis. And there¬ 
fore the area of that circle being drawn into the fluxion of 
the axis will produce the fluxion of the solid. That is, 

ad'x area of the circle bcf, whose radius is de, or diameter 
BE, is the fluxion of the solid, by art. 9. 

71. Hence, if AD=.r, de = y, tt = 3‘141593; liecausc tt//' 
is e<|ual to the area of the circle bcf ; tlierefore cyrx is the 
fluxion of the solid. Consequently if, from the given equa¬ 
tion of the curve, the value of either or x lie found, and 
that value substituted for it in the expression the fluent 
of the resulting quantity, iK'ing taken, will h- the solidity of 
the figure proposed. 


EXAMPLES. 

Exam. 1. To find the solidity of a sphere, or any segment. 

The centation to the generating circle lieing y- = «.r — -i •, 
where a denotes the diameter, by substitution, the general 
fluxion of the solid iry x, becomes xctjcx — xx'x^ the mient oi‘ 
which gives {'trax- —4>r.r\ or ’{iia — Sjt), for the solid co«i- 
tent of the spherical segment dae, whose height ad is x. 

When the segment becomes equal to the whole sphere, 
then X = a, and the above expression for the solidity, be¬ 
comes ^xa^ for the solid content of the whole sphere. 

And these deductions agree with the rules belbre given 
and demonstrated in the Mensuration of Solids. 

Exam. 2. To find the solidity of a sphcroitl. 

Exam. 3. To find the solidity of a paraboloid. 

Exam. 4. To find the solidity of an hyperlioloid. 

Exam. 5. To find the solidity of a bocly, or segment, or 
frustum, produced by llie revolution upon its axis of any 
curve denoted by the general equation 

y’ = A -f nr -f cxK 

Where ap = .r, pm = y; and taking the several cases when 
A, B, or c, bccximc equal to nothing, and those in which they 
have finite values. 


TO FIND LOGARITHMS. 

72. It has been proved, art. ,23, that the fluxion of the 
hyperbolic logarithm of a quantity, is equal to the fluxion of 
tne quantity divided by the same quantity. Therefore, when 
any quantity is proposed, to find its logarithm; take the 
fluxion of‘that quantity, and divide it by the same quantity; 
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then tuke the fluent uf‘ the uiiotient, either in a series or 
otherwise, and it will lie the logarithni sought; when cor¬ 
rected as usual, if need be; that is, the hyperbolic logarithm. 

73. 13ut, for any other logarithm, multiply the hyperbolic 
logarithm, above found, by the modulus of the system, for 
the logarithm sought. 

Nbfe. The modulus of the hyperbolic logarithms, is 1 ; 
and the modulus of the common logarithms, is *43429448190 
^c.; and, in general, the modulus of any system, is equal to 
the logarithm of 10 in that system divided by the number 
2*302.5850929940, &c. which is the hyp. log. of 10. Also, 
the hyp. log. of any number, is in proportion to the com. log. 
of the same number, as unity or 1 is to ‘43429, &c. or as the 
liumbcr 2*302585, &c. is to 1 ; and therefore, if the common 
log. oi' any number be multiplied by 2‘302585, &c. it will 
give the hyp. log. of the same number; or if the hyp. log. 
be divided by 2'302.585, Sec. or multi}>licd by *43429, &c. it 
Mill give the common logarithm. See farther, pa. 125. 

Kx.vm. 1. To find the log. 

® a 


Denoting any proposed number whose logarithm is 
required to be found, by the compound expression - - - 

, the fluxion of tlie number i, is —, and the fluxion 
a a 

.r*jf 


.V 


of the log. — = 

^ rt + .r 


X Xx 

~ a a' 




+ &c. 


a' a* 

Then the fluent of these terms gives the logarithm of r: 
. + .r 

a 


i>r logarithm of 


a 


X X' x^ X* „ 

2a« ^ ;3a* 4a* 


AV ruing — a* for x, giveslog. 


a ~x 


X 


X- 


X- 


X 


..4 


a 


a 2a* 3d' 4a* 


Div. these numb, and 1 a + .r 2a: 2a:^ 21*^ 

siiblr. their logs, gives j ‘^’S* ““ ~ 3^^'^5a^ 


&c. 


a 


I _ ^ fi H” X a 1 ® ^ 

Also, because-=1 or log. —— =0 — log.- » 

’ a-1-.r « ^ rt+.r « 


therefore log. of 


and the log. of 


a 


X 


.1' 


.1 


,,3 


X 


.4 


a + .r ft ^ 2a' 3a'’ ^ 4a* 

a . XX''- O’’ X* 

- IS 4-4* -z :—; “b -z —r + —1 &C. 

a — x a 2a- 3a^ 4a* 


Ihc prod, gives log. + ^ + I? + 
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i Now, for an example in numbers, suppose it were required 
to compute the common Ic^rithm of the number 2. This 
will be best done by the senes. 


k^. of= 2 m X ( — H- 
® cr—ar ’ 


a’ 


X' X’ " c 

Ba» '5a^ Tid 


Making= 2, gives a = ii,v; conseq. — = j., and — 

— w'hich is the constant factor for every succeeding term ; 
also, 2m = 2 X *43429448190 = *868588964; therefore the 
calculation will be conveniently made, by first dividing tliis 
number by 3, then the quotients successively by 9, and 
lastly these quotients in order by the respective numbers 
1, 3, 5, 7, 9, &c. and after that, adding all the terms to¬ 
gether, as follows: 


) 

9 ) 

•868588964 

289529654 

1 ) 

289529654 ( 

•289529654 

9 ) 

32169962 

) 

32169962 ( 

10723321 

9 ) 

3574440 

) 

3574440 ( 

714888 

9 ) 

397IGO 

7 ) 

397160 ( 

56737 

9 ) 

44129 

9 ) 

44129 ( 

•4<K)3 

9 ) 

4903 

1* ) 

4903 ( 

446 

9 ) 

545 

13 ) 

545 ( 

42 

9 ) 

61 

15 ) 

61 ( 

4 


Sum of the terms gives log. 2 = •JK)10299$h> 


Exam. 2, To 6nd. the log. . 


Exam. 3. To find the log. of a — x. 

Exam. 4. To find the log. of 3. 

Exam. 5. To find the log. of 5. 

Exam. 6. To find the log. of 11. 

Note. The hyp. log. of 1 -f .r, is x — -f- -jx' — ^x* -\- 

&c. 

And the nat. numb, to the hyp. log. is thus expressed, 

1 + y -1- W + + 2Xi^ 2.3 4.5 


74. The above given series log. 


a + X / X 

= 2m 

o — X ' « 


+ 


x’ 

3x" 


4- + &c.) when a = 1, becomes 

2m (x 4- yX^ + 4^ + : and this latter,* by substituting 
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sr for consequently^ 


« -f 1 


for X, becomes 


log. S = Um ^ f 4(~|) + &C. I 

a scries of rapid convergence, and convenient application, 
wlicii z is a small integer. 

If, now, in this we suppose 
«• 


so that 


^-1 


— 1 f/i— I) (n l-1) 

-I — . n dien the formula becomes 

-i-l ‘Jii'—l 

lOiC. y - 74—7 -I X = ^ „ , 

* (« —1)(«-+-1) 1 


tv 


2 log. n — log. (n — 1) — 


But Idg. , - - . , _ , 

" (n — 1) (« + 1) 

log. (« -f 1); therefore, putting n for the series 

\ - 1 ) - 1 ) ] 

we have this formula, 

2 log. n — log. («—!)— log. (// 1) = N : 

and licncc, as often as we have the logarithms of any two of 
three numbers wljose common difference is unity, the loga¬ 
rithm of the remaining number may be found. Example. 
Having given 

the eomnion log. of 9 = 0*95424250943 

the eomnion log. of 10 = 1 ; 

it is recpiired to find the common logarithm of 11. 

Here we have n = 10, so that the formula gives in this 

ease 2 log. 10 — log. 9 — log. 11 — n, and hence wc have 

log. 11=2 log. 10 — log. 9 — N, 

, 2m 2m 

where n - f 


+ &e. 


M being •ld42944Hl90. 


Calculation of n. 


2m 


A = -J- y = 00436476866 


B = 


3.199= 


■00000003674 


N = 00436480540 
2 log. 10 = 200000000000 
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, log. 9«0 954S4a50943 
N = 0-00436480540 

log. 9 + K = 0*958607t}1483: taken from 

2 log. 10, leaves log. 11 = 1 04139526*8517 

75. Here the series expressetl by n converges very fast, 
so that two of its terms are sufficient to give the logarithm 
true to 10 places of decimals. But.the logarithm of 11 may 
be express^ by the logarithms of smaller niiiul>crs and a 
series which converges still more rapidly, by the following 
artifice, which will apply also to some other numbers. Be¬ 
cause the numbers 98, 99, and 100 are the products of num¬ 
bers, the greatest of which is 11, for 98 = 2 x 7% 99 = 9 x II, 
and 100 = 10 x 10, it follows that if we have an equation 
composed of terms which are the logarithms of these three 
numbers, it may lie resolved into another, the terms of which 
shall be the logarithms of the number 11 and other smaller 
numbers. Now by the preceding formula, if we put 99 for 
11 , we have 

2 log. 99 — log. 98 -• log. 100 = N. 
that is, substituting log. 9 + log. i 1 for log. W), log. 2 -f- 
2 log. 7 for log. 98, and 2 log. 10 for lug. 100, 

2 log. 9 + 2 log. 11 — log. 2 — 2 log. 7-2 log. 10 = n, 
and hence by transpo.sition, &c. 

log. 11 = [N + 2 + log. 7 — i(»g. 9 T log. 10; 

and in this equation, 

2m _ 2m 

1960l ^ ^ 19601^ ^ 

The first term alone of this scries i.s sullicient to give the 
logarithm of 11 true to 14 places. 

76. When it is requireil to find the logarithm of a high 
number, as for example 1231, we may proceed as follows: 

tog. 1231 = tog. (1230 + 1) = tog. ^ 1230(^1 + 

= li>g. 1230 + log. ^ 

Again, log. 1230 '= log. 2 + log. 5 + log. 123, and 
log. 123 = log. 1120^1 + } 

= log. 120 + log. ^1 + 
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log. 120 = log. (2^ X 3 X 5) = 3 log. 2 + log. 3 -f- log. 5. 
Therefore 


log. 1231 =4 log. 2 + log, 3 + 2 log. 5 + log-^1 + ;| 0 ^ 
+ log. + fg^)* 

Thus the logarithm of the proposed number is expressed by 
the logarithms of 2, 3, 5, and the logarithms of 

1 + 1 + which may be easily found by the 

(ormuIiB already delivered. 


77. When it is required to interpose one logarithm be¬ 
tween a scries of ecjuidistant terms in a table, it may be ef- 
lected upon the principle of interpolation by means of tlie 
well-known theorem ; viz. 


a — 7ili n , 


n — l 
~~o 


c — ft 


ff-l 


71 — 2 

~~S~ 


d + &c. = 0 . 


Thus, suppose there w’ere given the logs, of 101, 102, 104, 
and 105, and tliat of 103 were required. 

Here the number of equal intervals is 4, and of terms 5 ; 
so that tlje general form becomes 

(i— 1^ + Gc — 4^7 + c = 0; and c = ^[4(^ + d) — (a + r)3- 

a = 20043214 
b = 2 0086002 
d = 2 0170333 
c = 20211893 


+ d) = 16-1025340 
a + c = 40255107 


6)12 0770233 


Log. of 103 = 2-0128372 


Exam. 1. Given the logs, of 999 and 1000. Required the 
log, of 1001 . 

Exam. 2. Given the logs, of 51, 53, 57, and 59; to find 
the log. of 55. 

On this interesting and important subject, consult tlie 
Introduction to Dr. Hutton’s Mathematical Tables, and 
Hollins's Mathumatieal Essays. 
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INFLEXIONS. 


TO FIND THE POINTS OF INFLEXION, OR 
OF CONTRARY FLEXURE IN CURVES. 

78. The Point of 
Inflexion in a curve is 
that point of it which 
separates the concave 
from the convex part, 
lyingbetween the two: 
or where the curve 
changes from concave 
to convex, or from convex to concave, on the same side of 
the curve. Such as the jioiiit e in the annexed figures, 
where the former of the two is concave towards the axis ad, 
from A to E, but convex from e to f ; and on the contrary, 
the latter figure is convex from a to e, and concave from 
E to F. 

* 

79- From the nature of curvature, as has been remarked 
before at art. 32, it is evident, tiiat when a curve is concave 
towards an axLs, tlien the fluxion of the ordinate decreases, 
or is in a decreasing ratio, with regard to the fluxion of the 
absciss; but, on the contrary, that it increases, or is in an 
increasing ratio to the fluxion of the absciss, when iltc curve 
is convex towards the axis; and consequently those Iwt) 
fluxions are in a constant ratio at the jioint of inflexion, 
where the curve is neither convex nor concave; that is, x is 

jf JC . 

to y in a constant ratio, or —is a constant quantity. 

Rut constant quantities have no fluxion, or their fluxion is 
equal to nothing; so that, in this case, tlie fluxion of 

■— or of -r is equal to nothing. And hence we have this 

general rule: 

80. Put the given C(|Uution of the curve into fluxions ; 
from which find either — or - Then take the fluxion of 

X y 

this ratio, or fraction, and put it equal to 0 or nothing; and 

X 

from this last equation find also the value of the same -r- or 
—. Then put this latter value equal to the former, which 


/ 

b:/ 


/I 

"ir 

'IT 
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will form an equaliun ; from whicli, and the first given equa¬ 
tion of the eiirve, x and // will be determined, being the 
absciss and ordinate answering to the point of inflexion in 
the curve, as required. 


EXAMPLES. 


Exam. 1. To find the point of inflexion in the curve 
wliose equation is ax'- = 

Th is equation in fluxions is 2axjt — a^y + ^xyx -|- x'^y, 

X Cl'~ -f- X' 

which gives —- —. Then the fluxion of thisquantity 

made = 0, gives 2xx {ax — xy) = (a* -fa;-) x {ax—xy — xy); 

, , . X a* -f X 

and this again gives - x -. 

y a' — x'^ a —y 


Lastly, this value of —- being put equal to the former, gives 


«'■' -f X- 


X 


</•■ + X* 


1 . 


; and hence = a* — a;-. 


ti'—X' a>—y ^ ^—y 

or 3a® = a\ and x = a the absciss. 

Hence also, from the original equation, - . - - - 

y = —-- = = 'a. the ordinate of the point of in- 

-f X' -J-f/- ^ 

flexion sought. 


Exam. 2. To find the point of inflexion in a curve de- 
rined by the equation ay zz a ^/o.r -h x'. 

Exam. 3. To find the point of inflexion in a curve defined 
by the equation ay- = u'x + 


Exam. 4. To find the point of inflexion 
in the Conchoid of Nicomedes, which is 
generated or constructed in this manner: 

From a fixed point p, which is called the 
pole of the conchoid, draw any number of 
right lines, pa, tb, pc, pe, &c. cutting 
the given line fd in the points f, g, h, i, 

&c.: then make the distances fa, ob, hc, ie, Stc. equal to 
each other, and equal to a given line; then the curve line 
ABCE, {k.c. will be the conchoid; a curve so called by its in¬ 
ventor JSicomedcs. 
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t'URVATURi:, 


TO FIND THE RADIUS OF 

CURVES. 


CURVATURE OF 


81. The Curvature of a Circle is constant, or the some 
in every point of it, and its radius is the radius of curvature. 
Rut the case is different in other curves, every one of which 
has its curvature continually varying, either increasing or 
decreasing, and every point having a degree of curvature 
|>eculiar to itself; and the radius of a circle whicli has the 
same curvature with the curve at any given point, is the 
radius of curvature at that point; which radius it is the 
business of this chapter to find. 


8i2. Let AEC be any curve, con¬ 
cave towards its axis ad ; draw an 
ordinate de to the point e, where 
the curvature is to oc found ; and 
sup|iose EC perpendicular to the 
curve, and equal to tlic radius of 
curvature sought, or e(]ual to the 
radius of a circle havittg the snme 
curvature there, and with that 
radius describe the said equally 
curved circle bec; lastly, draw y.d 

|)aral]el to ad, and dc parallel and indefinitely near to oe : 
thereby making Ed the fliixion or increjnent of the ai>sciss 
AD, also de the fluxion of the ordinate de, and £c that of 
the curve ae. Then put x = ad, i/ =■ de, = ae, and 
/• = CE the radius of curvature; then hd = jr, de = >, and 



EC = z. 


Now', by sim. triangles, the llirce lines Ed, de, ec, 
which vary as x,y, z, 

are respectively as the three - - c;e, c;c, ce ; 

therefore - - - - - gc.as=ce.>; 

and the flux, of this cq. is oc . -i 4* t;c x = ge .> + oe . Jr, 

or because r.c = — bg, it is gc . x ~ m; jr = (;e . v 4- gk . J . 

Rut since the two curves ae and be have the same cur¬ 
vature at the point k, their abscisses and ordinates have the 
same fluxions at that point, that is, Ecf or x is the fluxion 
both of ad and BG,and de or J tx the fluxion both of de and 
GE. In the equation above therefore substitute x for bg, and 
J for GE, and it becomes 

Ot Jr — XX zz GEy 4- yj, 

or Gt .V — GF> x" I r Z-. 
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Now multiply the three terms of this equaticm resjiectiwly 

y X SC 

hy these three quantities, which are all cqujjl, 

CtC ge ce 


and it becomes 


X‘ X' 

= ~» or —; 
CK r 


and hence is found r =-, for the general value of the 

jfX —XJ 

radius of curvature, for all curves whatever, in terms of the 
fluxions of the absciss and ordinate. 


83. Further, as in any case either x or y may be supposed 
to flow equably, that is, either x ory constant quantities, or 
.V ory equal to nothing, it follows that, by this supposition, 
either of the terms of the denominator, of the value of r, may 
be made to vanish. Thus, when x is supposed constant, a- 
being then = 0, the value of r is barely - - - - - - 




— xy 


or r is = — when y is constant. 


EXAMPLES. 


I'.xANf. 1. To find the radius of curvature to any point 
of a parabola, whose equation is cuv = its vertex being a, 
and axis aj). 

Here, tlic equation to the curve being ax—y', the fluxion 
of it is ax = 2t/y; and the fluxion of this again is ax = 2y\ 
siipjHising y constant; hence then r or 




IS = 


or 


yx' yA " 2 v/a 

for the general value of the radius of curvature at any point 
E, the ordinate to which cuts off the absciss ad = x. 


Hence, when the absciss x is nothing, the last expression 
becomes barely — r, for the radius of curvature at the 
vertex of the paralxila; that is, the diameter of the circle of 
curvature at the vertex ofa parabola, is equal to a, tlie pa¬ 
rameter of the axis. See, also, pa. 139* 


Exam. 2. To find the radius of curvature of an ellipse, 
whose equation is a"^' = c"{ax — x^). 


Ans. r = 


[a-c- + 4 (fl^ — c ) X {ax - .r-)] ^ 
2a*c 
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IWOLUTB8 AND EVOLIITES. 


Exam. 3. To find the radius of curvature of an hyperbola, 
whose equation is -t^). 


Ans. r = 


[rt'-’c- + -4" e ) X (ojr -f 

2a*c 


Exam. 4. To find the radius of curvature of the cycloid. 
Ans. r = 2 — nx), where jt is the absciss, and 

a the diameter of the generating circle. 


OF INVOLUTE AND EVOLUTE CURVES. 

84. An Evolute is any curve sup|)oscd to be evolvetl or 
opened, which having a thread wrapped close about it. 
fastened at one end, and l)eginning to evolve or unwind the 
thread from the other end, keeping always tight stretclied 
the part which is evolved or wound off': then this end of tin* 
thread will describe another curve, called the Involute. Or, 
the same involute is described in the contrary way, by wrap¬ 
ping the thread a!x>ut the curve of the evolute, keeping it at 
the same time always stretched. 

85. Thus, if £FGH be any curve, 
and AF. bo either a part of the curve, 
or a right line : then if a thread be 
fixed to tlie curve at ir, and be 
wound or plied close to the curve, 

&c. from II to A, keeping the thread 
always stretched tight; the other 
end of the thread will describe a 
certain curve abcd, called an Invo¬ 
lute; the first curve efuh Ixnng its 
evolute. Or, if the thread, fixed at 
H, be unwound from the curve, l>eginnin^ at A, and keeping 
it always tight, it will describe the same involute abcd. 

86. If AE, BF, CG, Dll, &c. be any positions of the thread, 
in evolving or unwinding; it follows, that these parts of the 
thread are always the raaii of curvature, at the corresponding 
points. A, B, c, D; and also equal to the corresponding 
lengths AE, AEF, AEFG, AEFGii, of the evolute; that t.s, 

A£ = AE is the radius of curvature to the point a, 

BF = AEF is the radius of curvature to the point b, 

CG = AEG is the radius of curvature to the point c, 

DH = AEH is the radius of curvature to the point n. 


(V \ 
\ 

A f. 



\ 
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87. It also follows, from the premises, that any rathus of 
curvature, bf, is perpendicular to the involute at the point b, 
and is a tangent to the evolute curve at the point f. Also, 
that the evolute is the locus of the centre of curvature of the 
involute curve. 


88. Hence, and from art. 82, it 
will be easy to find one of these 
curves, when the other is given. 

To this purpose, put 
.r — AD, the absciss of the involute, 
y = DB, an ordinate to the same, 

= Afl, the involute curve, 
r — BC, the radius of curvature, 

1 ' = EF, the absciss of the evolute ec, 

V — FC, the ordinate of the same, and 
a — AE, a certain given line. 

Then bv the nature of the radius of curvature, it is 

r ~ - -: = uc = AT. P Kc; also, bv sim. triangles, 

— xy 



Vx XX' 

(;b = - — = ::-r. 

z }x — xy —^ 

z yx — xy '“*'y 


Hence ef = r.B — db =-w = v; 

>’Z* 

and rc = ad — ae + gc = a* — a 4- -—n = w; 

-xy 


which are the values of the absciss and ordinate of the evolute 
curve EC; from which therefore these may be found, when 
the involute is given. 

On the contrary, if v and «, or the evolute, be given: 
then, putting the given curve ec = s, since cd = ae + Ec, 
oi* r = a + v, this gives r the radius ol‘ curvature. Also, by 
similar triangles, there arise these proportions, viz. 

• • rv a -h s ‘ 

s : V :: r : — = —:— v = on, 
s s 


ru 


f* * - 


a + ^ * 

—;—u = GC ; 


and s : u 
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, a + s . 

and DB = OB — CD ae: CB — KF = -r~t; — W s= 

S 

whidi arc the alisciss and ordinate of the involute curve, and 
which may therefore be found, when the evolute is given. 

Where it may be noted, that + w*, and k* = jf*-f 

Also, either of the quantities J", may be supposetl to flow 

equably, in which case the respective second fluxion, *- or j, 
■will be nothing, and the corresponding term in the denomi¬ 
nator will vanish, leaving only the other term in it; 

which will have the efl*ect of rendering the whole operation 
simpler. 


EXAMPLES. 


Exam. 1. To determine the nature of the curve by whoso 
evolution the common parabola ab is described. 

Here the equation of the given evolute An, is cx = 
where c is the parameter oi the axis ad. Hence thou 

C Cf 

y = and y = —» also y =- 7 — V— hy making 


X constant. C'onsequently the general values of v and «, or 
of the absciss and ordinate, ef and fc, above given, liocoinc, 
in that case, 


ef =: V = - ~ y — 


■+ y , X , 

- — y = ^/ — ; and 

—y r 


FC = ii = X — a + -= Sx -f- [c — a. 

— V 

But the value of the quantity a or ak, by exam. 1 to 
art. 83, was found to be 40 ; consequently the last quantity, 
FC or «, is barely = fix. 

Hence then, comparing the values of v and u, there is 
found fiv s'c = 4m or 21cv^ — 16m^ ; which is the equa¬ 
tion between the absciss and ordinate of the evolute curve 
EC, showing it to be the semicubical parabola. 

Exam. S. To determine the evolute of the common cycloid. 

Ans. another cycloid, equal to the former. 


TO FIND THE CENTRE OF GRAVITY. 


89. By referring to art. 108, &c. in the Statics, it is seen 
wliat are the principles and nature of the Centre of Gravity 
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in any fieure, and how it is generally 

expressed. It there appears, that if 

TACi be a line, or plane, drawn through 

any point, as suppose the vertex of 

any body, or figure, abd, and if - - 

s cienote any section ef of the figure, 

d = AG, its distance below pa, and 

b = the whole body or figure abd ; 

then the distance ac, of the centre of 

, , „ , , , sum of all the ds 

gravity below pq, is universally denoted by- j -; 

whether abu be a line, or a plane surface, or a curve super¬ 
ficies, or a solid. 

But the sum of all the ris, is the same as the fluent of db, 
and b is the same as the fluent of t; therefore the general 
expression for the distance of the centre of gravity, is ac = 

fluent of xb fluent .rb . , . , , 

T-r- =-j-; putting X = d the vanable distance 

fluent of 

AG. Which will divide into the following four cases. 



90 . Cask 1 . When ae is some line, as a curve suppose. 

In this case j is = i or - + j-, the fluxion of the curve; 

, , , fluent of JJK fluent of j: 

and b ~ s!: theref. ac =- — 

:: z 

= — is the distance of the centre of gravity' in a curve. 

V O - 


91. Casf; 2. When the figure abd is a plane; then 
h = yx\ therefore the general expression becomes ac = 


fy- 


for the distance of the centre of gravity in a plane. 


92. Case 3. When the figure is the superficies of a body 
generated by the rotation of a line aeb, about the axis ah. 
Then putting w = S‘14<159, &c. will denote the circum¬ 
ference of the generating circle, and the fluxion of the 

^ , - fluent of fyxx , , 

surface; therefore ac = -n -fs— r = ~ 2 r-r will be the 

fluent of x.'ttyx jy^ 

distance of the centre of gravity for a surface generated by 
the rotation of a curve line z. 


93. Case 4. When the figure is a solid generated by the 
rotation of a plane abh, about the axis aii. 

VOL. II. 
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Tlien is ry* = tlie area of tlie circle whose radius is j/, 
and vy'x = A, the fluxion of the solid ; therefore - - - 


AC = 


fluent of a ft fluent of Vi- J'y'sx . 


fluent of ^ fluent of i^«ir Ji^x 
of the centre of gravity below the vertex in a solid. 


is the distance 


F.XAMPLES. 


£xam. 1 . liCt the figure |)ropo;jed be the isosceles triangle 
ADD. 


It is evident that the cei.lre of gravity c, 
where in the perjKjndicuIar ah. Now, if « 
denote ah, c — bd, x — At;, and jy = ef 
any line parallel to the base so: then as 
cx 

a : c :: X : t/ = ; therefore, by the J 2 d 

_ fluent f/xx fluent 

C ase, AC = -5 -=-~ -S'— -= -— 

fluent f/A nuent.i jr }.r- 


will be souie« 


A 

KAit’Ap 

. tVf V 



= *-r = 7 AH, when x becomes — ah : 
consequently ch = -fAH. 

In like manner, the centre of gravity of any other plane 
triangle, wdll be found to be at ^ of the altitude of the tri¬ 
angle ; the same as it was found in art. Ill, Statics. 


£1xam. 2 . In a parabola; the distance from the vertex is 
\a\ or -J- of the axi.s. 


Exam. 3. In a circular arc; tlie distance from the centre 


cr 

of the circle, is -- ; where a denotes the arc, c its chord, and 
/• the radiu.s. 

Exam, t. In a circular sector; the distance from the 


o. 


cr 


centre of the circle, is ; where «, c, r, are the same as in 
exam. 3. 


Exam. 5. In a circular segment; the distance from the 

c^ 

centre of the circle is ; where c is the chord, and a the 

12 a 

area, of the segment. 

Exam. 6 . In a cone, or any other pyramid; the distance 
from the vertex is ^x, or of the altitude. 

Exam. 7 . In the .semisphcrc, or semispheroid; the distance 
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from the ceiitre is -|r, or ^ of the radius: and the distance 
from the vertex of the radius. 

Exam. 8. In the parabolic conoid; the distance from the 
base is or of the axis. And the distance from the 
vertex y of the axis. 

Exam. 9. In the segment of a sphere, or of a spheroid ; 

the {listance from the base is » where a: is the height 

of the segment, and a the whole axis, or diameter of the 
sphere. 

Exam. 10. In the hyperbolic conoid; the distance from 

the base is f x ; where x is the height of the conoid, 
oa + 4a? ® 

and a |||e whole axis or diameter. 

9‘I. Among the preceding examples, those which relate 
to circles and spheres, furnish pleasing applications of the 
fluxional formulae for the trigonometrical quantities. Thus, 

1. To find the centre of gravity of a circular arc. 

Let ah' = 2 , b'5 = i ^ 

rad. = 1. 

fxK f9, cos. sri 2 sin. 2 
Ihcir-=- a -— — a — 

Hence, had : bd . : rad. : dist. . 
c. G. from A. 

2. To find the centre of gravity of a circular segment. 

fxyx ^f2 sin. s: cos. z (p cos. z f2 sin.'^ z cos. zk 

f2 sin.- z <p sin. z y sin .*2 

”” /(I — cos. 2z)i « — 1 sin. 2^* 

3. To find the distance of c. g. of a spheric surface from 
its centre. 

sin. z cos. zz ■n sin.’s 
sin. zz 



= 4(1 + cos. z) 


2ir( 1 — cos. 2 ) 
that is, at the middle point of the versed sine. 

4. For the c. g. of a spherical segment. 
fy'^xx f sin .®2 cos. 2 ( — ^ cos. c) sin .®2 cos. z (p c os, z 
” f sin.^ar ( — ^ cos. z) ~ f sin.% <p cos. z 
/sin.'« cos. z sin. zx f'h\n?z cos. zx 
/’sin.“«( V- cos. 2 ) ”*y'sin.* 2 ( — <p cos. z) 

A A' ” 
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_ f sin .^^a ^ sin. » ^ sin.^ar_ 

7‘sin.®.y 1 — 9 cos. a) ~(1 — cos.'*®) ( — 9cos. z) 

_ I sin.^r ^ sin.^.jr 

J' (cos.® 2—1)9 cos. Z y(cOS.^S — 3 CCM. Z y 

•’ stn.^2 

which corrected becomes = -7-.r- ^ - 

1 (cos. * 2 f - 3 c-os. s+2) 

When the segment Ix'comes a lieiiiisphere, this Ijccoraes 
= { of radius, as it ought to be. 


95 . Pressure of llarth arraiust Walls. 


% 


Iz’vnnn. A weight, w, be¬ 
ing placi'tl on a plane, inclined 
to the vertical in an angle r, 
to (ind a horizontal force, ir, 
sufficient to sustain it, so that 
it shall not run down the plane, 
taking friction into the ac¬ 
count. 

Each of the forces, w, h, being re.-solved into two, the one 
parallel, the other perpendicular, to the plane; there will 
result. 



parallel to the plane, a force = w cos. 1 — u .sin. i, 
perp. to the plane, a force = w sin. i 4 - ii cos. i. 

In order to an equilibrium, the first of these forces ought to 
Ik* precisely equal to tlie fricti<m down the plane. 

That is, w cos. t — 11 sin. i = yVv sin. i + fn cos. f, 
whence fn cos. i -f h sin. i = — ^w sin. 7 -p w cos. i. 


cos. i — f sin. I 1 - - /'tan. /, 

and H — w -— .-■ .— . = w--_ , 

sin. i ^ f cos. i tan. / + / 

Coral. Hence, if instead of a horizontal force, the weight 
W' were sustained by a wall, or by any obstacle whatever, the 
horizontal effort exerted by the weight against the obstacle 


would l)C w . 


1 — f tan. i 


tan. i J ' 

96 . Prop. To determine the horizontal stress of the ter¬ 


race W’hose vertical section is lu Ei-, against the wall whose 
section is abcd, and the momentum of the pressure to over¬ 
turn the wall aliout the angle a. 

(.’orisidcring, first, the stress of a triangle cbe, whose 
sloping side be makes the angle i with the vertical: let 5c, 
5r', l)e each parallel to be, limiting the eleVnentary trapezoid 
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bUde, Let bc = a, 
cb — Xt bV ■=^ x\ then 
area of hV^c = xx tan.i; 
and if s be tlie specific 
gravity of the earth, the 
weight of the portion 
hUe'e will be = sxx 
tan- i. Therefore the 
horizontal effort, against 
the line A//, will bc 



= sxx tan. i . 


1 —,/* tan. i 


= sxx 


I — f tan. i 


tan. i f i+y* cot. i 

1 —/'tan. i 

= sxxii ; putting r- '—Ti -; 

^ ^ 1 -f / tan. i 


= M. 


Tlie fluent of sr^M, when ar = a, gives for the whole 

horiz^Bhil thrust of the triangle cue;. 

Re^rring the niomenturn of the thrust of the elementary 
portion bb'e'e^ to the length of lever fin = a — .r, we have 
for that nionientuin M.>(a — x^xx. The fluent of this when 
,r — (If is = 

97. It remains to determine the angle /. 

1 — J' tan. 7 


Now, it is evident that 


-- = M, vanishes, and 


1 + /*cot. i 

consct[uently, both the horizontal thrust and its momentum 

vanish, whether tan. i = 0 , or = Between these two 

values, therefore, there is one which gives both the greatest 
thrust and the greatest momentum. This value is found by 
making 

, 1 — /’tan. i ^ ^ 

<AM = 0, that 18 , 0 r———. = 0. Put tan. t = 

Y > ^ r I j’ ^ 

then -fi (1 + ^) +-§(1 -f~) =0; 

fx X — /^x 
or JE + — = 




that is, 


1 + 4=^-#' +/r=i-y^, 

s’ + = 1.. + 2/z +/“ = 1 +/*; _ 

+ /=V(1+/)’ . a = -/+>/l+A 


tan. i = ->/* -j- yl + J *. 





FLUXIONS. 


Substituting tliis vuluo of tan. i fur it in the above uxpres- 
sion fur m» we have for the horizobtid thrust 

I “/ + ^/(I +/01 * = 4^’*^ tan.»i, 
while the momentum of the stress is found to be * 

ia^s\ -/ + V(l +/T} = 4""^ tan.«4, 
which was to be found. 

98. The angle which has for its tangent ^ is the angle 

of the slope, which the earth would, of itself, naturally take, 
if it were not sustained by any wail. 

For a body has a tendency to tlescend along a plane (in¬ 
clination to vertical = i) with a ti)rce — g cos. i, and it presses 
the plane with a force = g sin. /. Wherefore the friction 
=yg sin. i ; and since it counterbalances the force witii which 
the tiody endeavours to descend, we have 

^ . sin. i 1 wIP 

fg sin. » = g cos. t . . . =3 tan. t = -j,- ; 

° cos. i f 

• also^‘= cot. ». 

Farther, the angle whose tangent is — y' -j- I -f- f- is half 

the angle w’hose tangent is - t • 

4 / 


2 tdti * i 

For’tan. % =a . (Equa. 17, pa. 18.) 


’ 1-E-/4- ^/l+/‘0^ - 2/^' + 2/v/| H-/-' /' 

Let, therefore, bf be the slope which Itxjse eartli would, 
of itself, naturally assume: tlien, the line be which de¬ 
termines the triangle of earth that exerts the greatest hori¬ 
zontal strc.ss against the vertical wall bisects the angle cbf. 


99. SCHOLIUM. 

Sandy and loose earth takes a natural declivity of 60“ 
from the vertical; stronger earth will take a declivity of 53“. 
Therefore, for a terrace of loose earth wo have 1 = 30“; foi* 
another oi' strong and close earth i — 26 

Hence, for the former kind, w'here tan. 30" = y\/0, the 
value of the stress is ^a^s, and that of the momentum of the 
stress -rVn*^. 

For tne latter kind, where tan. 26^“ = I nearly,,thc stress 
= jQ’s, its momentum = j\a''s. 
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100. The horizontal stress and momcnttim being thus 
known, it is easy to proportion to them the resistance of the 
wall ABCO. 

Let 6 = AD, while BC — fl, and let s be the spec. grav. of 
the wall. For brick, s = 2000, for strong earth, s = 1428. 
Then the momentum of the resistance referred to the ()oint 
AB, being ; we shall have 

lalt'S = (for strong earth) 

.*. 6 = *28034 X a v-'-—• 

12s s 

Thus, if a = 39‘37 feet, s and s as above we shall find 
/j = 9*320 feet. 

Exam. 2. Rupywsing the earth of the same kind as in the 
above example, s to s, as 4 to 5, and the height of the wall 
and hgljk each 12 feet; required the thickness*' of the wail, 
being^Rtangular. Ans. 2*98G feel. 

Note. The preceding investigation proceeds upon the 
principles assumed by Coulomb and Prony. They who wish 
to go thoroughly into this subject, and have not opiX)rtunity 
tt) make experiments, e.iay advantageously consult Traitc 
Kd'penincuittl^ Annlylxjuc ct Pratique (1c la Pousscc des 
Per res, ^c. par M. Mayniel. 


ON THE FLEXIinLITY, STRENGTH, AND 
RUPTURE OF TIMBER, &c 


A piece of solid matter may be exposed to, at least, four 
distinct kinds of strains: viz. 

1st. It may be [lulled, or torn, asunder, as in the case of 
ropes, stretchers, king-posts, tie-beams, &c. 

2dly. It may be crushed, as in the case of pillars, posts, 
and truss-beams. 

3dly. It may be broken across, as in the case of a joint or 
rafter. 

4thly. It may be wrenched, or twisted, as in the ca.se of 
the axle of a wpeel, the nail ol‘ a press, &c. 
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The complete investigation of these particulars, only in 
their principal varieties, would require a volume. The stu> 
dent who wishes to ^ into the inquiry with scientific pre- 
cirion, may consult M. Girard’s Treatise on the Resistance 
of Solids, an interesting essay on the Flexibility of Wood, by 

IkM" TX_ T _ _ t F n 


luable Essay on tfie Strength and Stress of Timber, Having 
attended many of the exjieriments recorded in the latter- 
mentioned work, 1 can with confidence recommend its prin¬ 
cipal results as accurate and useful; and shall, therefore, 
refer to the work itself for the experiments and investigations 
from which the following formuhe and rules are deduced. 

Let / denote the length, a the breadth, d the depth of a 
rectangular beam, all in inches, w the weight with which it 
is loaded in the middle (being supported at btrth ends), ^ the 
deflection occasioned by that weight, and E the nfl|Mre df 

w/* 

the elasticity : then it is found that = e is a constant 
quantity, for the same timber; or, which amounts to the 

same, that —57 = 5. 

’ Efla^ 

This formula is equally applicable to beams 6 xed at one 
end, and loaded at the other, and those which are suj)ported 
at both ends and loaded in the middle; only the value of £ 
in the one case wdll he to that in the other, as 32 to 1 . 

For the ultimate deflection of beams before their rupture, 

the theorem is n — = u, where a is the last deflection. 
a A 

If the resistance of a rod an inch square be s, then ad*B 
will be the resistance of a beam the same length, whose 
breadth is a and depth d : also, if the angle of deflection be 
A, and the breaking weight be w; then 

1. Wh£n the beam is fixed at one md, and loaded at the 
other. 


Iw cos. A = adrs, or 


Zw cos. A 


= s, a constant quantity. 


2. When the beam is supported at each endy and loaded 
in &ie middle, 

^Iviseer A = ad^Sy or = s, constant. 



FLEXIBILITY OF TIMBER. 


sm 


3 . When the beam ie fixed at each endj and haded in the 
middle. 


= ad^8, or 


Jwsecf^ A 
6ad^ 


=s s, constant. 


4. JVhen the beam in either of the two last cases is loaded 
at any other point than the centre. 

We shall have, in the former case, by denoting the two 
unequal lengths by m and n. 


mnw 

~ir 


sec"^ A = ac?*s, or 


mnyfrsec^ 

lad^ 


= s: 


and in the second, 
2mnw 


sec" A = ad^s, or 


2wnw5rc® A 


= a. 


SI -- 3 ^^, 

still timil^ine constant quantity. 

Ane^he first formula will also apply to a beam fixed at 
any given angle of inclination; observing only, that the 
angle a, in this case, will represent the angle of the beam’s 
inclination, increased or diminished by the angle of its de¬ 
flection, according as its first jKisition is ascending or de¬ 
scending ; or rather, it will denote the angle of the beam’s 
inclination at the cflomcnt of fracture. 

In all these cases, when it is only intended to apply the 
results to the common application of timber to architectural 
and other purposes, the angle of deflection may be omitted, 
and the equations then become simply. 



Iw 

2. 

/w 

1. 

iid‘ - 

4ad* 

s. 

Iw 

4. 

mnvf 


lad‘ 

5. 

2mnw 

S/ad* “ 




IS c = 


The absolute value of direct cohesion on a square inch 

pj g * ° depth of the neutral axis, 

or of the line which separates the compressed from the 
stretched portion of the wood. 

The subjoined table of data for different kinds of wood, 
results from the union of these formulae with expenments. 
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Name of the kind of 
Wood. 

Spec. 

Grav. 

Value 
of u. 

Value of X. 

Value of Value of] 
1 

Value of 
r. 

iTeak. 

745 

818 

9657802 

2462 

2488 

15555 

iPoon. 

579 

596 

6759200 

2221 

2266 

14787 

Eng. Oak .... 

969 

598 

3494730 

1181 

1205 

9836 

Do. Spec. 2... 

934 

435 

5806200 

1672 

1736 

10853 

jCanadian Oak 

872 

588 

8595864 

1766 

1803 

11428 

iDantzic Oak .. 

756 

724 

4765750 

1457 

M77 

7386 

Adriatic Oak.. 

993 

610 

3885700 

1583 

1409 

8808 

Ash. 

760 

395 

6580750 

2026 

2121- 

17337 

Beech. 

696 

615 

54I7266 

1556 

1586 

9912 

Elm. 

553 

509 

2799347 

1013 

1012 

5 /1>/ 

Pitch Pine .... 

660 

588 

4900166 

ia32 

1666 

10115 

Red Pine .... 

657 

605 

7359700 

1341 

1368 

10000 

New' Eng. Fir.. 

553 

757 

5967400 

1102 

11 1(> 

1 9947 

Riga Fir. 

753 

588 

5314570 

1108 

1131 . 

Ijo/or 

Do. Spec. 2 ... 

738 

• • 

39028Of) 

1051 

1081| 

i 

iMar Forest Fir 

696 

588 

2581400 

1141 

1168 

I 9539 

’Do. Spec. 2 . .. 

693 

403 

347832S 

1262 

-1310 

10091 

Larch. 

531 

41 1 

24651.33 

653 

890 


Do, Spec. 2 ... 

522 

518 

3591133 

832 

850 


Do. Spec. 3 ... 

556 

.518 

t210vS30 

1 127 

1119 

7655 

Do. Spec. 4 ... 

560 

518 

4210830 

1149 

1172 

7352 

Norway Spar. . 

.')77 

648 

5832000 

k474 

1 192 

12180 


Other tables anil observations on the cohesive strengtli of 
metals, &c. are given at the end of this volume. ^ 


Solution of Practical Probtems^from the preceding Data, 

Prod. i. To find the Strength of Direct Cohesion of a Piece 
(f Timber of any given Dimencions, 

Multiply the area of the transverse section, in 
inches, by the value of c, in the preceding table of data, and 
the product will be the strength required. 

Note. If the specific gravity be not the same as the mean 
tabular specific gravity; say, as the latter is to the former, 
BO‘is the above product to the correct result. 

£xA»t. 1. What weight will it require to tear asunder a 
piece of teak 3 inches square, the specific gravity lieing 745 ? 

Ans. 1399501bs. 

Exam. 2. What weight will break vertically a cylinder of 
ash, 2 inches in diameter, and siiecific gravity 730 ? 

Ans. 501661bs. 
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PfloB. II. To compute the Deflection of Beams fixed at one 
End and loaded at the other with anp given Weight. 

Buie 1. Multiply the tabular value of b by the breadtli 
and cube of the depth of the given beam, both in inches. 

2. Multiply also the cube of the length in inches by die 
given weight, and that product again by S2. 

3. Divide the latter product by the former, for the deflec¬ 
tion sought. 

Exam. 1. An ash batten, 3 inches scjuare, is fixed in a 
wall, and projects from it 4 feet. If a weight of 200Ibs. be 
hung on its extremity, how much will it be deflected ? 

Ans. inches. 


Exam. 2. What would the same beam be deflected if a 
prop or shore, proceeding from the wall, met it at half its 
lenarth ? 


Her^ wltliout repeating the operation, as we know that 
the dcTOctions are as the cubes of the lengths; and as by 
means of the shore the length is reduced to one half the 
former, viz. to 2 feet, we have 


4^ : 2’ : : inches (former defiec.) : 

X lA 4 ..... 


Exam. 3. A batten of New England fir, 6 feet long and 
4 inches deep, by 2^^ inches in breadth, is fixed at one end, 
and loaded, uniformly throughout its length, with 2001bs., 
Iiow%nuch will its exti-einity be deflected ? 

Note. The same rule will apply, when the weight is dis¬ 
tributed throughout the length, by multiplying tne second 
product by 12 instead of 32 


Erob. hi. To compute the Diction of Beams, supported 

at each End, a/nd loaded in the Middle with any given 

Weight. 

Ride 1. Multiply the tabular value of b by the breadth 
and cube of the depth, both in inches. 

2. Multiply also the cube of the length, in inches, by the 
given weight in lbs.; then divide the latter piXKluct by the 
former for the deflection sought. 

Exam. 1 . A square beam of English oqk, whose side is 6 
inches, is supported on two walls, ^ feet distant, and is to 
be loaded at its middle point with lOOOlbs., what will it be 
deflected ? Ans. 1*8 inch. 

Exam. 2. A beam of red fVinc, 8 inches in breadth, and 
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I foot deep, is supported on two walls, distant 86 feet 4 
'inches: how much will it be deflected with 200(flbs. suspended 
at its centre ? Ans, inches. 

Kote, If the beam be fixed at each end, the deflection will, 
with equal weights, be two>tliirds of that found by the above 
rule. 

Prob. IV. To compute the Defection of Beams supported at 
each end, and loaded unijbmil^ throughout tlujir Length 
tcith a given It'eight. 

Rule. Compute the deflection the same as in the last pro¬ 
blem. Multiply that result by 5, and divide the product by 
8, and the quotient will be the answer. 

£xam. 1. A uniform bar of Adriatic oak, 2 inches stjuare, 
is rested upon two props, distant 24 feet, how much will it 
be deflected by its own weight, its specific gravity being 9C)0, 
or 601bs. to the cubic foot ? Ans. 9fHnches. 

Exam. 2. A beam of Riga fir, 12 inches stjuare, is to 
support the brick work over a gateway, 12 feet wide; the 
computed weight of the brick work is SOOOOlbs., what ile- 
flection may be ex[m*tcd r Ans. -58 inch. 

Prob. v. To compute the ultimate Deficction of Beams, or 
Rods, before their Rupture. 

Note. The beams are supposed to be supported at each 

end. , 

Rule. Multiply the tabular value of u, in the preceding 
table of data, by the depth of the beam in inches, and divide 
the square of the length, also in inches, by that product, for 
the ultimate deflection sought. 

Exam. A square inch rod of ash, 6 feet long, is broken 
by a weight applied to its centre: how much will it be de¬ 
flected before it breaks? Ans. 13*1 inches. 

Prob. vi. To find the ultimate transverse Strength of any 
rectangular Beam of Timber,fixed at one JEhidand loaded 
at the other. 

Rule I. Multiply the value of s, in the preceding table of 
data, by the breadth and square of the depth, both m inches, 
and divide that product by the length, also in inches, and 
the quotient will be the weight in lbs. This is approxima¬ 
tive. 

Ride II. 1. Take the ultimate deflection 8 times that of 
the last problem, and divide the deflection by the length. 
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which will give the sine of the angle of deflection ; whence, 
by g. table, find the secant. 

2. Multiply this secant by the breadth and square of the 
tlepth in inches, and the product again by the value of s' in 
the table of data. 

3. Divide this last product by the length in inches, and 
the quotient will be the answer, in lbs. 

Exam. 1. What weight will it require to break a piece of 
IVFar forest fir, fixed by one end in a wall, and loaded at the 
other; the breadth being 2 inches, depth 3 inches, and length 
4 feet? Ans. 5181bs. 

Exam. 2 . A square oaken balk, 12 inches square, pro¬ 
jects 8 feet 4 inches from a solid wall, in which it is fixed; 
what weight will be sufficient to break it ? Ans. 50345lbs. 

Exam. 3. A piece of ash, 2 inches square, projects 6 feet 
from #wall in w'hich it is fixed ; what weignt, uniformly 
distributed through its length, will be required to break it ? 

pRon. VII. To compute the nHimate transverse Stren^h of 

am/ rcctano'ular Beam^ zvhen supported at both Ends emd 

loaded in ilte Centre. 

liu/e I. Multiply the tabular value of s by 4 times the 
breadth and square of the depth in inches, and divide that 
product by the length, also in inches, for the weight. 

Ij^ulc II. 1. Compute the ultimate deflection by Prob. v. ; 
square that deflection, and divide it by the square of half the 
length of the beam, and add the quotient to 1, for the square 
of the secant of deflection ; which multiply by the length in 
inches. 

2. Mu]tij)ly the tabular value of s' by 4 times the breadth, 
and the square of the depth ; and divide that product by the 
former, for the answer in lbs. 

Exam. What weight will be necessary to break a piece of 
larch similar to the 3rd specimen, the length lieing 8 feet 4 
inches, the breadth 8 inches, and depth 10 inches; being 
supported at each end, and loaded in the middle? 

Ans. 366761bs, 

N^ide 1. When the beam is loaded uniformly throughout 
its length, the same rule will apply, but the result must be 
doubled. 

2. If the beam be fixed at each end and loaded in the mid¬ 
dle, then the result obtained in the problem must be increased 
by its half. 

3. If the beam be fixed at botli ends and loaded uniformly 
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4hroti^hout Its length, the same result must he multiplied by 
3. That is, the strength under these several circumstances: 

and loaded ill the centre... ^ rl : 9 
Do. and loaded throughout its length^arey 9 ; 4 

jFixed and loaded in the centre.^ as ; 3 

Do. loaded throughout its length. j f 3 : 6 

Exam. A piece of New England fir, 10 feet long and 
6 inches square, being 6 .xcd at each end, and loaded uni¬ 
formly through its entire length; it is required to find the 
w«ght necessary to break it. Ans. 24036lbs. 

Pbob. viii. To Jind the Weight under xchich a Column of 
Timber of given Dimensions and Elasticity uill begin to 
bend, when placedf vertically^ on a horizontal Plane. 

Rule. Multiply into one sum the value of e for the pro¬ 
posed wood, the cube of the least thickness, and the ^catest 
thickness, the two latter both in inches; and that pnxluct 
again by tlie constant number *2056. Then divide the last 
product by the square of the length, in inches, for the an¬ 
swer, or weight in lbs. • 

Exam. 1. What weight will be requisite to bend a rod of 
red pine, 10 inches in length and 1 inch square, when piaciH) 
vertically on a plane, the weight being applied at its upper 
extremity.^ Ans. 15131 lbs. 


• This rule is founded upon the formula* which have been 
given for this particular case, by Euler, Poisson, he. 

_ _ 

U 


viz. ckk 


absolute elasticity. 


O = 


T^F.kk 

Ir 


TT 


—if = fhe ueizbf, under which a column 
126 

begins to bend. Where p is half the weight,/'half-the length, 
and b the deflection, when the beam or column is loaded in the 
middle, and supported at its two ends : also, 9 r= 3*14159, &c. or 
the Bcmicircuvnf'erence of a circle to radius 1 ; that is, according 

eM = --y- . or eM = 


to our notation. 


, but we have 


EaeP 

E — ——; whence tikk = - 7 -;-* And substituting this in our 
atPS 48 

second formula for ukk, and / for 2f, we have 

__ •2056EfliflP 

® “ “48/^ ■" IS ’ 
which is the same as the rule in w'ords. 
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Exam. 2. Afisuming the elasticity of English oak at 
58061^00, what weight will it require to bend a column, 8 
feet 4 inches in length and 10 inches square ? 

Ans. 11937541bs. 

Exam. 3. What weight will it require to bend a column 
of the same wood, and the same lateral dimensions, but of 
double the length ? Ans. 2984381bs. 

PRACTICAL QUESTIONS. 

QUESTION I. 

A LARGE vessel, of 10 feet, or any other given depth, and 
of any shape, being kept constantly full of water, by means 
of a supplying cock, at the top; it is proposed to assign the 
place where a small hole must be made in the side of it, so 
that the water may spout through it to the greatest distance 
on the plane of the base. 

Let AB denote the height or side of 
the vessel; o the required hole in the 
side, from which the water spouts, in 
the parabolic curve dg, to the greatest 
distance rg, on the horizontal plane. 

By the scholium art. 268, Hy¬ 
draulics, the distance bg is always equal 
to 2 AT) . DB, which is equal to 
2 x/xia— . 1 ’) or 2 k'ux—x^, if a be put to denote the whole 
height AB of the vessel, and .r = aij the depth of the hole. 
Hence 2 , or ax — x-, must be a maximum. In 

iluxions, ax — 2.rjf = 0, or a — 2x = 0, and 2x = a, or 
.t* = [a. St) that the hole d must be in tbe*rniddle between 
tbc top and bottom ; the same as before found at the end of 
the scnoliiiin above quoted. 

question il 

If the same vessel as in Quest. 1, stand on high, with its 
bottom a given heiglit alx)ve a horizontal plane below; it is 
jiroposed to determine where the small hole must be made, 
so as to spout farthest on the said plane. 

Let the annexed figure represent the 
vessel as before, and be the greatest 
tiistance spouted by llie fluid, DC, on 
the plane ba. 

Here, as before, Ac — 2^''AD . ob 
~ 2v'.r(c — a ) = 2 v'r r — x% by 
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(putting aA=c, and ad=:j'. So that H %/cx — x^ or CT~-a‘' 
must m a maximum. And hence, hke as in the former 
t}uestion, a* = Jc = So that the hole d must lie made 

in the middle between tlie top of the vessel, and the given 
plane, that the water may spout farthest. 

QUESTION III. 

But if the same vessel, as before, stand on the lop of an 
inclined plane, making a given angle, as suppose of iJO de¬ 
grees, with the horizon; it is proposed to determine the 
place of the small hole, so as the water may spout the farthest 
on the said inclined plane. 

Here again (d being the place of the 
hole, and bo the given inclined plane) , 

So = 2 v^AD . dA = 2 v'J'(a — ± z), 

putting z = bA, and, as before, a = ab, 
and X = AD. Then Ac must still be a 
maximum, as also bA, being in a given 
ratio to the maximum bg, on account 
of the given angle b. Therefore ax — 

X- ±. xz, as well as z, is a maximum. Hence, liy art. 59 of 
the Fluxions, ax — 2xx ±. zx — 0 , or a — 2x z = 0 ; 

conseq. dt z = 2i' — a i and hence Ac = 2 y.'x{n ~ x di z) 
becomes barely Sir. But a.s the given angle uciA is — iJO", 
the sine of which is 4 ; therefore m; — 2 hA or and Ac - — 
BO' — bA* — = 3(2.r — «)®, or Ac. = ± (2.r — </) ^^3. 

Putting, now, these two values of Ao equal to eacli other, 
gives the equation Sr — d:( 2 Lr —«) from w’hich is found 

r = — 5 - = — '- 2 —the value of ad rctiuired. 

A neat solution may also lie deduced from a trigonome- 
trical analysis. 

QUESTION IV. 

It is required to determine the size of a ball, which, being 
let fall into a conical glass full of water, shall expel the most 
water possible from the glass; its depth being 6, and dia¬ 
meter 5 inches. 

Let ABC represent the cone of the 
glass, and dhe the ball, touching the 
sides in the points n and e, the centre of 
the ball being at some point f in the 
axis Gc of the cone. 
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Put AG = GB = 2' = O, 

CG = 6 = h, 

AC = v^AO- -j- GC- = 6[ = 6', 

FD = FE =s FH = the radlus of the ball. 

The two triangles acg and i>cf are equiangular; theref. 

AG : AC : : df : FC, that is, a : c : : ^ : —- = Fc; hence 

a 


CJC 

GF = GC—FC = 6-, and gh = gf 4 fii = 6 rX-» 

a a 

the height of the segment immersed in the water. Then (by 

rule 1 i’or the spherical segment, page 52), the content 

of the said immersed segment will be (6 df — 2gh) x gh* 

f* IT CJC 

X *5236 = (2j: - 4 —) x (j: 4 6-x 1 0472, 

w'hich must be a maximum, by the question ; the fluxion of 
this made = 0, and divided by Sx and the common factors, 
2«4 c _ r—a . .2/7 4 c .. c—a 


ex 


gives 


- X (h — -jr) — ( 

" a ' 


a 

abi 


■X 


h) X 


a 


X 2 = 0 ; 


this reduced gives .r = >---;- 77—r = the ra- 

^ (c - a) X (c 4- 2a) 

dins of the ball. Consequently its diameter is 444 inches, 
as required. 


PRACTU AL EXERCISES CONCERNING FORCES; WITH 
THE RELATION BETWEEN THEM AND THE TIME, 
VELOCITY, AND SPACE DESCRIBED. 

Hefore entering on the I’ollowing problems, il will be 
convenient here to lay down asy nopsis of the theorems 
which express the several relations between any forces, and 
their corresponding times, velocities, and spaces described; 
which arc all comprehended in the following 12 theorems, 
as collected from the principles in the foregoing parts of this 
work. 

Let J‘, F, be ^any two constant accelerative forces, acting 
on any body, during the respective times t, t, at the end of 
which are generated the velocities i, v, and described the 
spaces s, s. Then, because the spaces are as the times and 
velocities conjointly, and the velocities as the forces and 
times; w'e shall have, 

VOL. ir. 


B B 
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1. In Constant Forces. 


1. 

.\ 

s 

iv 

TV 

T-F 

c r 

o 

c 

V 

^ /{ 
IT 

JiT 

s/ 

rs 

C% 

t 

Fr 


rs 

T 

7v 

S'. 


4. 

/ 

I’ 

11 

T'^S 

rs 

r's 


And if one of the forco.s as v, he tlio force of p*avity at 
tlic surface of the earth, and he calleil I, and its time t 
be = 1''; then it is known hy experiment that the corre¬ 
sponding space s is = !(>,% feet, and consetjucnllv its vch»- 
city V = JJs = 32', wliich call g. 'f'hen the aUove four 
theorems, in this case, ht'conie as iicre helow : 


5 . 


-•iv 


2 ^rf 

6 . 

c — 

2 .V 

T 


s 

f. 


*1 


''R/' 

8 . 

/ = 

c' 

ll 

II 

T’‘- 

2 g.v 

O 


Aiul from these are deducctl the following four theorems, 
for variable forces, viz. 

m 

II. Iv V V/rh f/)h' Fours. 


9. .V = t7 
10. V =g/? 


T’C 



I' 


11. f 

12 . f 


s 

V 

vv 

g'^ 


V 

w 

V 


g^ 
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In these last four theorems, the forcethough variable, 
is supposed to be constant for tlie indefinitely small time 
and they are to be used in all cases of variable forces, as the 
former ones in constant forces; namely, from the circum¬ 
stances of the problem under consideration, an expression is 
deduced for the value of the force J\ which being substituted 
in one of these thcorenis, that may be proper to the case 
in hand ; the equation thence resulting will determine the 
corresponding values of the other quantities, required in the 
pn>hlem. 

When a motive ibrcc hap])ens to be concerned in the 
question, it may be proper to observe, that the motive force 
w, of a body, is equal to fq, the product of the accelerative 
force, and the quantity of matter in it q ; and the relation 
between these three (piantiiies *being universally expressed 
by this equation m = qj\ it follows that, by means of it, any 
one of the three may be exjK'lled out of the calculation, or 
eUe brought into it. 

AI so, tlie momentum, or tjuantity of motion in a moving 
body, is qVy the product of the vehieity and matter. 

It is also to be observed, that the theorems equally hold 
good I'or the destruclion of motion and velocity, by means of 
retarding forces, as i’or the generation of the same, bj' means 
of accelerating forix's. 

To the following problems, which are all resolved by the 
a))]>lication of these theorems, it has been thought proper 
to subjoin their solutions, for the better information and 
convenience of the student. 


PROBl.EM I. 


'Fddi'tci mine the time and xwlocit^no/'u bod^ descending, by 
the force of (gravity ^ doxon an inclined plane; the Icng^th 
if the plane being' 20 feet, and its height \ foot. 


Here, by Mechanics, the force of gravity being to the 
force down the plane, as the length of the plane is to its 
height, therefore as 20 ; I : : 1 (the force of gravity) : 
the force on the plane. 

Tlierefore, by theor. 6, vor v2g,fs is ^ 

20) = a' (4 X = 2 X 4^'^ or 8/g- feet nearly, the last 

velocity per second. And, 


s i 20 

By theor. 7, t or is / - 

-V 16.'^x 

45 - 7 - seconds, the tjme of descending. 




400 

16 . 


20 

4-' 


n i> 
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I'ROULfiM II. 

If a cannon bail be fired xcUh a veiocitjf o/’ lOOO /Vr/ per 
.n'cond^ up d ^smooth ineliued plane, xebieh ri.sf.v \ foot in 
20 ; il IS i^roposed to assig n the ien^ih rch ieh it xcill ascend 
up the planey before it stops and beffin.s to return doxen 
affain, and the time of its ascent. 

Here /*= Vrr as before. 

‘ 1000 (UKHMKHM) 

II,™, by tlioor. --- - 

= 310880j,^r feet, or nearly 59 miles, the tUstanee moved. 

, " V 1000 120000 

And, by theor. 7, I - = oTi^iTT^r = -,7,7,- 

— 6521”! — 10 21"I the time of ascent. 

I'KOIil.I.M 111. 

If a bedlbe projected up a svumdi i)icJ'nied jdune, ~chit h / /VfV 
\ foot in 10, <tnd ascend fet hefon it .stop: rciptired 
the time of ascent, and the x'docitp (f propet ion. 

First, by iheor. G, x; — \ ^ ' (I’X x 100) 

= 8j‘. v^lO := S.j'iiu k)S leet per .sivoml, the \el(Hii\. 

.V lt)0 10 

And, bvtluHir. T, / =: ; a/10 = 

V'lO = 7**S8 ,j1 G Rceonds. the tune in motion. 

I’HOIll.KM IV, 


If a bail be oftsened to a scend up a smooth int lined f l(ini\ 
100 feet ;/M0 .v cinids, in foie it stop, to return buck a^'ain : 
required the vcUhMI f of piojcction^ and the an^ le of the 
plane's ineliuatiofi. 

Ov 0()() 

First, by theor ~ ^0 — second, 

the velocity. 

2*100 1 ^ 

And, by 8./ = ^, = ^ Tha. 

is, the length of the plane is to its height, as 195 to 12. 

Therefore 193 : 12 : : 100 : 6*2170 the height of the plane, 
or the sine of elevation to radius 100, which answers to 
S" 34<', the angle of elevation of the ]>lane. 
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PROULEM V. 


/i[y a viatii oj' several ea'j)criments^ 1 htwe founds that a cast- 
iron ball, of 2 inches diameter. Jit ed jterpendicularly into 
thefoee or end of a block of elm vouod, or in the direction 
of the fibres, rcilh a velocity of feet per second, pe¬ 
netrated 1.} inches deep into its substance. Jt is proposed 
thence to determine the time of the penetration, and the rc'- 
sistinp; force of the 7 cood,ns compared to the force of ^ 
vtfp, supposing that force to be a (onstant quant itj/. 


« 

hv thcor. 7, t — — = 


52 X 153 

[500 X 152 “ (3952 


sfcoiul, the time in j)enotrating 




loOO^ 


HIOOOOOO 
13 xToii 


And, by thcor. 8, f = x— — . 

8525281. That is, the resisting force of the wood, is to the 
three ot gravity, a 53525284 to 1. 

13ut tills luiniher will be different, according to the dia¬ 
meter of the ball, and its density or s]>cci(ic gravity. For, 

since f is as ^ by theor. 4, the density and size of the ball 

remaining tlie same; if the density, or specific gravity, n, 
\arv, anil all the rest be constant, it is evident that f will 

717 ''- 

fx-as n; and therefore/‘as— when the size of the ball 

only is constant. But when only the diameter d varies, all 
the rest being constant, the force of the blow will vary as d^, 
or as the magnitude of the ball; and tlie resisting surface, or 

force of resistance, \aries as i/’; therefore /'is as or as d 

only, when all the rest are constant. C.'onseqiicntly./ is as 

when they arc all variable. 

f ^/7^^’-s 5 dnv-¥ , j , 

And so “ = --, and — =- t-u ; wlicre / denotes the 

F DNV .s s Dxvy 

strengtii or firmness of the substance penetrated, and is here 
supposed to be the same, for all balls and velocities, in the 
same substance, which is either accurately or nearly so. Sec 
page 5214, vol. iii. of ray Tracts. 

Hence, taking the numbers in the problem, it is - - - 

^ X 7^x 150..= 44 x^I500= ^ 


13 
1 2 


39 
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value of J'for elm wood. Where the specific gravity of the 
ball is taken 7^, which is a little less than that of solid cast 
iron, as it ou^ht, on account of the air-buhhlc which is found 
in all cast balls. 


FRUBLEU \[. 


To find how Jar a 24lb, hall of cast iron will penetrate into 
a block of sound clm^ xvhen jired with a velocity oj' 1600 
feet per second. 


Here, because the sulistunce is the same as in the last 
problem, both of the balls and wo<k1, n — and f =./; 

, s Dv uv 5 5 55 X KiOO' X 15 .. , 

therelore — or .s —-S —i 

s 2x1500 ^ 

inches nearly, the [lenetration re<|uiieil. 


rKOHLEM 

It’^'iisfound ht/ Mr. Rithln.s (vo!. i. p. 275, tf his icorks), 
that an IS-jwitnder hall, fired with a I'clocitf/ tf 1200 
feet per second^ penetrated 5t inches into ^ound di tj oak. 
It is required thence to ascertain the comparative strength 
or firmness foak and elm. 

The diameter of an ISih. hall is 5 04 inches — n. Then, 
by the numbers given in tiiis problem lor oak, and in prob. 5, 
for elm, we have 

/ _ dr s 2 X 1,500- X 5i 100 x 17 1700 

V ~ ^s “ 5 01 X iM) X 15 5-04^10 x 15 lOis 
= nearly. 

From which it would seem, tliat elm timber resists more 
than oak, in the ratio of about 8 U> 5; whieb is not proba¬ 
ble, as oak is a much firmer and harder wood, lJut it is to 
lie suspected tliat the great ])enctration in j\Ir. ll.’s ex[)cri- 
ment was owing to the splitting of the timber in some degree. 


I'KOBLEM VIlI, 

A 9>4t~pounder ball being fired into a hank of firm earth, with 
a velocity of 1800 feci per .second, penetrated 15 feet. It 
is required thence to ascertain the comparative resistances 
of elm and earth. 

Comparing the numbers here with those in prob. 5, it is 
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/ 1500 X 15x12 15*x24 

F “dva“ 5-55 X 1300^ X 10 “ lO^x 0*‘37 “ ‘ ~ 

nearly = C* nearly- That is, elm tinjlicr resists about 6j 
times more than earth. 


. PROBLEM IX. 

To determine hoic far a leaden huUct^ of j of an inch dia- 
mefe/, leitl penetrate drp elm ; snppusin^ it fired with a 
ret\icity qfllOi) feet per second, and that the lead does not 
chavg'C its figure bp the stroke ag'ninst the zcond. 

Hero D = ^, N = 11 J> // = 7^'. Then, by the numbers 
and llieorem in prob. 5, it is s - 
DNvs Ax 11 ;-x 1700^x13 17"xl3 (>3S69 

dmf^ “ ”"2 X 200 x'OO “GGOCT ^ 

inches nearly, the depth of penetration. 

But as Mr. Robins found this jienetration, by experiment, 
ti> be only 5 inches; it i’ollovv.s, either that his timber must 
have resisteil about twice as much ; or else, which is much 
more* probable, that the deCect in the jienetration arose from 
the clian^o of figure in the leaden ball he used, from the 
blow against the wood. 


I KCJJU.L.M X. 

A one pound bailj p? t>j( cted zeith a zrliicitjj of loOO f eet per 
second, haxinj. been found to penetrate V6 ineJu's deep into 
drij elm: It is required to ascertain the time of pitssing 
th/ou^h even/ single inch of the 13, and the r<clocilp lost, 
at caeh of them ; snpjiosing the tesistanee of ihe^xwod con- 
>tant or uniform. 

The velocity n being 1500 feet, or 1500 x 12 = ISOOO 
inches, and velcx;ities and times being as the roots of the 
spaces, in constant retarding forces, as well as in accelerating 

ils 26 13 1 

ones, and t being ~ ^ = lOxlSOO “ 9000 ~ 6^ 

of a sceond, the whole time of passing through the 13 inches ; 
therefore as 



rRACTlCAL EXKBCISES OK FORCES. 




' • ,'IS : - .'12 :: r : 

veloc. lost 

a/ 13-— \/12 ^r> r. a'13 

-v = 58‘9 :: t: -rr;- * 


a/13 

a'12- .'11 


.'13 

V = d1*4 ::t: --rrt-/ 


V13 ^/i;3 

Am-v'lO 

V'13 “ 64 . ^>13 


v'lO- .'9 

—7r3~""= 


-✓9- a' 8 
v/13 
a'8- a/7 


.'13 

a/7- ./(J 
V18 


t = 714 
I- = 76 0 
r = 81-7 


a/6- .'5 
a/5 - a'4 

.'13 

a/4 - a/3 


./13 


r = 98-2 

V = 111*4 


a/Fs" " - 


./2- a/1 

a/13 

a/I - a/0 


a/ 13 


-V = 172*3 
V = 416*0 


v/10-v /9 
A 13 

.'9- a'8 
.'13 

a/8- a/7 


.'13 

a'7- .'6 
a'13 

a'6— a/5 

a7T3"“ 

a/5- a^4 
a/4- a/3 


t = 

t = 
/ = 

< = 


v/13 
a/3- a/2 
.^3 

a/2- a'I 


a/13 

a'I — a/0 




f = 


*Sum 1500*0 


a/13 

Sum or 


Time in the 
*000051st inch, 

*09006 2cl 

•00006 3d 

•00007 4tli 

•00(K)7 5th 

*00007 6th 
% 

•00008 7tli 

■00008 8t!i 

•00009 9th 
•00011 lOth 
00013 llth 
•00017 12lh 
00040 13th 


•00144 


Hence, as the motion lost at the bc^nning is very small; 
and consequently the motion communicated to any iKxly, as 
an inch plank, in passing through it, is very small also; wc 
can conceive how such a plank may be shot through, when 
standing upright, without oversetting it. 
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PROBLEM Xr. 


The force of attraction, above the earth, being inversely as 
the square of the distance from the centre; it isvroposed 
to determine the time, velocity, and other circumstances, 
attending a heavy body falling from any given height; the 
descent at the earth"s surface being f^^tj op 193 

inches, m the first second ^ time. 


Put 

r = cs the radius of the earth, 
a = f'A the dist. fallen from, 
r = CP any variable distance, 

V = the velocity at p, 
t = time of falling there, and 
Ig = 16 ,'^, half the veloc. or force at s, 
f = the force at the point P. 

Then we have the three following equations. 



viz. 


.r : r : : I :f — ~ the force at p, when the force of 

.1* 


gravity at the surface is considered as 1 ; 
tv — — X, because a: decreases; and 





ur'x 

c y 

.V 


The fluents of the last equation give v- 



But 


when X — a, the velocity r = 0; therefore, by correction, 

9gr- 9.gr'‘ a—jr a—x^ 

v- — - -X-; or r = — x -), 

X a ^ ax ' o X '' 

a general expression for the velocity at any point p. 


When xcxr, this gives v= sfi^gr x —-—) for the 

greatest velocity, or the velocity when the body strikes the 
earth. 

When a is very great in respect of r, the last velocity be- 
r 

comes (1-X very nearly, or nearly x/'itgr only, 

which is accurately the greatest velocity by falling from an 
inflnitc height. And this, when /' = 3965 miles, is 6-9506 
miles per second. Also, the velocity acquired in fulling from 
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Uie distance of the sun, or 12000 diameters of the cartl», 
is 6*9505 miles per second. And the velocity actpiired in 
falling from the distanee of the moon, or 50 diameters, is 
6.8927 miles jk-t sca>nd. 

Again, to find the time; since tv =—.*•, therefore 
• — X a — a# 

I = - = v'' -: X - T-rrr ,; tllC COrrcCt nUCIlt ol 

V Sgr^ ^/ax — xx 

which gives t = \'' 7 r“; X ( \'(ix —xx arc to dinmeter u 

iig/‘ ' 

and vers, a — .r); or tlie time ol’ falling to anv point r - 
X (ab 4- ur). And when this becomes 


sc 


for the whole lime of fallinj; to ilie 


surface at s; ^^hich is e\ulenllv infinite when n or ac is 
infinite, though the velocity is then only the finite <jnaimiv 
See the converse jwoh. p. 577, vol. iii. 

When the height above the earth's snrlace is given = g", 
l>ecausc r is then nearly and ai> nearly — ns, the time 

t for tile distance if will he nearly 


X = 1as it oiiglit to be. 


1 I 

If a lx>d^’, at llie distance of the moon at a, fall to the 
earth’s surface at s. Then /•--bOfio mile-,, « — (iO/ , nut! 
/ = 416806' rr 4 da. 19 h. 16 m. 16 s. ^^!lieh i> liie time oi 
falling frtnn the mtMjn to the earth. 

In like manner the time of' falling Inmi tlie ilisiaiice ofthe 
sun would Ih? 64 da. 15 h. 46 m. 4(i s. 

When the attracting body is ct/iisltlert ti .j.'- a point ( ; ilie 
whole time of descending to c will he ------- 


1 a 

r- 


*7851« a 




X ABCl) ~ 


Hence, the times employed by iKxlit-,, m falling from 
C|uiesccnco to the centre of'attraction, areas the xjuan* roiits 
of the cubes of the hcigltts from wliich they respectively fall. 


10// 
51 r 


^ 1 ^4 

/o.> 1 


a — 


a 


}'f^ 


iUOliM-tM XII. 

The jenxe of attraction bclozc the earth's surface heiu^ di¬ 
rectly as the distance from the centre: it is proposed to 
determine the circumsianees of velocity^ time, and space 
fallen hy a heavy body from the surface^ through a per¬ 
foration made straight to the centre of the earth: cd)s- 
tractinff from the effect of the curtlis rotation^ and sup¬ 
posing it to be a homogeneous sphere 0965 niilxs radius. 
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A 


Put r = AC the radius of the earth, 

0? = ci* the dist. from the centre, 

V — the velocity at i*, 
t = the time there, 

half the force at a, 

J' = the foice at i*. 

Then ca : cr : : 1 ly ; and the three 

equations are rf — and tn) — — and tv = — x. 
Hence J' = and vv = — - — ; the correct fluent of 





r 


r" — a* if g 

which gives t> = \ (g x -;—) = pd = pu the 

velocity at the point p ; where pd and ce arc perpendicular 
to CA. So that tlic velocity at any point p, is as the perpen¬ 
dicular or sine pd at that point. 

When the body arrives at r, then r = ^'gr = ^/g . ac 
= 2d 950 leet or 4 914S miles [>cr second, which is the 
greatest velocity, or that at the centre c. 

Again, for tlie time ; i =-= /— x —= i—— ; and the 

nuents give t = — x arc to co&ine — = - x arc 

g r gr 

AD. So that the lime of de.scent to any point P, is as the 
corresponding arc ad. 

'Wlieii p arrives at (, tlie above becomes t — - 
1 


— X (inadrant ae = - — = 1-5708*/— = 1267! 

gr AC g g 

seconds = 21 in, 7! s. for the time of falling to the centre c. 
The time of falling to the centre is the same quantity 

1*5708 v/ "» from whatever point in the radius ac the 

body begins to ihon’c. For, let u be any given distance from 
i' at wliich the motion conimcnecs: then by correction. 


rr 

A^('- . — a-), and hence t = */ “ ^ 


;• 


— X 


S 




;, the 


r . X . 

fluents of which give t = — x arc to cosine — ; which, 

” g n 

O 

T Y 

when X — 0, gives t = — X quadrant r= 1-5708 —, 

for the time of descent to the centre c, the same as before. 
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Afi an equal force, acting in contrary directions, generates 
or destroys an eijual quantity of motion, in the same time; 
it follows that, alter passing the centre, the botly will just 
ascend to the op|x)site surface at b, in the same lime in 
which it fell to the centre from A. Then from ii it will 
return again in the same manner, through c to a ; and so 
oscillate continually between a and b, the velocity being 
always equal at equal distances from c on both sitles; atul 
the whole time of a double oscillation, or of passing from a 
and arriving at a again, will be quadruple the time of jKissing 

over the radius ac, or = 52 x 31416 - = lli.iilin. i29s 


PROBLEM XI11. 

JituI the "JT/rnc of'a Pemhthnn vibrut'in*^ in the .//< <>/ • 

Cf/elonl. 

Let s Ih? the point of suspen¬ 
sion ; 

SA the length of pcnilulum ; 

CAB, the whole cycloidal arc ; 

AIKD, the generating circle, to 
which FKE, Hio are per[)en- 
diculars. 

8C, SB two other equal scniicy- 
cloids, on which the thread 
wrapping, the end a is made 
to describe the cycloid bag. 

By the nature of the cycloid, ad = ds; and sa = Had = 
sc = SB = CA = ab. Also, if at any |>oint g be drawn the 
tangent gp ; gu parallel and i*<i per|Kjndicular to ad ; then 
PG is parallel to the chord ai, by the nature of the curve. 
And, by -the nature of forces, the force ol* gravity : force in 
direction up :: cp : gq : ; ai : ah :: ad : ai ; in like man¬ 
ner, the force of gravity : force in the curve at e :: ad : ak ; 
that is, the accelerative force in the curve, is every where as 
the corresponding chord ai or ak of the circle, or as the arc 
AG or ae of the cycloid, since ag is always = 2a i, by the 
nature of the curve. So that the process and conclusions, 
for the velocity and time of describing any arc in this case, 
will be the very same as in the last problem, the nature of 
the forces licing the same, viz. as the distance to be fiossed 
over to the lowest {xiint a. 


S 
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From which it follows, that the time of* a semi-vibratu»n, 
in all arcs, ag, ak, &c. is the same constant quantity 

1*57()8^/ — = 1*5708 = 1*5708a/—; and the time of 

g g g ^ 

a whole vibration from n to c, or from c to b, is 3*1416 a/ — ; 

g 

where / — as = ab is the length of the pendulum, and 
3*1416 the circuniference of a circle whose diameter is 1. 

Since the time of a Iwidy’s falling by gravity through 
or half the length of the pendulum, by the nature of descents, 

is , which being iti proportion to 3’14I6 a/—, as 1 is to 


g 


g 


8*1416; therefore the diameter of a circle is to its circum¬ 
ference, as the time of falling through half the length of a 
pe ndul um, i-. to the time of one vibration. 

If the time ol‘the whole vibration be 1 second, this equa- 

I 

tion ari'.es, \iz. r'_:81 116 x'—; hence/ = = 7 ~ no rz * 

o’l-llo* 4*yo4o 


g 


and — 31 116- x \f = 4 •9348/. So that if one of these, 
4 ' or /, be given by experiment, these eejuations will give the 
other. Slc pages 196, and 

He nee the time^ of vibration of pendulums, arc as tbe 
square roots of tbeir lengli IS ; and the number of vibrations 
made in a given time, is reclj)rocally as the square roots of 
the lenjitlis. And hence also, the length of a pendulum 


vibrating n times in a 


minute, or 60', is I 

60* 140850 

7 = ; as at page ii32. 


m 




AVIien a ])endulum vibrates in a circular arc : as the length 
of tlie string is constantly the same, the time of vibration 
will be longer than in a cycloid ; but the tv \'0 times will aji- 
})roacli nearer together as the circular arc is smaller; so that 
when it is verv small, the times of vibration will be nearly 
ecpial. And hence it happens that 39^ inches is the length of 
a pendulum vibrating seconds, in the very small arc of a circle. 

PROBLEM XIV. 

To determine the time of'a Body descending'down the Chord 

of a Circle, B 

I.et c be the centre; ab the vertical 
diameter; At’ any elmrd, down which a 
body is to descend from p to a ; and pq 
perpendicular to ab. 

Now, as the natural force of gravity in 
the vertical tlirection ba, is to the force 
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urging the body down the plane pa, as the length of the 
plane ap, is to its height aq ; tljercfore the velocity in pa 
and QA, will be €*qiial at all equal ficrpondicular distances 
below PQ ; and <x)nse<]uently the - -- -- -- - 

time in pa : time in qa ; : pa : oa : : iia : pa ; but 

time in ba : time in qa : : q.a : : ‘✓(da . ba) : 

v'(qa . ba) : : ba : pa ; hence, as three of the terms in each 

proportion are the same, the fourth terms must be equal, 
namely the time in ba = the time pa. 

And, in like manner, the time in bp =r the time in ba. 
So that, in general, tlie times of descending down all the 
chords, BA, BP, Bit, Bs, ike. or pa, ra, .sa, &c. are all equal, 
and each equal to the time of falling freely through the 
diameter; as before found at art. 194>, Dynamics. Which 
2r 

time is where Ig — 16 /^ feet, and r = the radius ac. 




Ur 


PROBLEM XV. 

To determine tihc Time ofJiUin^' the Ditches of a U ork icifh 
IVater, at the Top, by a Sluice of 2 Feet square; the 
Head of fl a ter al)oxw the Sluice heinff 10 Feet, and the 
Dimensions of the Ditch bcin^ 20 Feci leidc at Uottom, 
22 at Top, i> deep, and 1000 Feet long'. 

The capacity of the ditch is 189000 cubic feet. 

But v' ig : \/10 : : ^ the velocity ol‘ the water 

through the sluice, the area of which is 4 square feet; there¬ 
fore 8^/5g is the quantity per second running through it; 

2,30 ^•'5 

and consequently 8 : 189000 :; 1" ; = 1868" or 

31 m. 3 s. nearly, which is the time of filling the ditch. 

PROBLEM XVI. 

To determine the Time of cmptijing a Vessel of Water Ity a 
Sluice in the BotUnn of it, or in the Side near the Bottom : 
the Height of the Aperture being very small in respect of 
the Altitude of the Fluid. 

Put a = the area of the aperture or sluice; 
g 32feet, the force of gravity ; 
d = the whole depth of water; 
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X = ihe variable altitude of the surface, above the aper¬ 
ture ; 

A = the area of the surface of the water. 

Then ^,/ :: 2^: 2 the velocity with which the 

fluid will issue at the sluice; and hence A:a :; 2 

A 

the velocity with which the surface of the water will descend 
at the altitude x, or the space it would descend in 1 second 
with the velocity there. Now, In descending the space x, the 
velocity may he considered as uniform ; and uniform descents 

—Ax 


are as their times; therefore 


— X :: I" : 


A 2« \^igx 

the time of descending x space, or the fluxion of the time of 

; which is made negative. 


exhausting. That is, t — -z 


21 

^ i v .* 

l)Ltaiise X i.-i a deciva^ing quantity, or its fluxion negative. 

Now, when the nature or flgure of the vessel is given, the 
area a will be given in terms of* .i’; which value of a being 
substituted into this fluxion of the time, the fluent of tlie 
result w ill he the time of exhausting sought. 

So if, for e\am]>le, the vessel be any prism, or every¬ 
where of the same breadth ; then a is a constant quantity, 

and theref ore the fluent is- — ./ But when x zz d. this 

becomes-v'' - , and should be 0: therefore the correct 

a Ig- 

fluent is /= x the time of the surface de- 

a [g' 

scending till the dejitli of the water be x. And when r = 0, 

A d 

the whole time of exhausting is barely — 

^ Ig 

Hence, if a be = 10000 square feet, a = 1 square foot, 
and d = 10 feet; the time is 7885f seconds, or 2 h. 11m. 25yS. 

Again, if the vessel be a ditch, or canal of 20 feet broad 
at the bottom, 22 at the top, 9 deep, and 1000 feet long; 


* 1‘his last result is obviously inconsistent wfth the result at 
pa. 3C9, vol. iii. The reason is, that the supposition of .*■ = 0, 
is incompatible with the hypothesis that the height of the aper¬ 
ture is very small compared with .t\ The rest of the solution is 
correct. 



384 


PRACTICAL EXERCISES ON FORCES. 


then is 90 ; 90' + x :; 20 : x 2 the breadtii of the 

•/ 

surface of tlie water when its depth in the canal is x; and 
therefore a = —— x 2000 is the surface at that time. 


Consequently i or = 1000 X X ,s 

the fluxion of the time; the correct fluent of which, when 
« • 180 + d IIKM) X l8(i X 3 

9a 9 X 

15‘1o9"y nearly, or 4li. 17m. SOyS., being the whole lime of 
exhausting by a sluice of I loot square. 


PROBLEM xvir. 

To iltterminc the Vchrlf// with ichich a Balt is discharged 
Jh)m a ffii'cn Piece of' Ordnance, with a friren Charge 
of Gunpowder. 

Let the annexed figure 
represent the Imre of the 
un; Ai> being the part 
lied with gunpowder. 

And put 

a = AB, the part at first filled with |M)wder and the hag; 
h = AF,, the whole length of the gunborc; 
c = '7854, the area of a circle whose diameter is 1 ; 

J = BD, the diameter of the ball; 

e = the s|iecific gravity of the hall, or weight of 1 cubic foot ; 

= 16^'j feet, oescended by a liody in 1 sc*cond ; 
vt = 24 O 0 Z, 1 oil), the pressure of the atmosphere on a s(j. inch; 
w to 1 the ratio of the first force of the fired powder, to the 
pressure ol‘ the atmosphere; 
w = the weight of the ball. Also, let 
X = AC, be any variable distance of the ball from a, in 
^ moving along the gun barrel. 

First, cd^ is = the area of the circle bd of the ball ; 
theref. med- is the pressure of the atmosphere on bd; 
conseq. mticd- is the first force of the jwwdcr on bd. 

But the force of the inflamed powder is pnijwrtional to Its 
density, and the density is inversely as the s[)ace it fills; 
therefore the force of the powder on the ball at n, is to the 
force on the same at c, as Ac is to ab ; that is, . - - - 
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, mnacd^ 

X : a :: inncd ^:- = f, the motive force at c 


X 

mnacd* 


= the accelerating force there. 


conseq. — = 

to tax 

Hence, thcor. 10 of forces gives zv = ^ ~ * 

the fluent of wliich is r* = —-— X hyp. log. of x. 

2^ •/ i o 

llut when = 0, then x = a; therefore by correction, 
2irnmacd^ , , x . . 

——-X hyp. log. — IS the correct fluent; conseq. 

iiiiriwacd^ x c i % u 

- - X liyp. log. —) IS the veloc. or the bail at c. 


V — 


r ^ 


(I 




anil T’= ^ --X hyp. log.—) the velocity with which 

llie ball issues from the muzzle at r.; where h denotes the 
length of the cylinder iilled with jiowder; .'ind u the length 
to the hinder part of tlie ball, which will be more than h 
when tile hall docs not touch the powder. 

Or, bv substltiiiing the numbers for g, w/, c, and chang¬ 
ing the hvpei hi lic logarithms for tlie common ones, then 

f = ■v.'t-- X com. log. - tlie velocity at e, in tect. 


It 


Hut, tlie content of the ball being its weight is - - 

cid^ cd' I • , , • I ■ 1 

“ = o,-ijc) = jgoO’ 'Substituted lor tc, 

in the value of r, it becomes 

r = 2758 >• com. log.—), the velocity at e. 

When tlie ball is of cast iron; taking c = 7i3G8 = 10(27*1‘i')^ 

the rule becomes x' = 82 a/(-^ x log. —) for the veloc. of 

^ d a' 

the cast iron ball. 

Or,wlseii the ball is of lead; tlicn r = 11325 = 10(33'652)7 
and r = 26 \^(-T X log. ~) for the veloc. of the leaden ball*. 


* Some practical artillerists having expressed a wish to the 
Editor, to sec a solution to this prubleiii upon the supposition 
ihal ihe ^unpotrder explodes frradvallp, no as io be all ignited 
VOL. 11 . ' c (■ 
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Carol. I’rtmi the wneral expression i’or the velocity r, 
.above given, may be derived wlmt nin?»t be tlie length ot tlie 
charge ot* powder a, in the gun-barrel, so as to protluce the 
greatest possible velocity in the ball; namely, by making the 


tvhen the ball quits the mouth of a guit^ he avails himself of the 
opportunity of giving it in this place. 

Here we must first investigate the relation between the time 
and the space describe'', by the hypothesis we shall have the 

force as —; and we have .r varying as t* to find n. We have, 

from the primitive formula?, pa. re = gfi O/i, and 

A 


t .1" I 


/'a a ■ a 

.r J 


il—l 


Therelbrc ti o 


—I ’ 


and the fluent 


f* CX n.r". Fart 111 r, 

1 ' -I 

4 a a f . —.r' 

n 


O X J 




'I—-i- 


a .r 


.so that the 


if 

fiuent i Ot Conseq. 1 = 4-, and u — Tiiat is, in this 

* 

s 

case, j oc <=*'. 

Now, taking the notation of the problem in the tc.vt, we ha\e 

_ the accelerative force at the fir&t instant oft x- 

ir 

plosion; and, by hyp. at e, where the whole is exploded, 
af' 

the force will be To find the force at c, if t be pat for 

b 

the whole time of explosion, we shall have 

T . time \ of ^ . i / time «/ / 

b \space/ b x \.space/ T.r 

force at c, or the value of /’there, in the general .'unnula*. 

^ufti 

Hence we have vv = ^/. = — . 


But b 


: : : X : — 


T^./' 


T.#' 


^ . . t = ; and, by substituting 

this value of t tor it, we have 

• TJ'*i g^lf *■* 

VV = - . —Ttp = - rz -• 

T.r Oj 

Taking the fluents, we have 
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'v .'dut* of* V a maxinuim, or, by squaring and omitting the 

constant quantities, the expression a x hyp. log* of — 

ct* 

a maximum, or its fluxion equal to nothing; that is 

b ' b b 

a X hyp. log.-« = 0, or hyp. log. of — = 1; hence — 

ct it (It 

= 2’71828, the number whose hyp. log. is 1. So tliat 
a \ b : 2-718J?8, or as 4 to 11 nearly, or nearer as 7 to 
li); that is tlie length of the charge, to produce the greatest 
velocity, is the th part of the length of the bore, or nearer 

/;‘'frt. 

liy acLua! experinient it is found, that the charge for the 
greatest velocity, is but little less than that which is here 
computed from theory ; as may be seen by turning to page 
1213, vol. 3, of the Tracts, where the corresponding parts are 


> --.Ke , - J . 

W luMi j' bec(aii^c ■ = b, this bcco^;e^ 

V =,^{3ga/ ) =^(;^g,lnlc . ---). 


('(tr. 1. Hence, !?o us a and d renuiin the same, the velo¬ 
city at tlie muzzle k will 1)0 the some whatever be the length 
ffthc gun; for b does not appear in the ultimate value of a. 

I'his In cimtrnry to nil experience, and proves that the hypo- 
I hcMs untciiiihlc. 


Cor. 2. The pow der being the same, the velocity at the muz¬ 
zle remaining the same) will be as tlie square root of the 
charge. 


Cor. 3. In guns of different bores, the velocity at the muzzle 
will be asyy. Tor r a J"-± a a 

Cor. 4. If the charge be given, a will be inversely as rf®, and 


Cor. 5. li b be the length of a gun in which the charge of 
powder will be all fired when the ball reaches tlie muzzle, then 
ill a shorter gun ac, the same powder, and an equal charge will 

(I 

y x^ 

~ or as 
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found to be, for four different lengths of gun, thus, ,* 1 , 
/ tVs ; the parts here varj'iiig, as the gun is longer, which 
allows time ror the greater quantity of powder to be fired, 
before the ball is out of the bore. 


SCUOLIUM. 


In the calculation of the foregoing prohdem, the value of 
the constant quantity it remains to he oeteriiiined. it denotes 
the first strength or force of the fired guiipowiler, just belbre 
the b<dl is moved out of its place. This value is assumed, hy 
Mr. llobins, equal t(» 1000, that is, 1000 limes the j>reshure 
of the atmosphere, on any equal s})aces. 

But the value of tlie (juuntity it may 1 h? derivetl inucli 
more accurately, from the experiment'; relal<‘d in mv Tnicts 
by conqjaring tlie velocities iIutc found bv experiment, witii 
the rule for the value of;, or the veloeity, as eoiiqiuled by 
theory, viz. - - - _ ’ _ - 

V = 100 X log. of- ), or 100 V 


Now, sup^Kisiiig that t; is a given quantity, as well as all the 
other quantities, excepting only the number «, tlien by re¬ 
ducing this equation, the value of the letter n is found to be 
as follows, viz. 


“ 1000a 


(hr b 

1000/i “ ' a 


when h is different from a. 


Now, to apply tliis to the e\|x»riments. Bv pa. 09, vol. 3, of 
the Tracis, the velt>city of the hall, of l-9(i inches diameter, 
with 4 ounces of powder, in the gun No. 1, was 1100 feet per 
second ; and, by f>a. 316, vol. ii, the length of the gun, when 
corrected for the spheroidal hollow in lite bottom of the bore, 
was 28‘Si ; also, by pa. 48, vol. 3, the length of the charge, 
when corrected in like manner, was 3*4-5 inches of |X>wuer 
and bag together, but 2'54 of powder only : so that tlie 
values of the quantities in tlie rule, are thus: a = 3*45; b 
= 28*33; (I = 1*96; A = 2*54; and v — 1100: then, by 
substituting these values instead of the letters, in the theorem 


c/w , b , 

n = — r- Coin. log. of it comes out n = 750, w'hen 

1000a ^ a 


h is considered as the same as a. And so on, fur the other 
experiments there treated of. 
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It is here to be noted, however, thnt there is a circum¬ 
stance in the experiments delivered in the Tracts, just men¬ 
tioned, which will alter the value of the letter a in this 
theorem, which is this, viz. that a denotes the distance of 
the shot from the bottom of the bore; and the length of the 
charge of })owder alone ought to be the same thing; but, in 
the experiments, that length included, besides the length of 
real powder, the substance of the thin flannel bag in which 
it was always contained, of which the neck at least extended 
a considerable length, being the part where the open end was 
wrapped and tied close round with a thread. I'nis circum¬ 
stance causes the value of ?t, as found by the theorem above, 
to come out less than it ought to be, for it shows the strength 
of the inflamed |>owder when just fired, and when the flame 
fills the whole space o before occupied both by the real pow¬ 
der and the bag, whereas it ought to show the first strength 
of the flame when it is sup|X)sed to he contained in the space 
only occujfied by the powder alone, without the bag. The 
formula will therefore bring out the value ofn too little, in 
proportion as the real space filled by the powder is less than 
the space filh'd both by the powder and its bag. In the same 
proportion therefore must we increase the formula, that is, 
in the proportion of A, the length of real powder, to a the 
length of powder and bag together. When the theorem is 


so corrected, it becomes 


dvv 

10 () 07 / 


com. log. of 

O 


. h 


a 


Now, by pa. 48 and 49, vol. 3, Tracts, there arc given 
both the lenglh.s of all the charges, or valifcs of a, including 
the bag, aiul also the length of the neck and bottom of llif 
bag, which is 0*91 of an inch, which therefore must be sub¬ 
tracted from all the values of a, to give the corresponding 
values of h. '^I'his in the example above reduces 3*45 to 2*54. 

Hence, by increasing the alvive result 750, in proportion 
of J2*54 to 3*45, it becomes 1018. And so on for the other 
experiments. 

But it will be best to arrange the results in a table, with 
the several dimensions, when corrected, from which they arc 
computed, as follows. 
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Table of VclocUies of Balls and First Force of Powdery t, 


Gun. 

C-'hargt 

of I’owder. 

Velocii} 
or value 
of r. 

First ! 

1 

Length 
or value 
of fe. 

Weight 

in 

ounces. 

Long 

val 

of«. 

th or 
ue 
of h. 

force, or i 
value ol' 

w. 


inches. 

4 

3-4:) 

2-54 

1100 

iOlS 

1 

28-.53 

8 

.*» 09 

5 OH 

1.340 

1091 



lf> 

11*07 

loid 

14r>0 

9c; 

M 


4 

3 40 

2-54 

1 ISO 

1077 


38-43 

8 

509 

5-08 

1580 

1 193 

■ 


1C 

11 07 

10 1C 

1CCO 

98 1 



4 

3 l.T 

2-.')4 

1300 

IOC 7 

3 

5 7-70 

8 

U 99 

5-08 

1790 

12.5C 



IG 

1 1 07 

10 u> 

2000 

107C 

■1 


4 

3-45 

2 54 

137(1 

loco 


80-23 

8 

5-99 

508 

1910 

1289 

■ 


1C 

1107 

10 IC 

2200 

1085 


Wliere it may be observed, that the nundH-rs in the coluniit 
of velocities, 1430 and 2200, ore a little iIu•I•ea^('d, us, (Voin 
a view of the table of experiments, they evidently re<|uire<l 
to be. Also the value of the letter d is constantly l-0() 
inch. 

Hence it appears, that the value of the letter n, used in 
the theorem, though not vet greatly diflerent Ironi the num¬ 
ber 1000, assumed by Mr, Robins, is rather various, both 
for the different len/^hs of the gun, and for the tlifferent 
charges with the same gun. 

But this diversity in the value .of the quantity m, or the 
first force of the inflamed gun}K)wder, is probably owing in 
some measure to the omission of a material datum in the 
calculation of the probleiii, namely, the weight of tlie charge 
of powder, which nas not at all been brought into the com¬ 
putation. For it is manifest, that the clastic fluid has not 
only the ball to move and inij)el before it, but its own weight 
of matter al.so. The computation may therefore be renewed, 
in the ensuing problem, to take that datum into the account. 
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I'llOliLEM XVIII. 


TV) determine the same as in the last Problem; taking both the 
Weight tjf Powder and the Pall into the Calcuuition. 


Besides the notation used in the last problem, let 9.p de¬ 
note the weight of* the powder in the charge, with the flannel 
bag in which it was inclosed. 

Now, because the inflamed powder occupies at all times the 
part of* the gun bore wliich is behind the ball, its centre of 
gravity, or t!ie middle part of* the same, will move with only 
half the velocity that the ball moves with ; and this will retjuire 
the same force as half the w eight of the powder, &c. moved 
with the whole velocity of the ball. Therefore, in the con¬ 
clusion derived in the last problem, we are now, instead oftc, 
to substitute the (juantity f zc; and when that is done, the 

^'ISOnhd' b 

last velocity will come out, v = */ (-X com. log.-- )• 

^ a' 

And from this equation is found the value of n, which is 




p 4 w 




^ 1 n p + w , is a . 

1^' ^ '“s- TT’ = mu ^ ^ '"e- of '>y 


substituting for d its value 1'96, the diameter of the ball. 

Now as to the ball, its medium weight was 16 oz. 13 dr. 
.= 16*S1 oz. And the w'eights of the bags containing the 
several charges of powder, viz. 4 oz., 8 oz., 16 oz,, were 
8 dr., 12 tlr , and 1 oz., 5 dr.; then, adding these to the 
respective containcti w'eights of pow'der, the sums, 4'5 oz., 
8*7.3 oz., 17*31 oz., are the values of Up, or the weights of 
the powder and bags; the halves of which, or 2*25, and 4*38, 
and 8*66, are the values of the quantity p for those three 
charges; and these being added to 16*81, the constant weight 
of the ball, there are obtained the three values of p + w 
for the three charge-s of powder, wliieli values therefore are 
19*06 o't.., and 21*19 oz., and 25*17 oz. Then, by cal¬ 
culating th.e values of* the first force n, by the last rule 
above, with these new data, the whole w'lll Ik' found as in 
the following table. 
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The Gun. 

t ^_ 

Charge of Powder. 

Weight of 
ball and 
charge, or 
values of 

f+V. 

Velocity, 
or the 
values of V. 

First 
force, 
or the 
value of 

N. 

No. 

Length 
or v.lue 
of 6. 

Weight 

ill 

ounces. 

Leoj 

va 

of d. 

,th or 
ue 

of/i. 


Inches. 

4 

.3-1;) 

2-54 

1906 

1100 

11.35 

1 

28-:»3 

8 

.'>•1)9 

5 08 

2M9 

1340 

1377 



16 

11 07 

10 16 

25 47 

1 130 

M5') 



4 

3 4.3 

2-31 

19-06 

1180 

1167 

o 

38 43 

8 

5-99 

5 08 

21-19 

’ 1580 

1506 



16 

1J-07' 

10 16 

25-47 

1660 

1492 



4 

3'-Id 

2-.>l 

19 06 

1300 

1210 

3 

57’70 

8 

a 99 

5-0 s 

21-19 

1790 

1586 



16 

11 07 

10 1(1 

2.'.-47 

2000 

1616 



4 

3-13 

25J 

1!»06 

1370 

1203 

4 

80-23 

8 

.'>•99 

.5-OS 

21-19 

1910 

1627 



16 

11-07 

10-1(1 

23-47 

220(1 

1648 


And here* it a{'})ears that the values oC n, the first force of 
the charge, are much more uniform ami regular liian hv the 
former calculations in t!ie preceding f)rol)lein, at least In all 
excepting the smallest cliarge, 4 oz. in each gun ; which it 
would seem nui'-l be owing to some general cause or catises. 
Nor have wc hmg to search, to find out wliai those causes 
may be. For when it is considered that these numlu-rs fn* 
the value in the last column ol’ the taliie, ou'dil to e\- 
iuhit tlie first force of the fired fxjwder, uhen it is suppose<f 
to occupy the space only in wliich the hare })o\vder itself 
lies; and that whereas it is manifest that the eondenss-d fluid 
of the charge in these experiments occupies the whole 
space belweeu the ball and the bottom af tiic gun Imre, or 
tne whole space taken up by the imwder and the bag or car¬ 
tridge togetlier, which exceeds tlje former space, or that of 
the pow<ler alone, at least in the proportion of the circle of 
the gun bore, to the same as tiiminished by the thickness of 
the surrounding flannel of the bag that contained the [)ow- 
der; it is manifest that the force was diminished on that ac¬ 
count. Now by gently cojTifircssing a nurnlK*r of folds of 
the flannel together, it has been found that the thickness of 
the single flannel was equal U> the 40th |)art of an inch; 
the 4 ;loul)ie of which, A of an inch, is therefore the 

quantity by which tlie diameter of the circle of tl»o powder 
within the hag, was less than that of the gun bore. But 
the diameter of the gun bores was Inches; therefore. 
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deducting the *05, the remainder 1*97 is .tlie diameter of the 
powder cylinder within the bag: and because the areas of 
circles are to each other as the sqiwres of their diameters, 
and the stjuares of these numbers, 1*97 and 2 * 02 , being to 
each other as 388 to 408, or as 97 to 102; therefore, on this 
account alone, the numbers before found, for the v^ue of », 
must be iucreascfl in the ratio of 97 to 102. 

But there is yet another circuhistaiuc, which occasions 
the space at first occupied by tiie inflamed powder to be 
larger than that at which it has been taken in the foregoing 
calculations, and that is the difference between the content 
of a sphere and cylinder. For, the space supposed to be 
occupied at .first i)y the clastic fluid, was considered as the 
length of a cylinder measured to the hinder part of the curve 
surface of the ball, which is manifestly too little by the dif¬ 
ference between the content of half the ball and a cylinder 
of the same length and diameter, that is, by a cyliiuler 
whose length is -J- the semidianicter of the ball. Now that 
diameter was I’OG inches; the half of which is 0 - 98 , and 4 - 
of this is 0*33 nearly. Hence then it appears that the 
lengths of the evlinders, at first filled by the dense fluid, 
\iz. 3*45, and 5*99, and 11*07, have been all taken too little 
by 0*33; and hence it follows that, on this account also, all 
the numbers before found for the value of the first force n, 
must be liirlhcr increased in the ratios of 3*4.5 and 5*99 and 
1107, to the same numbers increased by 0*33, that is, to the 
numbers 3*78 and G*32 and 11*40. 

CompoundiniT now these last ratios with the foregoing 
one, viz. f)7 to 102, it produces these three, viz. the ratios 
of33land 581 anti 1074, respectively to 385 and 647 and 
1163. Therel'ore increasing the last column of numbers, 
for the value of «, \iz those of the 4 oz. charge in the ratio 
of 334 to 385, and those of 
the 8 oz. charge in the ratio 
of 581 to ()47, and those of 
tlie 16 oz. cliarge in the ratio 
of 1074 to 1163, with every 
gun, they will be reduced to 
the numbers in the annexed 
table; where the numbers are 
still larger aud more regular 
than bf'tbre *. 


Powder. 

The Guns. 


1 

2 

3 

4 

OZ. 





4 

1.372 

1387 

1138 

1 1.30 

8 

1(;37 

1077 

1700 

1812 

\G 

i:»rr 

1010 

1782 

1784 


* From the experiments of I 8 I 0 , it appears tliat h cx 

ceeds 2000 , in the best gunpownler. 





Thus then at length it apfK'ars that the first lorce of the 
infianiod gunpowder, when occupying only the space at first 
filled with the powder, b about 1800, that is, 1800 times the 
elasticity of the natural air, or pressure of the atmosphere, 
in the charges with 8 o/ and 16 oz. of powder, in the two 
longer guns; hut sotnewhat less in the two shorter, probably 
owing to the gradual firijig of gun|)ou(ler in some degree; 
and also less in the lowest charge 4 oz. in all the guns 
which may probably be owing u> the less degree of heat in 
the small charge.. But besides the foregoing eirciimsiances 
that have been noticed, or used in the calculation's, there are 
yet several others that migljt and ought to ho taken into the 
account, in order to a strict and ])erteet solution of the ])ro- 
blem ; such as, the counter pressure of llie atmosphere, and 
the resistance of the air on the fore part of liie ball while 
moving along the bore of the gun; the loss of the elastic 
fluid by the vent and wimlage of the gun ; the gradual firing 
of the powder; the unequal density of tlie ela‘*tic fluid in the 
different parts of* the space it oecupics between the ball aiid 
the bottom of tht* bore; the difference between pre>>ure and 
percussion wlien the hall is not laitl close to the |K)wder ; and 
perhap-; some others; on all which accounts it is probable 
that, instead of 1800, the first force of the elastic fluid is not 
less than 2000 times the strength of natural air. 


Coro/. From the tluorem last used for the velocity of the 

1 II 110 1 /22,00//d , l> . 

hall and elastic fluid, \i/. n - ^ { - n x log, —j = 

-j T£j a 

8567/m , /y ... , , , , 

- X log. —, wc may find the vdocilv oi tlie elas- 

p + w ^ o ’ 

tic fluid alone, viz. hv taking re, (>r llie weight of the ball, 
— 0 in the theorem, by which it becomes barely v — 

X l<ig. ~ ), for that vel()city. And by computing 


the several preceding examples by this theorem, supposing 
the value or ii to be 2000, the conclusions come out a little 


variou.s, being betw'ecn 4000 and 5000, but most of them 
nearer to the latter number. So that it may he concluded 
that the velocity of the flame, or of the fired gunpowder, 
expands itself at the muzzle of the gun, at the rate of alioul 
5000 feet per second nearly. 
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ON T[ri: MOTION or jiodiks in fi.uids. 


PBODLEM XIX. 


To clcterminr the Force of Fluids in Motion ; and the Cir- 
cuvistames attcndins^ Bodies inoeing' in Fluids. 


1. It is evident tlmt the resistance to a moving 

j>crpen(ricnlarly through an infinite fiiiid, at rest, is equal to 
the pressure f)r force of the fluid on the plane at rest, and 
the fluid moving with the same velocity, and in the contrary 
direction, to that of the plane in the former case. But the 
force of the fluid in motion, must be equal to 'the weight 
or j)ressurc which generates that niotioh; and which, it is 
know'll, is equal to the weight or pressure of a column of 
|;lie fluid, whose base is etjiml to the plane, and its altitude 
equal to the height through wdiich a body must I’all, by the 
fiwee of gravity, to acquire the velocity of the fluid: and 
that altitude is, for the sake of brevity, called the altitude 
due to the velocity. So that, if a denote the area of the 
[ilane, v the velocity, and 7i the specific gravity of the fluid ; 

then, the altitude due to the velocity v being —, the whole 

v~ oni'" 

resistance, or motive force m. will he a x n x pr~ = — 5 

% 2a 

g being, as we have all along assumed it, = 32* feet. And 
lienee, ca:tcris paribus, the resistance is as the square of the 
velocity. 

2 . This ratio, of the square of the velocit}", may be other¬ 
wise derived thus. The force of the fluid in motion must 
be as the force of one particle multiplied by the number of 
,|hem ; but the force ol' a partitle is as its velocity; and the 
number of tliem striking the plane in a given time, is also as 
the velocity; therefore the whole force is as v x v or v’, that 
is, as the S(|uare of the velocity. 

3. If the direction of motion, instead of being peipen- 
diciilar to the plane, as above supposed, be inclined to it in 
any angle, the sine of that angle lieing s, to the radius 1 ; 
then the resistance to the plane, or the force of the fluid 
against tlie plane, in the direction of the motion, as assigned 
above, will be diminished in the triplicate ratio of radius t(i 
the sine of the angle of inclination, or in the ratio of I to s\ 
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For, AB being the tbrccdon of the plane, 
and BD that of the motion, making the 
anj^e abu, whose sine is «; the numl)er 
of particles, or quantity of the fluid 
striking the plane, will he din)inished in 
the ratio of 1 to j, or of radius to the 
sine of the angle b of inclination; and 
the force of each particle will also be 
diminished in the same ratio of 1 to r: so that, on both 
these accounts, the whole resistance will Ih* diminished in 
the ratio of 1 to a-, or in the duplicate ratio of radius to the 
sine o^the said angle. But again, it is to he considered 
that this whole resistance is cxerte<l in the direction nn per- 
pendicular to the plane: and any force in the direction be, 
IS to its effect in the direction ai-, parallel to bd, as ae to bp., 
that is, as 1 to s. So that finally, on all these accounts, the 
resistance in the direction of motion, is dinjinished in the 
ratio of 1 to .s'’, or in thc'triplic ato ratio of radius to the sine 
of inclination. Hence, comparing this with article 1 , the 
whole rcisistaiK'C', or the motive force on the plane, will be 



m 




4. Also, if 7i.' denote the weight of the body, whose plane 
face a is resisted b}’ the absolute force m ; then the retarding 

m a/u'^s- 

force /, or —, will oc - 7 ;- 


5. And if tlje body he a cylinder, who.se face or end is 
and diameter d, or radiu.*- moving in tht* direetion of it> 
axis; because then .s = 1 , and n where 

p 3*1416; the resi-sting foree m will he - 


npd'X" nvr-v’ . , ^ fipdv vpr'V’ 

-i—-= --, and the retarding lorce / — - 

8g ft ^ 

6 . This is the value of the resistance wlien the end of the 
cylinder is a plane perpendiiailar to its axi-«, or to the <lirec- 
*tion of motion. But were its face a conical surface, or an 
elliptic section, or any oilier figure every whcrc|p:}ual 1 y in¬ 
clined to the axis, the sine of inclination being s: then the 
number of particles of the fluid striking the face being still 
the same, but the force of each opposed to the direction 
of motion, diminished in the duplic.atc ratio of radius to the 
sine of inclination, the resisting force m would he 
11pd*r'S ’ ftpt "v'S'- 
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But if the body were terminated by an end or face of any 
other form, as a spherical one, or such like, where every 
)>art of it lias a diilei^nt inclination to the axis; then a fur** 
iher investigation becomes necessary, such as in the following 
proposition. 


raoBLEM XX. 


To dctermvue the Resistance of a Fluid to any Body^ mcmnff 
in it, of a Curved End; as a Sphere, or a Cylinder, wim 
a Hemispherical End, 

1. Let bead be a section through the 
axis CA of the solid, moving in the direc¬ 
tion of that axis. To any point of the 
curve draw the tangent kg, meeting the 
axis prfKluced in o : also, draw the per¬ 
pendicular ordinates ef, (/j indefinitely 
near each other; and draw ac parallel to 

CG, 

Putting CF = .r, i:f = y, he = z, s = sine g to radius 

1, and //=: 3T41(); then \s the circumference whose 

radius is ef, or the circumference described by the point e, 

in revolving upon the axis ca ; and 2pi/ x ec or ^pi/z is the 

fluxion of the surface, or it is the surface described by Ee, 

in the said revolution about ca, and which is the quantity 

represented by a in art. 3 of the last problem: hence 

7iv-s^ ... , . 

X yz IS the resistance on that ring, 





o ■ 

X Ipyx- or 




or the fluxion of the resistance to the body, whatever the 
figure of it may be. And the fluent of which wdll be the 
resistance reijuired. 

2. In the case of a spherical form : putting the radius ca 

CF* X 

or cu = r, we have y = v'(r'* ^ — —: = T~ ^ 

£Gr CJC 7* 

yz or EF X EC = CE X ac zz. rx; therefore the general 

fluxion — s^yz becomes - x —r x rx = —- x 

g g 

the fluent of which, or is the resiiJtance to the 

^r- 

spherical surface generated by be. And when a: or CF is = r 
or CA, it becomes r— for the rcsiilanee on the whole 

O 
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Iicmi^pliore; whieli is also tHjual to “jy."* mIrtc (t = \lr 
the diameter. 

8. But t^e jHTpeadiciilar resisfauce to the eiivle of tlic 
same diameter d or bd, by art. 5 of the preeeiUMg problciii, 

is * which, being double the former, shows lliai the 

resistance to the sphere, is just equal to half the direct 
resistance to a great circle of it, or to a eylimler of the same 
diameter. 

4. Since is the magnitude t»f the globe; if \ denote 
its density or specific gravity, its weight w will be - 

and therefore tlic retardive ii'i ec/* or x — 

w Ibg ps(r 

■ I *■' 1 ^ I 1 

= r-T ; wluen is also ~ —• hv art. 8 ol the general 

SgNa 

theorems in iwge bTO; hence then ^.tjkI v = —- 

M 4^; which is the space that would Ik- dcscrihcd 113' the 
globe, while its whole motion is generated or destroyed b}' 
a constant force which is etjual to the force of re-sistauee, 

if no other force acted on the globe to continue its motion. 

And if the density of the fluid were equal to that of the 
glolie, the resisting force is such, tis, acting constantly on the 
glol>e without an3' other force, would generate or destroy its 
motion in describing the space or 4 of its diameter, by 
the accelerating or retarding force. 

5. Hence the greatest velocity that a glol>c will acquire 
by descending in a fluid, by means of its relative weight in 
the fluid, will be found by making the resisting force equal 

For, after the vaocitv is arrived at such a 


the fluid, will be found by making the resisting force equal 
to that weight. For, after the vaocity is arrived at such a 
degree, that the resisting force is equal to the weight that 
^rges it, it can increase no longer, and the glolie will after¬ 
wards continue to descend with that velocity uniformly. 
Now, N and n being the separate specific of the 

globe and fluid, k — « will be the relative grkv\ty of the 
globe in the fluid, and therefore w = ^pd^ (n — n) is the 
weight by which it is urged ; also m = - - - : 

imv^d'^ . . • 1 pnv"d^ . j3, » 

Y(j^ ' resistance; consequently - ^ — -^pa (N —«) 

when the velocity liecome.s uniform; from which equation 
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is found V =z . *d . —~—for the said uniform or 

greatest velocity. 

And, by comparing this form with that in art. 6 of tlie 
general theorems in page 370^ it will appear that its greatest 
velocity is equal to the velocity generated by the aecelerat- 
N ft 

ing force ———, in describing the space *d, or equal to the 
velocity generated by gravity in freely describing the space 

N — ^ « 

- X 4"* If X = 2ti, or the specific gravity of the 


globe be double that of the fluid, then 


N — « 


= 1 = the 


natural force of gravity ; and then the globe w'ill attain its 
greatest velocity in describing or | of its diameter.—It 
is furtlicr evident that if the body be very :>mall, it will 
very soon acquire its greatest velocity, whatever its density 
may be. 

Exam. If a leaden ball, of 1 inch diameter, tlescend in 
water, and in air of the same density as at the earth’s surface 
the three specific gravities being as 11 y, and 1, and 
Then V = • 104) = 4- ^/{31 . 193) = 8*5944 

feet, is the greatest velocity per second the ball can acquire by 
descending in water. And r = ^'(4 . Vr • t^ • V • — ^ ) 
nearly = y* v/ IdlV l A . = U59'S2 is the greatest velocity it can 
acquire in air. 

But if the globe were only of inch diameter, the 
greatest velocities it could acquire, would be only of 
these, namely of a foot in water, and 26 feet nearly 
in air. Ancf if the ball were still further diminished, tlic 
greatest velocity would also be diminished, and that in the 
subduplicate ratio of the diameter of the ball. 


PROBLEM XXI. , 

To detcmi(jf^e tfie Relations of Velocity, Spa£c, and Time, of 
a Bail mabrng in a Fluid, in which it is projected with a 
given Velocity, 

1. Let a = the first velocity of projection, x the space 
described in any time t, and v the velocity then. Now, by 

art. 4 of the last problem, the accelerative force f = 


3«u= 
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whjere n is the density of the fluid, n tlmt of the hall, and 
d its diameter. Therefore the general equation w = gjt 
becomes w ^ 

— 3nn« ,, V —3n. .. . ^ 3» 

; and hence—=-—, = _ bx, pulling b for 


The correct fluent of this, is log. a — log. v or log. := bx. 

Or, putting c = 2-718281828, the number whose hyp. log. 

is 1, then is — = c'", and the velocity v == = ac~*^, 

2. The velocity r at any time being the part »>f the 
first velocity, therefore the velocity lost in any time, will be 

the 1 — c part, or the part of the first velocity. 


EXAMPLES. 


K\a.m. 1 . If a globe be projected, with any velocjly, in a 
medium ot the same density with itself, and it deserilie a 
space equal to iiJ or 3 «>f its diameters. Then x — od, and 


b = 


Sn 

Ssd 


therefore bx = 


and 


c'"-! 2-08 


f- 


3-08 


is llie 


vehxaty^ lost, or nearly y of llie projectile \elocity. 

liIxAM. 2. If an iron ball of 2 inches diameter w-ere pro- 
jectc'd with a velocity of 1200 leet per second ; t«) find the 
velocity lost after moving through any space, as sujqxise 
500 feet of air: we should have d == = ■^, a =a 1200, 

X = 500, N =: 7y, n = -0012; and therefore bx zz 
3nar 3 . 12 . 500 . 3 6 81 , 1200 * ^ ^ 

8nd 8 . 22.10000 “440’^ 

iier second : having lost 202 feet, or nearly i of its first 
^ velocity. 


£xam. 3. If the earth revolved alxiut the sun, in a me¬ 
dium as dense as the atmosphere near the eartJfs surface; 
and it were required to find the quantity of motion lost in a 
year. Then, if the earth's mean density be about 4i, and 
Its distance from the sun 12000 of its diameters, we have 
24000 X 3'141(i = 75398 diameters = x, and bx zz - - 


3.75398 . 12.2 


= 7-5398; hence 




8 . 10000 . 9 


= 4114 parts 
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are Icat of the first motion in the space of a year, and only 
the t-bVt PArt remains. If the earth's mean density be taken 

885 

= 5, the result will become g^'for the motion lost. 

CxAM. 4. If it be required to determine the distance 
moved, when the globe has lost any part of its motion, as 
suppose and the density of the globe and fluid equal; 

1 ct 8d 

the general equation gives x = x log. ~ ^ 

of 2 = l*8483925f/. So that the globe loses half its motion 
before it has described twice its diameter. 

, • S X c^^x 

3. To nnd the time ti we have t = — = — = - 

V V . a 

Now, to find the fluent of this, put z = (/'■'; then is bx — 

1 t T * * ■ 

log.’ Zy and Ox =;= or yt = yj ; conseq. t or 


ZX K , , Z C“ 

— = “T i and hence f — z= —~ 
a ab ao ab 


together, and when x =■ 0, the quantity — is = 
fore, by correction, t 


a 

But as t and x vanish 
1 




c 


ab ab 
^-1 I 1 1.1 


ab 


1 * / 

~ bv ba b ' V 


there- 

- 1 ) 


the time sought; where b = ^.nd i; = ^ the velocity. 

Kxam. If an iron ball of 2 inches diameter were projected 
in the’ air with a velocity of 1200 feet per second; and it 
were required to determine in what time it would pass over 
500 yards or 1500 feet, and what would be its velocity at the 
end of that time: We should have, as in exam. 2 above. 


b = 


3 . 12 . 3 . 6 


8 .22 

_L - 

d “ 


10000 
1 


2716 
1 


, and bx = 


1500 873 , 

2716 “ 679’ '®"®® 


1 > '“‘J a - laoo' j, a 1200 

nearly. Consequently v = 690 is the velocity; and t := 


, 1 

, and — = - 
V a 


1*7372 


1 

690 


b 


( 


V 


-J-> = 


a 


) = 2716x(^-. 


1 


690 laoo^ 


) = 11^ seconds is the 


time required, or P' and \ nearly. . 

PROBLEM XXII, 

To determine the Relations of Space, Time, and Velocity, 
when a Globe descends, by its own IVeiffht, in a Fluid. 

The foregoing notation remaining, viz. d = diameter. 
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II and n tb« denaaty of the ball and fluid, and v, #, 4 the 
ydocity, space, and time, in motion; we have ss the 
magnitude of the ball, and — n) = its weight in the 


fluid, also m = 


its resistance from the fluid; 


oonaequently "" ^ 

whidi the ball U urged; which being divided by the 


quantity of matter moved, gives jf = 1 — ~ 
the accelerative force 


Sne' 

8^d 


for 


Hence w, s gfs, and s = 


w 

If 


KW 


g(s - n) - 


3n 

8d 




1 VO . , 3n , 1 

= T “"d T = i :«rf(N-«y 

or ab = g nearly; the fluent of which is5= - - - - - 

1 €1 

^ X log. of an expression for the space s, in terms 


of the velocity v. That is, when s and v begin, or are equal 
to nothing, both together. 

But if the body commence motion in the fluid with a cer¬ 
tain given velocity e, or enter the fluid with that velocity, 
like as when the body, after falling in empty space from a 
certain height, falls into a fluid like water; then the correct 

1 o—e* 

fluent will be « = ^ x hyp. log. of 

8. But now to determine v in terms of r, put c = 
8'718S818^; then, since the log. of = 2bs, therefore 


= d**, or 


o — 


—: c~^; hence v = Va~~ac~^ is 


a — »* ' a 

the velocity sought. 

4. The greatest %'elocity is to be found, as in art. 5 of 

n 3nv‘^ 

prob. 20, by makingyor 1 — ~ which gives 


M 2 

v - v(g ■ 8d. = Va. The same value of v is 

dH 

obtained by making the fluxion of v*, or of a'^ acr^^ = 0. 
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And the same value of v is also obtained by nialung t in¬ 
finite, for then = 0. But this velocity Va cannot be 
attained in any finite time, and it on ly denotes the velocity 
to which the general value of v or ^a — continually 
approaches. It is evident, however, that it will approximate 
towards it the faster, the greater b is, or the less d is ; and 
that, the diameters being very small, the bodies descend by 
nearly uniform velocities, which are directly in the subdu¬ 
plicate ratio of the diameters. See also art. 5, prob. 20, for 
other observations on this head. 


a 1 8 

5. To find the time t. Now i zz — = V —• x —77=- 

V a ^/(l—C"***) 

Then, to find the fiuent of this fluxion, put « =: a/(1— 0“**) 

V • • JTJB 

=-, or ar- = 1 — hence and s = t— is 

1 zx . 1 i 

= T • ' = 67^ • - - - - 


- , _ , _ 1 ,1 » 1 
and therefore the fluent is # = ~t - x log. ;;—=■ = —— 

X '°e-= w:^ X log. -7^ which I, the 

general expression for the time. 

• 1 uu , • 1 V 

Or thus: because j = -j- . -—theref. / =s -7- •--f 

o a —ir o a — o* 

and the fluent, by form 10, is x log. 

Kxam. If it were reejuired to determine the time and 
velocity, by descending in air 1000 feet, the ball being of 
lead, and 1 inch diameter. 

Here n = II 3 -, » = vro-&i d = ^ = 1000- 

S.lG.-fV.^.llf 2.193.8.34.2500 
Hence a- Q, “ 3.3.12.12.3 “ 

193.34.50"- 3.3.3.12_ 9-9 

9.27' 8.34.2500 68.50^’ 

193 .34.60® 

consequently c = x = ^~97l7-^ 

—»* 1 

= 203y the velocity. • And t — ^ 

D D 2 


Hence a = 
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« + 84.«500 

^»7.ia3 

the time. 


1-78(383 

0-21017 


=? 8-5236^, 


. JVbhr. If the globe be so light as to ascend in the fluid; it 
u only necessary to change the signs of the first two terms 
in the value of or the accelerating force, by which it be« 


comes / = — — 1 

•' N 
af)ects as before. 


C^Nd* 


and then proceed in all re- 


SCUOLIUM. 

To compare this theory, contained in the last four pro> 
blems, with experiment, the few following numbers are here 
extract^ from extensive tables of velocities and resistances, 
resulting from a course of many hundred very accurate ex¬ 
periments, made in the course of the year 1786. 

In the first column arc contmned the mean uniform or 
greatest velocities acquired in air, by globes, hemispheres, 
cylinders, and cones, all of the same diameter, and the alti¬ 
tude of the cone nearly equal to the diameter also, when 
urged by the several weights expressed in avoirdupois 
ounces, and standing on the same line with the velocities, 
each in their proper column. So, in the first'line, the 
numbers show, that, when the greatest or uniform velocity 
was accurately 3 feet per second, the bodies were urged by 
these' weights, according as their different ends went fore¬ 
most ; namely, by *028 oz. when the vertex of the cone went 
foremost; by oz. when the base of the cone went fore- 
UK^; by *(fe7 oz. for a whole sjiherc; by -050 oz. for a 
cylinder; by -051 oz. for the fiat side of the hemisphere; 
and by *020 oz. for the round or convex side of tlie hemi¬ 
sphere. Also, at the bottom of all, are placed the mean 
proportions of the resistances of these figures in the nearest 
whole numbers. Note, the common diameter of all the 
flgures was 6.375, or 6| inches; so that the area of the circle 
m that diameter is just 32 square inches, or of a square 
fpoc; and the altitude of the cone was 6|- inches. Also, the 
diameter of the small hemisphere was 4^ inches, and con- 
sequimtly the area of its base 17|^ square inches, or | of a 
square fwt nearly. 

From the given dimensions of the cone, it appears, that 
the angle made by its side and axis, or direction of the path, 
is 25® 42^, very nearly. 
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The mean height of tlic barometer at the times of making 
the experiments^ was nearly 30*1 inches, and of the thtsr- 
mometer 6^; consequently the weight of a cubic foot of air 
was equal to l^- oz. nearly, in those circumstances. 


Veloc. 
per sec. 

Cone. 

Whole 

globe. 

Cylin¬ 

der. 

Hemis 

phere. 

Small 

Hemis. 

flat. 

vertex. 

base. 

flat. 

round. 

feet. 

07., 

oz. 

oz. 

oz. 

oz. 

oz. 

OZ. 

3 

•028 

•064 

•027 

•050 

•051 

•020 

•028 

4 

•048 

•109 

•047 

■090 

•096 

•039 

•048 

5 

•071 

•162 

•068 

•143 

•148 

•063 

•072 

6 

•098 

•225 

•094 

•205 

•211 

•092 

•103 

7 

•129 

•298 

•125 

•278 

•284 

•123 

•144 

8 

•IGS 

•382 

•162 

•360 

•368 

•160 

•184 

9 

•211 

•478 

•205 

•4.56 

•464 

•199 

•233 

10 

•260 

•587 

•255 

•565 

•573 

•242 

•287 

11 

•31.5 

•712 

•310 

•688 

•698 

•297 

•349 

12 

•376 

•850 

•370 

•826 

•836 

•347 

•418 

13 

•440 

1-000 

•435 

•979 

•988 

•409 

•492 

14 

■512 

1 166 

-.505 

1145 

M54 

•478 

•573 

15 

’38U 

1 346 

•581 

1-327 

1 -336 

-.562 

•661 

10 

•673 

1-546 

•663 

1-526 

1-538 

•634 

•754 

17 

•762 

1-763 

•752 

1/45 

1*757 

•722 

•863 

18 

•8.58 

2002 

■848 

1-986 

1-998 

•618 

•959 

19 

•959 

2-260 

•949 

2 246 

2-258 

•922 

I 073 

20 

1-069 

_ 

2-540 

1-057 

2-528 

2-542 

1*033 

1-196 

Propor. 

Numb. 

126 

291 

124 

285 

288 

Iffl 

140 


From tins table of resistances, several practical inferences 
may be drawn. As, 

1. That the resistance is nearly as the surface; the reli¬ 
ance increasing but a very little above that proportion in tte 
greater surfaces. Thus, by comparing togetlicr the numbers 
m the 6th and last columns, for the bases of the two hemi¬ 
spheres, the areas of which are in the proportion of 17|. to 
32, or as 5 to 9 very nearly ; it appears that the numbers in 
those two columns, expressing the resistance^ are nearly as 
1 to 2, or as 5 to 10, as far as to the velocity of IS ^t; 
after which the resistances on the greater surface increase 
gradually more and more above that proportion. And the 
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^ tOfUi KidsUuidei are at 140 to 488| or as 5 to 10^. This 
^rcumstanoe therefore agrees nearly with the theory. 

St The reastance to the same surf^, is nearly as the 
square of the velocity; but gradually increasing more and 
mme above that ptopcurtion, as the veuxnty increases. This 
is manifest from all the columns. And therefore this eir- 
cumstance also differs but little from the theory* in small 
iveiomties. 

6. When the hinder parts of bodies are of different fonns, 
the resistances arc different, though the fore parts be alike; 
owing to the different pressures of the air on the hinder 
parts. Thus, the resistance to the fore part of the cylinder, 
ys less than that on the flat base of the hemisphere, or of the 
cone; because the hinder part of the cylinder is more pressed 
or poshed* by the following air, than those of the other two 
figtirea. 

4 , The resistance on the base of the hemisphere, is to that 
on the convex idde* nearly as ^ to 1, instead of 2 to 1, as 
Ae theoiy as^ns the proportion. And the experimented 
lesistance, in each of these, is nearly ^ part more than that 
whiidi is assigned by the theory. 

6* The resistance on the base of the cone is to that on 
the vertex, nearly as to 1. And in the same raUo is 
radius to the sine of the angle of tlie inclination of the side 
of the cone, to its path or axis. So that, in this instance, 
the resUtaoce is directly as the sine of the angle of incidence, 
the transverse section uemg the same, instead of the square 
of the noe. 

6. Hence we can And the altityde of a column of air, 
whose pressure shall be equal to the re^stance of a body, 
moving through it with any velocity. Thus, 

Xiet a = the area of the sectoon of the hotly, similar to any 
of those in the table, perpendicular to the di¬ 
rection of motion; 

r = the resistance to the velocity, in the table ; and 
w s the altitude sought, of a column of air, whose 
^base is a, and its pressure r. 

Then or s=: the content of the column in feet, 
and l-jOdP or it wmght in ounces ; - - - - 

therefore fw = r, and jr = f x ^ is the altitude sought in 

feet, namely, 4 of the quotient of the resistance of any body 
divided Iw its transverie section; which is a wnstant quan¬ 
tity for all nmilar bodies, however diffisrent in magnitude, 
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sioce the resistance r is as the section a, as ws» Ibund in art. 1. 
When o = !> of a foot, as in all the figures in the lore- 

IK 

going table, except the small hemisphere; then, x = f— 

becomes x = y r, where r is the renstanoe in the table, to 
the similar body. 

If, for example, we take the convex nde of the lurge 
hemisphere, whose resistance is *684! oz. to a velocity of 16 
feet per second, then r = ‘634!, and jr = Vr = 2*3775 feet, 
is the altitude of the column of air whose pressure is equ^ 
to the resistance on a spherical surface, with a velocity of 16 
feet. And to compare the above altitude with that which 
is due to the given vdocity, it will be 82*; 16*:; 16 : 4, 
the altitude due to the velocity 16; which is near double the 
altitude that is equal to the pressure. And as the altitude 
is proportional to the square of the velocity, therefore, in 
small velocities, the resistance to any spherical surface, is 
equal to the pressure of a column of air on its great circle, 
whose altitude is ^4 altitude due to its velo¬ 

city. 

But if the cylinder be taken, whose resistance r = 1*55^: 
then jr — yr = 5*72; which exceeds the height, 4, due 
to the velocity, in the ratio of 28 to 16 nearly. And the 
difference would be still greater, if the body were larger; 
and also if the velocity were mure. 

7. Also, if it be required to find with what velocity any 
flat surface must be moved, so as to suffer a resistance just 
equal to the whole pressure of the atmosphere: 

The resistance on the whole circle wnose area is t>f a 
foot, is *051 oz. with a velocity of 3 feet per second; it is 

of *051, or *0056 oz. only, with a velocity of 1 foot But 
24: X 13600 X 4 = 7565|- oz. is the whole pressure of the 
atmosphere. Therefore, as a/*0056 : v75ot ;: 1 ; 1162 
nearly, which is the velocity sought. Being almost equal to 
the velocity with which air rushes into a vacuum. 

8. Hence may be in fenced the great resistance suffered by 
military projectiles. For, in the table, it appears, that a 
globe of 6|^ inches diameter, which is equal to the size of an 
iron ball weighing 861b. moving with a velocity of only 
16 feet per second, meets with a resistance equal to the 
pressure of 4 of an ounce weight; and therefore, com¬ 
puting only according to the square of the velocity, the least 
resistance that such a boll would meet with, when moving 
with a velocity of 1600 feet, would be equal to the pressure 
of 4171b., and that independent of the pressure of the atmo- 
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sph^e itself im the fore port of the ball, which would be 
4^7tb. more, as there would be no pressure from the atmo- 
sphere on the liinder part, in the case of so great a velocity 
as IGOO feet per second. So that the whole resistance would 
he more than 9001b. to sudi a velocity. 

9. Having said, in the last article, tnat the pressure of the 
atUiosphere is taken entirely off the hinder part of the ball 
moving with a velocity of 1600 feet per second ; which must 
happen when the ball moves faster than the particles of air 
can follow by rushing into the place quitted and left void by 
the ball, or when the ball moves faster than the air rushes 
into a vacuum from the pressure of the incumbent air; let 
us therefore inquire what this velocity is. Now the velocity 
with which any fluid issues, depends on its altitude above 
the and is indeed equal to tlie velocity acquired by 

a heavy b^y in falling freely through that altitude. But, 
supponog the height of the barometer to be SO inches, or 
64 ^ fret, the hei^t of a uniform atmosphere, all of the same 
d^dty as at the earthy’s surface, would be ^ 
or S9I67 feet; therefore a-'IO : %/29167 :: 32 ; 8 x/29167 
= 1366 feet, which is the velocity sought. And therefewe, 
with a velocity of iGOO feet per second, or any velocity 
above 1S66 iiret, the bail must continually leave a vacuum 
behind it, and so must sustain the whole pressure of the at¬ 
mosphere on its fore part, as well as the resistance arising 
from the ma inertia ot the particles of air struck by the ball. 

10. On the whole, we find that the resistance of the air, 
as determined by the experiments, differs very widely, both 
in respect to its quantity on all figures, and in respect to the 
proportions of it on oblique surfaces, from the same as de¬ 
termined by the preceding theory; •which accords with that 
of Sir Isaac Newton, and most modern philosophers. Nei¬ 
ther should we sucored better if we have recourse to the 
' theory given by Professor Gravesande, or others, as similar 
differences and inconsistencies still occur. 

We conclude therefore, that all the theories of the rerist- 
ance of the air hitherto given, are very erroneous. And the 
preceding cme is only laid down, till further expcrimentik on 
tiiis important aubject, shall enable philosophers to deduce 
frmn tlrem another, that shall be more consonant to the true 
|»bflenomena of nature. 



